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0 Introduction

In this project, we review the theory of derived categories of coherent sheaves and apply it in three

different scenarios.

The derived category has its origins in the 60s, when Jean-Louis Verdier (a student of Grothendieck)
invented them and generalized the classical Serre duality to what is now called Grothendieck-Verdier
duality. This is a very powerful duality which provides the derived pushforward functor f, with
both a left adjoint f* and a right adjoint f.

Later on, in 1979, Beilinson produced what is called an exceptional collection for the derived
category of P”, namely D(P") = (O, O(1),...,0(n)). Informally, this says that every coherent sheaf
can be written as a generalized linear combination of some ‘point-like’ objects, by iteratively
using sums and cones. In some sense, the theory of derived categories of coherent sheaves is a
sophisticated version of linear algebra, which explains the title of Beilinson’s paper [[Beil78|: one
can produce semiorthogonal decompositions (the ‘semi’ comes from the fact that the orthogonality
relations are no longer symmetric), which split the derived category into simpler pieces. We give
the proof of Beilinson in the foundational chapter, which boils down to resolving the diagonal,
and also generalize it to projective bundles and the blowup formula of Bondal-Orlov. All of these
can be thought of as a categorification of the usual projective bundle formula and blowup formula

in cohomology.

A few years later in 1981, Mukai proved the equivalence of the derived categories of an abelian
variety A and its dual A, by using what is now-called a Fourier-Mukai transform. A classical example
of such a transform is the universal Poincare bundle on E x Pic’(E), which parametrizes all degree
0 line bundles on an elliptic curve E. The analogy with Fourier transforms is that objects on the
product serve as a sort of kernel: given £ € D(X x Y), one can take any F € D(X), pull it up to
X x Y, multiply it with the kernel £ and then push down, i.e. integrate. The result is denoted
D¢ (F) € D(Y). Moreover, Grothendieck-Verdier duality allows one to find left and right adjoints of

this operation.

In the 90s came the the foundational papers by Bondal-Orlov [BonOrlI95]], [BonOrI97], who proved

all sorts of theorems about derived categories (too many to even mention). They proved, for
example, that every fully faithful functor between derived categories admitting an adjoint is
induced by a Fourier-Mukai kernel. Moreover, they showed that every Fano or anti-Fano variety
can be reconstructed from its derived category. This cemented the importance of derived categories

to algebraic geometry.

In 1994, a different viewpoint arose, connecting theoretical physics to derived categories. In his
ICM address [[Kon94], Kontsevich proposed that mirror varieties coming from two models of
string theory (the A-model and B-model) have rich categorical structures, which are moreover
equivalent—on the A-side, there is what is called the Fukaya category, and on the B-side there is

the derived category of coherent sheaves. Kontsevich conjectured that D(X) ~ DFuk(X) whenever



X and X are mirror to each other. This viewpoint created a fruitful dialogue between symplectic
and algebraic geometry, and it has served as a dictionary connecting physics and geometry ever

since.

The mirror symmetry conjecture gave a strong motivation to understand exactly when derived
equivalences of varieties arose. In particular, if birational equivalence was related to derived
equivalence. In 2000, Bridgeland proved that any two crepant resolutions of a terminal
threefold would be derived equivalent. This result was especially significant, as it showed that
birational Calabi Yau threefolds (which are related by a chain of flops) are derived equivalent. This
was one of the results which inspired Kawamata to formulate the DK hypothesis in [Kaw02], which
conjectures that for X and Y birationally equivalent smooth projective varieties, their derived
categories of coherent sheaves are equivalent if and only if there exists a smooth projective variety
Z with birational morphisms f : Z — X and g: Z — Y such that the pullbacks f*Kx ~ g*Ky are
linear equivalent. This hypothesis has led the establishment of formulas which can express a
derived category in terms of the variety’s birational geometry, in particular, a decomposition of a

derived cartegory which encodes the steps of the minimal model program.

The structure of this report is as follows:

* In Chapter 1, we review the foundational material: the basics of the construction of the
derived category, some computational tools like the Grothendieck spectral sequence. We
describe Serre and Grothendieck-Verdier duality and the definition of Fourier-Mukai trans-
forms, their adjoints and convolutions. After this, we review semiorthogonal decompositions
and prove Beilinson’s theorem, the projective bundle formula and the blow up formula. We

end with a quick section on spherical twists.

» After this foundational section, we review three different directions and applications of
derived categories. First, we investigate the behaviour of derived categories of coherent
sheaves when the underlying variety is subject to birational transformations such as flips,
flops and contractions, which are the common operations applied in the minimal model
program. In particular, examples of such transformations can be realised as the result of
wall crossings in a toric GIT problem, and we discuss the semi-orthogonal decompositions
of derived categories of toric varieties induced from these wall crossings, as proved by
Halpern-Leistner and Shipman [HLS16], and a homological interpretation of the minimal
model program due to [BDFKK13} [KS22]. We also will see examples of the case of flops

which induce derived equivalences, which can be expressed as spherical twists from the

work of [DS14].

* The third section focuses on the cubic fourfold, an interesting and classical example to
which we can apply a contemporary spin via derived categories. We mention the intricate

connections between special cubic fourfolds and K3 surfaces, rationality conjectures and the

work of Kuznetsov [Kuz10J|, Hassett [Hass00] and Addington-Thomas |[AdTh14].

