
Exceptional collections & king's conjecture
(Recoll)
Notation : T is derived category (con be any ,

but one
rather should think of 88(X)).

Hom" (X-Y) is the sance as Ext (X , Y).

I base fieldof F-G is

exceptionali h ifanice
Det : Let Ex . -En be a sequence of exceptional objects,

we all it exceptional sequence if there are-
no toms from left to right ,

i. . e.,

Homk (Fi
, Ej) =0 Fl ; isj.

wto
We all if full itEe-En) = 0 .

d

Why do we core
?s it gives a seric-orthogonal

decomposition.

Ob : If E is exceptional -> <E is admissible
.

I Recoll : 8'48 is admissible
M

if F At8 we have
consists of elmts

-

of the form GETij
D -> A + D-D[1] did
tp) +(0
i

. e
. we can decompose somehow J.



Idea : I comonical evaluation morphism
① Hom (E , ACIS) DEE-i] +A + B

e<Es cone of the map
Love con easy check that Be(E2)).

Let : A sequence of full admissible tr. subcateg.

81- 8
-
8

is semi-orthogonal if Ojc8: for isj.
-

in other words we haveHom /Di
,Dj)=0

Moreover
,
it gives a filtration for every object of 8.

namely ,
for any As I we can to the following

A
.
+ A + E + A ,

[1]
-

-

t < 82 - On > + <82- Out = 82

continuing this process we get the filtration

0 = An- > An-+... + An + A =Ao

* "d ↓
En Es Es

-On E 82 t 01

End : A full exceptional sequence F1-En gives
a semi-orth . decomp . (E1 > ... <En> of 8.



Oorsay thatexceptional collectionoa
Homi (Er

,
Fe) =0 h

,
l ; iso.

Expl : Bellison collection on DP/IP").

(0(a) , Pla+ 1) , .. Olatn)) vs full strong exceptional collection

&
always the toughest part is to show fullness

,
i . e. that

< E - Eyt = 0 in 8
, for this be introduces special

spectral sequence that works in a case of IP" .

Semi-orthogonal decomposition for blow-up .

Let E : X-X be a blow-up along YCX twootle,
codim c

we have natural maps :Ej E= (N) -Y ,
where

E is except .
Locus.

Em := 200 (hE)a ++-1) : 89(y) + 09/X)
- F

everything is derived + /08/E)yz
88/y) -89(X)

Let Tr = Im ( * -k) ; 00 = 209(X)

the (Orler) 89(X) = < 8-c + 1 ,
-

,
8%

That motivated him for the following question :

Question (Ovlov) Let X be sm
.pr.var/k . If 89/x) admits

a full exc. collection -> X isrational.



Expl : Holds for um . pr · toriz varieties overgeneral fil.

Fact : there are no full exceptional collections on C vanities.

E King's conjecture :

Corj : X Sm . pr .

Joria variety => X has a tilting wat
which is a sum of live brols.

Det
.

Atilting stat T is Px-module st ..

(is Homi(T , 4) = 0 :2
Liis Hom (P ,↑) bas finite global dim
(iii) ↑ generates the derived category live bundies

L
In our cose we also require that T= Li

=> 2.
- I makes a strong exc

.

collection.

Indeed , we
have that

Ham Li
, (i) = Hom(O ,Lj) = H(X , SiDL),

line one of Hi (X
, L0LiV) or H(X , bjDhi)

must be vanishing we can order ti properly .

Counterexample : & devete X

Take Mirzebrucsurface2 and blow it up in 3 pbs
.

If there is a strong exc. collection it always Ydescents to the generators of Ko(X).

In our cause we have that holt) bas (1, -1) (2 , 13 (3, 1)

generator + 3 generators from blow-ups.



So we are looking for a strong exc. collection of length 7.

hote that we can always twist exc . collection by line benolle,
so we assume it has Ox

.

It weas that

Mi(X
, (i) = 0 & fi(X

,G = 0 :so.

- pretty strong condition

So essentially how they proceed with the classification of
all live bemoles on X satisf . this property (infinitely many
and show that they are not compatible

Fact : #2 has a strong exc . collection
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,
011

,
0)

,
00

,
1)

,
011

,
1) >.

The (kawamata) .

X sm
. pr . toric v

.

E I full exc.
collection of
thedres

drops "strong" , "of live bundles".

Disclaimer: in the paper we read we consider derived categories
en stacke.