* Finally, we end with a section on matrix factorizations and derived categories of singularities



as introduced by Orlov [Orl04], applying derived categories in the context of singular
hypersurfaces. A classical result on matrix factorizations known as Knorrer periodicity can

be seen from a more geometric viewpoint in these contexts, as noted by Orlov and elaborated

on in many papers, e.g. [Orl06], [Ship12], [Hir17].




1 Foundations

When one first encounters homological algebra, for example in algebraic topology, a big emphasis
is put on the homology groups of a given space. However, it turns out that these groups are not
a complete invariant: there are spaces X, Y such that H,(X) ~ H,(Y), but X is not homotopically

equivalent to Y.

To remedy this, one needs a refinement of structure: instead of only considering the homology
groups themselves, we can remember the whole singular chain complex C,(X). Then, a theorem
of Whitehead reassures us that two CW complexes with quasiisomorphic chain complexes are in
fact homotopy equivalent! By enhancing homology groups to a chain level structure, homotopy
equivalence becomes the same as quasiisomorphism of chain complexes. If we want to make
quasiisomorphisms into an equivalence relation, however, the right object of study is the derived

category.

In this section, we cover the basic construction of the derived category and in particular many

important properties of D’(X), the derived category of a variety X.

1.1 The derived category of an abelian category

Suppose we have an abelian category A: the main example we will be considering is the coherent
sheaves on a projective variety Coh(X). We would like to study Ch(A), which is also an abelian
category, but invert the class of quasiisomorphisms. The process of inverting is called localization

by a localizing class.

1.1.1 Localization

Suppose we have a class S of morphisms in an abelian category C that we would like to invert.
We have to be able to cancel them on the left and right for this construction to even make sense:
in other words, we should always be able to replace f : X —» Y,s: Z — Y by another morphism

s’: T — X such that the following diagram commutes:

A class of morphisms is called a localizing class if it satisfies this property.



Composition is defined by choosing some roof as follows:
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Under these constructions, morphisms in S become invertible.

We run into the following problem: the quasiisomorphisms that we want to invert are not a
localizing class in Ch(.A)! The way to get around this issue is to introduce the homotopy category,

where they do indeed localize:

Before embarking on the proof of this, let us recall the following construction from homological

algebra:

The three objects A®, B®,cone(f) fit into a long exact sequence of cohomology groups. On the level
of the homotopy category, we would like to put the boundary map on the same footing as the other

ones, and form what is called a distinguished triangle:

TN

(—] cone(f)

The [-1] operator shifts a chain complex by 1. We see that f is a quasiisomorphism iff cone(f) = 0.



We will say that a triangle is distinguished if it is equivalent to one as above. We need to show
that these triangles are well-defined and can be rotated, essentially showing that the homotopy

category is a triangulated category.

Proposition 1.4: cone(B 5 cone(f)) = A in the homotopy category.

Proof. One needs to show that the two morphisms described below are homotopy inverses, which

can be done by finding explicit chain homotopies. For more details, consult [[GelMan| §4] O

From this proposition, we see that the following diagram commutes:
B —— cone(f) —— A[-1]

.

B —— cone(f) —— cone(t)

Now we can complete the proof that quasiisomorphisms form a localizing class in the homotopy
category. The benefit of this is that we can replace A — B — cone(f) with B — cone(f) — cone(t)

and compose T with another morphism.

Proof of Theorem 1.2. Recall that we wanted to show quasiisomorphisms form a localizing class,
so we’d like to be able to factorize in two ways: suppose f is a quasiisomorphism and g is any

morphism. We’d like to find ? such that ? — C is a quasiisomorphism and the diagram commutes.

q.i.
¢ —— C

.

A—— B

f

This comes down to the following diagram:

q.i.

@)

cone(f) — cone(tg)

| l

cone(f) —— cone(t)

| l

cone(f) ——  A[l]

cone(tg)[—1]

| g

cone(t)[-1]

ai

A

™ — W —

f
Since f is a quasiisomorphism, we see that cone(f) = 0 and hence cone(7g) must be quasiisomor-

phic to C[1]. So we put ? = cone(tg)[-1]. O

1.1.2 The quotient viewpoint

It is natural to ask which objects in K(A) become zero in D(A). Such a complex must be acyclic,

since cohomology lifts to D(A), and then the map from the zero complex is a quasi-isomorphism



so this suffices. In fact one can view D(A) as the quotient of K(.A) by the subcategory of acyclic

complexes.

Remark 1.6: In particular 0 — d becomes an isomorphism for any d € D, since the cone is d,

and so D maps to zero in C/D. In fact C/D is the universal triangulated category with this
property.
1.1.3 Derived functors

When we have either enough projectives or injectives, then we can restrict to the full subcategory

of such objects (see Proposition 2.40]):

In fact, this shows that the injective complexes provide a dg-enhancement of the derived category.
Classically, to compute sheaf cohomology one replaces the sheaf by an injective resolution and then
takes homology. In the derived category, we don’t take homology but use the above equivalence to
remember the whole resolution. In fact, any two resolutions are quasiisomorphic, so this object is

well-defined.

Dually, one can also define left derived functors for right exact functors by taking projective

resolutions.
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1.1.3.1 Derived functors in geometry

Now we specialize to D?(X) = D(Coh(X)). There are a plethora of geometric functors:

I': QCoh(X) — Ab
* Hom : QCoh(X) x QCoh(X) — Ab

* Given f : X — Y, have f, : QCoh(X) — QCoh(Y). For Y = pt = SpecC, pushforward is the

same as taking global sections of the sheaf.
* Hom : QCoh(X) x QCoh(X) — QCoh(X). Notice I' o Hom = Hom. These are left exact.

* ®, f*. These are right exact. Note that f ! is exact, but to get f* one tensors with the structure

sheaf.

QCoh(X) has enough injectives, but not a lot of projectives. So we can define right derived functors.
We would like to say that, since g, o f, = (g o f). then the same holds for their derived versions.
We run into the following issue: the pushforward does not respect injectives! We will introduce
another class of sheaves, the flasque ones, to make this work. Now, pushforwards respect flasque

sheaves! This is an example of what is called an adapted class:

Definition 1.9 (Acyclic objects and adapted classes): An object is called F-acyclic if R'F(A) =
0 for i > 0. A class of objects is adapted to F if it is closed under &, all objects in the class are

F-acyclic and every object in A can be embedded in an object of the class.

Notice that one can throw in all F-acyclic objects in the adapted class, but that would cause a

problem if we want the inclusion in the following theorem to hold.

Theorem 1.10 (Composition of derived functors): Suppose F: A — B, G : B — C are two
functors such that F(R 1) C Rg, where these are adapted classes for F and G respectively. Then
RGoRF =R(GoF).

Since pushforwards send flasques to flasques, and flasques are an adapted class, we get what we

originally wanted, i.e.

Rg.oRf. =R(go f).
Remark 1.11: Dually, one can define adapted classes for left-derived functors. The last

condition is then that every object admits a surjection from an object of the class.

1.1.4 Morphisms in the derived category and derived Hom

The morphisms between two chain complexes in Ch(.A) tend to be quite big: in fact, there is an

enhanced Hom-chain complex:

11



Hom(A®,-) : Ch(A) — Ch(Ab)

Hom"(A®,B®) = ]_[Hom(Ai,B””)

with differential df = dgf — (~1)"fds. We see that Z° is just chain maps, whereas B? is chain

homotopies, so H is Homg4)(A, B), i.e. morphisms up to homotopy. More generally,

Z'Hom®(A®, B*) = Homc4)(A®, B*[i])
B'Hom*®(A*®, B*) = morphisms homotopic to zero

H'Hom®(A®,B*) = Homy 4)(A®, B*[i])

Remark 1.12: This chain complex structure on Hom’s makes Ch(.A) into a differential graded

category, or dg-category, giving a dg-enhancement of K(A).

If we want to compute RHom(A®, B*), we replace B by a complex of injectives I® (which can always

be done by a method called the Cartan-Eilenberg resolution) and then compute Hom®(A,I).

Proposition 1.13 (Morphisms in the derived category):

Ext'(A®, B*) := H'(RHom®(A*®, B*)) ~ Homp4)(A®, B*[i])

Proof. Essentially, have the sequence of isomorphisms
Homp4)(A®, I°[i]) =~ Homg4)(A®,I°[i]) ~ H' Hom®(A®,I*) ~ Ext'(A*, B®)

We demonstrate this explicitly for A® a single object concentrated in degree zero. Take an injective

resolution B®* — I°®. We see that
HomD(A)(A,B'[i]) =~ HomK(A)(A,I'[i]).

But this is given by a morphism f : A — I' which should be a chain map:

0 A 0
[l l
Ii—l Ii Ii+1

Hence, we can think of f as a map in Hom'(A, I*) which is closed. Moreover, it is exact precisely
when it factors through I'~! which is the same as saying it is nullhomotopic. This shows that

indeed Ext(A, B) ~ Homp4)(A, B[i]). O

Now we focus on a geometric example. Take E a quasicoherent sheaf. Then local Homs form a left

exact functor Hom(E,-) and we can form its right derived functor

RHom(E,—) : D*(QCoh(X)) — D*(QCoh(X))

12



Crucially, projective varieties have enough vector bundles to resolve any sheaf:

Proposition 1.14: If X is projective, then Coh(X) has enough locally frees.

The reason is that given F, there is n > 0 such that F(n) is generated by global sections. These
are given by maps Ox — F(n), and since F is finite type we get a surjection (’))I}] — F(n). Can then
untwist. In this case, every bounded above complex of coherent sheaves is quasiisomorphic to a
bounded above complex of vector bundles. If X is regular, can just take bounded. Need Hilbert

syzygy theorem.
This means we have an adapted class of locally frees, allowing us to similarly define RHom(—, F).

Now, Hom(E,-) takes injectives to flasques. From this, using we see that

RHom(E, -) = R['(RHom(E,-))

1.1.5 Compatibilities between derived functors

Recall: to derive Hom(F,—) we can resolve the second term by injectives, whereas to derive
Hom(—,G) we can resolve the first term by vector bundles. Similarly for complexes of sheaves. For
the derived tensor product F* ®" G* we have the same story, except need only use locally frees
on either side. There are nice properties which can be checked on locally frees, and then taking

complexes of locally frees e.g. associativity:
(Eo ®L F.)®L G*~E* ®L (P- ®L G)

Now consider the left derived functor Lf*: D™(Coh Y) — D™(QCoh X). Since we have an adapted

class of locally frees and pullbacks of vector bundles are vector bundles, we see that

Lg'oLf ~L(gof)

We have all sorts of other compatibilities:
Lf*(go ®L f.) ~ fo-go ®L fo-]_-o
RHom(£®, RHom(F*,G*)) ~ RHom(E* & F,G*)
RHom(E*, F*) &L G* ~ RHom(E*, F &' G*)
EVeL G* ~RHom(£%,G%), &V ~RHom(E,Ox)

Also have an adjunction projection formula as usual:

Rf.RHomyx(Lf*E, F) ~RHomy(E,Rf.F)

RHomy (Lf*E, F) ~ RHomy (€, Rf.F)

Works if € is injective, F locally free. The second version comes from the first one by taking global

sections. Note that I'(£,G) = I'(G) and the same holds upon applying derived functors.

13



The adjunction formula is a version of the projection formula.
RA(ESLLFF)~ (RAE) QT F

The projection formula, as well as the other ones, usually requires that F be locally free, but in the

derived setting it works for everything, since we resolve by locally frees!

We finish off by citing the following incredibly useful fact:

Theorem 1.15 (Cohomology and base change): Suppose we have a flat morphism g: Y — Z
and a pullback square

W ——Y

X —— Z

Then
Lg oRf,=Rf.0Lg"

Example 1.16: When Z = SpecC, W = X x Y then we must have that
Rp.q*€ ~ g'Rf.E

where both f and g map to a point. But Rf, = RI in this case. The derived category of
SpecC is the category of graded vector spaces, where every object can be replaced by its

cohomology with zero differential. Hence, the thing on the right is just
Oy ®c RI'(€)

where RI'(€) is a graded vector space.

We can apply this to a classical example, the Poincare bundle on the elliptic curve:

Example 1.17 (Poincare bundle): When X is an elliptic curve, then if £ = Ox concentrated in
degree zero, we have

RI(Oy) = H*(X,05)=C > C

Then g'Rf.€ = Oy > Oy = Oy @ Oy[1].
Now, let E be an elliptic curve and fix Py € E. Then every degree zero line bundle is given
by Og(P — Py). Hence

Pic’(E) ~ E.

Can make universal bundle over £ — Pic%(E) x E given by £ := O, (A —E x P,). We see that

Llpxg = Og(P - Py).

14



Now, note that
0, P=P,
H*(E,Op(P - R)) =
CeC[l] P=pr,
which is the skyscraper sheaf computation we did before. Have the following diagram, to
which we want to apply cohomology and base change:
PxE —— EXE
l I
P —— E

We have just seen, since pushforward to a point is global sections, that
R, "L =H®*(E,O(P - B))

From the cohomology and base change formula, this must be equal to Li*R7, L. We appeal
to the fact that R7t, £ = Op, [-1]. Moreover, the ideal sheaf sequence is in particular a Koszul
resolution:

0 — Op(-Py) > O > Op, — 0

This is a resolution of locally free sheaves allowing us to compute the derived restriction

pullback of Op, which is exactly C 5 Cif P = Py and 0 if not equal, as expected.

Remark 1.18 (Fourier-Mukai transforms): What we have just seen is an example of a Fourier-
Mukai kernel: the universal line bundle £ on E x E, which defines an endomorphism
@, : DY(E) - DY(E), F — Rp.(q*F ®" £). In fact, its adjoint is given by the Fourier-Mukai
transform with kernel £V[1], as we will see later in the section on Fourier-Mukai transforms.

Now, we know that R, L = ®,0. Hence, by adjointness we see that
Hom(R7,£,Op[-1]) ~ Hom(O,®,vOp) =~ H*(E,O(P - P))

This allows us to conclude that R7t, £ ~ Op, [-1] as was mentioned before.

From now on we will drop the R’s and L’s unless needed for clarity.

1.1.6 Computing derived functors: the Grothendieck spectral sequence

Suppose we know the approximations R'F(AP) or R'F(HPA) for a complex A®. How can we

compute R'F(A) from this information?
We first need the Cartan-Eilenberg complex I**, which is a special bicomplex resolution of A®.

One can check that Tot] — A is a quasi-isomorphism. So RF(A) = F(TotI) = Tot FI. When we take
cohomology, we are interested in the n-th cohomology of the total complex, for which we have two

spectral sequences associated to the bicomplex: one starts with horizontal differential, and the

15



other with the vertical.
If we start with vertical, then the first page is
EV? = RTF(AP) = R"F(A)
If we start with horizontal, then
EY? = RIF(HP A) = R"F(A)

More generally, there is a computational tool called the Grothendieck spectral sequence which

computes the derived functors of a composition:
EY"=RPGoRIF = RPY(GoF)

Now we describe two very important instance of the Grothendieck spectral sequence, the Leray

spectral sequence and the local to global spectral sequence.

f

Example 1.19 (Leray spectral sequence): Consider a composition X 5 YL 7 The Leray

spectral sequence is as follows:
RY(f o g)F = H"(R(f 0g).F) = H"(RfRg.F) = R"f.(Rg.F)

We are in the situation of trying to compute the n-th derived functor of F = f, of some

complex A = Rg,F. We can apply the second spectral sequence to see that
E}Y = RIf(RPg.F) = R"(f o g).F

When we apply this to Z = SpecC, then f, is global sections and R, is sheaf cohomology, as

is R(f o g). which gives us the Leray spectral sequence:

H(Y,RPg.F) = HP*(X, F)

Example 1.20 (Local to global spectral sequence): We know from before that
RT o RHom = RHom

Upon taking cohomology, on the right hand side we get Ext"(F,§). On the other hand,
taking F =T, A = RHom(F,G) then the spectral sequence gives us

HI(X,ExtP(F,G)) = Ext"(F,G)

As an application, we compute the Ext groups of a point, as well as the self local Exts of a subvariety.

More precisely, let Y C X be a subvariety given by the zero locus of a section of £, which we can
Koszul resolve:

e A2EY S EY 5 O -5 Oy — 0

16



i.e. we replace Oy by A*EY. Then Ext*(Oy,Oy) is computed by applying Hom(—,Oy) to the
complex and taking cohomology. But once we restrict to Y, the maps become zero since they are

given by the defining section s for Y. Hence, the complex is formal and we get

Ext'(Oy,0y) = Hom(/\iEV,Oy) = /\’E@oy = Aiay = A’NWX

This allows us to compute the self Ext groups of a point, by using the local-to-global spectral
sequence:

H'(X,Ext1(0,,0,)) = Ext'*(0,,0,)

The local homs will be supported at p. So it has no higher cohomology i.e. the cases i > 0 give

nothing. But when i = 0, we have no differential. So in fact
Ext*(0,,0,) ~ H)(X,Ext*(0,,0,))

From the Koszul resolution, we see that the latter is just an exterior algebra!

Remark 1.21 (Mirror symmetry): In mirror symmetry, varieties come in pairs such that the
Floer cohomology groups on one side correspond to Ext groups on the other. If we think of
X as the moduli space of its skyscraper sheaves, then since Ext groups should match up with
self Floer groups, the mirrors to points should be Lagrangians with self Floer cohomology
equal to an exterior algebra. But self Floer cohomology is equal to usual cohomology for
unobstructed Lagrangians, which motivates the fact that mirror to points we should have

(special) Lagrangian tori. This is the basis of the SYZ philosophy.

Remark 1.22 (Deformations): We see that the global sections of the normal bundle of Y,

which describe its deformations inside X, can be described by Ext!(Oy,Oy).

We mention briefly the Hochschild (co)homology
HH*(X) := Ext*(Oa,,On, ), HH,(X) := Ext""*(A,wy', On)

in the form of the following important theorem due to [Kon97|, which boils down to the local-to-

global spectral sequence degenerating:

Theorem 1.23 (Hochschild-Kostant-Rosenberg):

HH*(X) = @D HI(X,APTy), HH(X)= D HI(X,0%) = €D HP(X)
p+a=k q-p=k q-p=k

Note that Hochschild cohomology is not functorial, but Hochschild homology is (though both are
under fully faithful functors).
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Remark 1.24 (More on deformations): The second Hochschild cohomology group
parametrizes the deformations of the derived category D?(X) and by the HKR theorem we
have that

HH?(X) = HX(X,0x) @ H' (X, Ty) 8 H(X, \ " Ty)

The first piece can be thought of deforming the sheaves on X: if we take a € H*(X,Oy), its
exponential exp(a) € H*(X, O%) is a Brauer class, i.e. a cocycle that allows for the definition

of twisted vector bundles (see for more on this).

The second piece determines the deformations of X as a variety, whereas the final, more

mysterious piece, determines the non-commutative deformations.

1.2 Serre duality

Serre duality is a classical fact about projective varieties that can be lifted to a structure on the

derived category. We explain how.

Proposition 1.25 (Classical Serre duality): If X is smooth projective over C, and £ is a vector
bundle on X, then
H (X, ~H" (X, Y @ wy)

The duality is given by a pairing. Namely, we have a perfect pairing
Hi(X, &)@ H" (X, &Y @ wy) — H'(X,E®EY @ wy) — H'(X, wy) — C
An alternative way to prove this is via the Hodge star operator on vector bundles.

There is also a hypercohomology version. If we replace £ by a complex of vector bundles, we

define the dual complex as

Hom(E°,0x)" = Hom(E™",0x)

Similarly, there is a trace map £¥ ® £ — Oy, so in the same way we can construct a pairing.
Y p X y p 8

Proposition 1.26 (Serre duality for complexes): Define the hypercohomology of a complex as
H (X,£) := H' RT(E). Then

H (X,)@H" (X, @ wx) —» C

This pairing is still perfect.

One can use the LES on hypercohomology via truncating complexes and reduce this to the case of

vector bundles (this method of proof is called devissage).

Finally, we come to the categorical version:
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Proposition 1.27 (Categorical form of Serre duality): If A, B € D(X), and n = dim X, then

Hom(A, B)Y ~ Hom(B, A ® wx[n])

The idea is as follows: we can compute the Homs of the derived category as
Homppx)(B,A® wx[n]) =~ H" RHom(B, A ® wx)
~ H"RT(RHom(B,A® wx))

~H"(X,B' @' A® wy).

Similarly,
Hom s x)(A, B) ~ H” RHom(A, B)
~ HORI (X, RHom(A, B))
~H°(X,AY " B).

These are dual by the previous version of Serre duality, applying it to £ = AV ®" B.
Definition 1.28 (Serre functor): Define S : D?(X) — D?(X), F — F @ wx[dim X]. Then
Hom(A, B)* ~ Hom(B, S(A))

A Serre functor is an additive, C-linear autoequivalence obeying the above property.

Two such functors are canonically equivalent, since S(A) represents the functor B — Hom(A, B)".

The Serre functor allows us to switch between left and right adjoints. Suppose F left adjoint to G.

Then SFS~! is right adjoint to G.

Definition 1.29 (Calabi-Yau category): A category is called a Calabi-Yau n category if it has a
Serre functor given by just shifting by n, S = [n].

Example 1.30 (Shriek functor and Grothendieck-Verdier duality): Given f : X — Y, we have
that Lf* is left adjoint to Rf,. In both categories there are Serre functors, so can obtain the

right adjoint to the pushforward as
fIA) = (LfA® frwy' [-dim Y]) ® wx[dim X]
=Lf'A®(f wy' ® wx)[dim X —dim Y]
We call wy = f*a){,1 ® wy = f'Oy, the relative dualizing sheaf. The adjunction reads
Hom(Rf.A, B) ~ Hom(A, f'B)

In fact, there is a sheafified version:

RHom(Rf,A, B) = Rf,RHom(A, f'B)
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In particular, with B = Oy get
(RLF) ~Rf(F¥ @ws[dim X —dim Y])

Putting Y = pt, we recover usual Serre duality! So this can be seen as a relative version of
Serre duality. But in general, cannot take the pieces R’ as dual! Have to keep the whole

chain complex.

1.3 Fourier-Mukai transforms
1.3.1 Definition and Orlov’s theorem

We come to the subject of Fourier-Mukai transforms. A kernel in analysis is a function against
which we integrate, and in a similar way a kernel in algebraic geometry is an object on the product

which we tensor with and then we pushforward:

Definition 1.31 (Fourier-Mukai functor): Given £ € DY(X x Y), its associated Fourier-Mukai
functor is

@, : DY(X) > DY(Y)

F > Rp.(E®LG'F)
where q: X xY — X, p: X xY — Y are the projections.

We will sometimes write GX F := p*G®q*F for the sheaf on the product coming from G on X and
FonY.

Remark 1.32: Since X x Y ~ Y x X, an object £ € Db(X x Y) defines two FM transforms;
mapping D¥(X) — D?(Y) and D?(Y) — D¥(X). We write CDgHY and CDgHX to distinguish

these if it is not clear from context.

All of the functors we have so far encountered are FM transforms:

* Given f : X — Y with Iy € X x Y, the structure sheaf of the graph is the kernel of the

pushforward functor and the pullback functor, depending on the way we go.

Have Or = (1 x f).Ox and we use the projection formula:
p(Or®q F)=p.(1xf)(Ox®(1x f)'q F)=fF

» Tensoring with G is the Fourier-Mukai transform with respect to A,G where A: X — X x X is

the diagonal embedding. In particular the identity is induced by O,.

* Shift functor is induced by Ox[n].
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e If Y is a fine moduli space of sheaves on X equipped with a universal sheaf £ - X xY
parametrizing sheaves by restricting to X x {y}. We see that the Fourier-Mukai transform
w.r.t. the universal sheaf of a skyscraper sheaf O, is £|x(y), the sheaf that the pointy € Y

parametrizes. Have induced map
T,Y = Ext!(0,,0,) — Ext! (Elxx(y) Elxx(y))

This is the so-called Kodaira-Spencer map! Deformations of the point give first-order

deformations of the sheaf.

Given kernels £, £’ on XxY and Y xZ respectively, we consider the kernel £” = 7t;3*(n],E®m23"E’)

on X x Z by pulling to the triple product and then pushing down. We claim that

Proposition 1.33 (Composition of kernels):

®8’ o q)g = q)gu

Proof. This is done by using the projection formula a bunch of times and finally an instance of flat
base change. Basically, one first transforms everything to a tensor product on the triple product
X xY x Z by using the projection formula. Then, one one can use different ways to factorize
the projection to Z, together with the projection formula and base change for the diamond
involving X x Y x Z, XxY, YxZ, Y. For the complete proof and diagram, consult [§5
Proposition 5.10]. O

Proposition 1.34 (Adjoints of FM transform): The adjoints of a Fourier-Mukai functor are
given by the dual kernel together with a Serre functor: given ®¢ going from X to Y, have two

adjoints given by Pgvgyr oy [dimx] 414 Pgvgp oy [dim Y]-

Proof. For this, we crucially need Grothendieck-Verdier duality!

Homy (Dg(F),G) = Homy (p.(€ ® 9" F),G) ~ Homy,y (E®q"F, p'G)
~Homy.y(E®q F,p'G®w,) ~ Homy,y(E®q9"F,p'G ®q wx[dim X])

~ Homy,y(q"F,€¥ ®p'G®q wx[dim X]) =~ Hom (F, Devggay[dim x](F))

So if the kernel induces an equivalence, the dimensions of the two varieties should be the same.

Theorem 1.35 (Orlov): Every fully faithful exact functor between is induced by a Fourier-
Mukai transform. In particular every equivalence as well. Moreover the kernel is unique up to

isomorphism.
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The proof can be found in [OrI09]. We also cite the following useful criterion, due to Bondal-Orlov
[BonOrl95|:

The proof is slightly technical and can be found in [§7 [Huy] Proposition 7.1]. The point is that

skyscraper sheaves are a spanning class.

1.4 Exceptional objects, admissible subcategories and semiorthogonal decom-

positions

1.4.1 Exceptional collections and Beilinson’s theorem

For example, line bundles on P" and more generally on Fanos by Kodaira vanishing. Also, Og(t)
on a blowup at a point with exceptional divisor E. This is done by applying LES to the ideal sheaf
sequence

0> O0%(-E) > 0% >0 —0
Then after homming into O we get
Ext®(O(=E),Op) = H3 (O (E)) ~ HE(Og(-1)) = 0
since E = P"~1. Moreover, since p*Ox = Oy, by adjunction we get

Ext®(Oy,O) = Ext*(Ox, p.OF) = Ext*(Ox,0,) = C

Many homogenous vector bundles are exceptional, e.g. the tangent bundle of projective space

found in Example

Deformable objects are in general not exceptional (as they have an Ext!), e.g. skyscraper sheaves,

line bundles on curves.



Remark 1.38: Calabi-Yau’s don’t admit exceptional objects by Serre duality. However, they

do admit spherical objects, e.g. O¢ for a rational curve C in a K3 surface.

Definition 1.39 (Exceptional collections): A collection E; is exceptional if each E; is excep-

tional and there are no homs from right to left: RHom(E;, E;) = 0,i > j.

We will see in a moment that O,...,0O(n) is such a collection on projective space. Cannot have more,

since then we will have the cohomology of the canonical bundle w = O(-n — 1) which is nonzero.

More generally, for a Fano, wy = Ox(—k) is antiample. Then O,...,O(k — 1) is exceptional. We will

come back to this when we discuss the cubic fourfold.

We put E L F whenever RHom(E, F) = 0. This is not a symmetric relation! However, it is on

Calabi-Yau’s.

Definition 1.40 (Full exceptional collection): An exceptional collection is full if you can

generate every object by sums, shifts and cones.

Theorem 1.41 (Beilinson): On P", O,...,O(n) is a full strong exceptional collection.

Proof. Step 1: First, we check that (O,...,0O(n)) is a strong and exceptional collection.
Consider the morphisms between two elements, where 0 <j<i<n

Hom py ) (O(i), O(j)[1]) = R Hom(O(i), O(j)) = R'T(O(j - i)
C ifl=j-i=0,

= H'(P",0(j 1)) =
0 otherwise

since H!(P",0(m)) = 0 for any m < 0 or I # 0. Hence the collection is strong and exceptional.
Step 2: Now, it remains to show that the sequence is full. That is, it generates all of D?(P").

We do this by finding a Koszul resolution of the diagonal, so we need to find a bundle and a section

of it which cuts it out.

Consider the projection of the product to each component

P" x P

We use the notation O(-1)XQ(1) = g°O(-1) ® p*Q2(1). We have from the Euler sequence

0— Q(1) — Ol —-0(1)—>0
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Noting that p*Opn ~ ¢*Opn =~ Opnypn, we can form the composition of the exact sequence under p*
and gq* respectively, giving

p'Q(1) = Oiien — 4°O(1)
Tensoring with q*O(-1), and the fact that g°O(-1)  g°O(1) ~ g*O =~ Opuypn, we get the natural
composition of morphisms

O(-l)le(l)—)OPnXPn (11)

The fibre of O(—1) above a point in P" is the point considered as a one-dimensional subspace of
C"*1, and the fibre of (1) at a point | € P" is the space of maps ¢ : C"*! — C which are zero on
the line /. Hence, an element of the fibre of O(-1)XQ(1) at (/,1’) e P" xP" is (v, ¢), where v € [ and

¢ vanishes on I’. Looking locally over the point (I,1’), we have the evaluation map
ev: O(—l) X Q(l) — Opnx]pn

sending (v, ¢) to ¢(v). The image of this map cuts out the same locus as the ideal sheaf of the

diagonal, so we can use the Koszul construction to get the locally free resolution for Oy

0— A”O(—nmm) e 5 O(=1)RQ(1) = Opigpn — Op — 0.

Essentially, the morphism [T.1]can be thought as a morphism
Ly —Q,

where £1 = p*O(-1) is the tautological line and Q, = q*Q is the universal quotient. This morphism
is a section of the Hom-bundle Hom(L,,Q,) and is zero precisely at (x,y) € P” x P” such that the
composition

lx PN Cn+1 s (CnJrl/ly

is zero, where I, [, are the lines corresponding to x,y. This happens exactly when x = y i.e. on the

diagonal.

Let £ :=O(-1)KQ(1). We can split the above resolution into a chain of short exact sequences

0—)/\n5—>/\'1715—>Mn_1 —0

n-2
0—>Mn_1—>/\ g—>Mn_2—>0

0 —> M; -5Opuypn > Op — 0
with My_; == im(AF€ - AF1&).
Let F € DY(P"). Given that g, p* and ® are exact, ®_)(F) : G = q.(p"F ®G) is also exact for
G € DY(P" x P"). This gives us exact triangles
Opre(F) =P it 6(F) = Oy, (F)

Dy (F) —>CD/\HS(}") — Dy L (F)

n-1

D, (F) 2P0 pn (F) = P, (F)
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We can identify that /\k O(-1)KQ(1) with O(—k) X Q¥ (k). Then, due to the flatness of p and g, and

the projection formula, we have for each i <,
©pre(F) = 4.(p"F @ (O(-1) BO(1))
= q.(p"F®(q°0(-i) @ p"Q'(i)))
= 4.(p"(F ©Q'(1) 84°0(-1))
=q.p (FRQ(i)®O(-i) (projection formula)
=RI(F®Q!(i))®0O(~i)  (base change)
= H*(P", F  Q'(i)) @ O(—i)

Hence @7 ¢(F) lies in (O(~i)) as a tensor product. By closure under exact triangles @y  (F) also
lies in (O(-n),O(-n + 1)). By induction, @y . (F) lies in (O(-n),O(-n+1),...,0(-n +1)). Hence
Dy, (F) is generated by O(-n),...,0. But o, (F) = F. Tensoring with O(n), which is an exact

equivalence, we have the desired result. O

After reviewing admissible subcategories and semiorthogonal decompositions, we will show how

to extend this to projective bundles (essentially by using the same resolution of the diagonal).

1.4.2 Admissible subcategories and mutations

Given a subcategory A < D we can study its orthogonal complements:
At :={XeD|Hom(A,X)=0,YAc A}, *A:={XeD|Hom(X,A)=0,YAec A}
An exceptional collection E might not be full, but we can study the leftover bit. In fact, we can
think of a Gram-Schmidt sort of process that projects to the component
D — (E)* == (F| Ext'(E,F) = 0}

Suppose we want to project out of a single exceptional object E. In analogy with vector spaces, the
orthogonal component of a vector v is given by v — (e, v)e. Here, the (e, v)e is the bit of v that lies in

the subspace generated by e and the difference is the orthogonal component.

We can do the same thing in derived categories, except that homs are not symmetric, so there are

two ways to do this, corresponding to the left and right orthogonals.

Definition 1.42 (Orthogonal projections from single exceptional object): There are fwo

projection functors Lg : D — (E)*, Rg : D — (E)

Lg(F) := cone(RHom(E,F)® E — F), Rg(F) := cone(F — RHom(F,E)¥ ® E)[-1]

The main point is that there are two projection functors to the subcategory (E) given by F —

RHom(E,F)®E and F — RHom(F,E)" ® E, of which we take the cone. These two projections are
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universal, in the sense that they are the two adjoints of the inclusion functor ¢ : (E) — D. Another
way to say this is that (E) is an admissible subcategory, which roughly means a subcategory

equipped with projection functors.

Definition 1.43 (Admissible subcategory): A full subcategory A closed under shifts and cones
is admissible if the inclusion 1, admits both a left i* and a right adjoint i'.
We call A left-admissible if only a left adjoint exists and 1* o1 = 1, and similarly right-admissible

of only a right adjoint exists and i' o1=1.

For example, the image of a fully faithful functor DY(Y) — D?(X) which is induced by a FM kernel,

which has adjoints given by Serre functors.

Nonexample: the subcategory generated by skyscrapers. This has empty orthogonal complement,
but everything in it has finite support. But if one has an admissible subcategory with empty
orthogonal, it actually generates the whole category. So it is enough for an admissible subcategory

to span all skyscrapers for it to generate the derived category.

Now, we can proceed in the exact analogous way to define orthogonal projection functors, by

taking the cones of the unit and counit morphisms:

Definition 1.44 (Mutations): Given an admissible subcategory A, there are two functors
L 4(F) := cone(i,i' — F) € ALY, Ry(F):=cone(F — 1,I'F)[-1] e * A

which are in fact the left and right adjoints of the inclusions A+ C D and A C D. Moreover, the

two define inverse equivalences A+ ~+A

Proof. Step 1: We first show the mutation functors land in the orthogonal categories

Note that if F € A, then both F ~ 1,i*F ~ 1,/'F so the cone is actually zero. Hence, both of these
functors vanish on A and in fact L 4 lands in A+ whereas R 4 lands in +A, by considering the long

exact sequence associated to cone(.,'F — F). For any A € A we have

Homp(A, 1,/'F) ~ Homp(1,A, 1,I'F) ~

~ HomA(A,L!F) ~ Homp(1,A, F) ~ Homp(A, F)
This implies by the LES that Hom(A,cone(t*L!F — F))=0.
Step 2: Now we show the mutation functors are adjoint to inclusions.
Recall that the mutation functors fit into exact triangles
k.R4(E) > E - 1LI'E, 1I'E > E — j«L4(E)

where j, : At - D,k, : + A — D are the inclusions.
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Since cones commute with Homs, we have that
Hom 4. (L4E, F) ~ Homp(j. L 4E, j.F) =
~ HOIIID(COHE([*[IE — E),j,.F)~ cone( HomD(L*t!E,j*F) — Homp(E, j*F)) ~
~ cone(0 - Homp(E, j,F)) ~ Homp(E, j.F)
The reason being that Hom(l*t!E,j*F) =0since ,I'E € A, j.F € A+, This shows that the left mutation
is left adjoint to j,. The right mutation can be shown analogously.

Step 3: Now we show they induce equivalences between the left and right orthogonals.

Firstly, we see that L 4j,F = cone(t*L!j*F — j.F). But this is just j,F since l*l!];F = 0, which is true

since ker /' = AL, So IL 4 is the identity on A+ and zero on .4, and similarly for R 4.

Let F € 1. A. We observe that since L and R are adjoint to inclusions, which are exact, then they
themselves must be exact. So we can turn the exact triangle

LI'F — F — j,L4(F)
into

RA(l*l!F) — R4F = RA(j. L 4(F))

But R 4 vanishes on A, so we get that the first object is zero and hence the restrictions RLF ~RF ~ F,
since we picked F € 1 A where R acts as the identity. We can do the same in reverse to show that

Llig:*A— AH R4 0 AL — + A are inverse equivalences.

Corollary 1.45 (Mutations of exceptional sequences): Given an exceptional sequence (€, F),

we get mutated exceptional sequences
LeF,E)=(&E,F)=(F,RzE).

In particular, a full exceptional sequence (&,,...,E,) gives rise to mutated full exceptional
sequernces

(&1 .-,gi_l,Lgi5i+1,€i,gi+2,-- En)

and

(€ iy EREEiL1, Eirtre s En)-

Remark 1.46: This gives us a braid group action on full exceptional sequences. One interest-

ing question is when this action is transitive; see [CHS23|.

Proof. We prove this for the first sequence; the other one follows by a dual argument. Restricting

to the category (£, F), we have that

Le : (€)= (F) > (&)

27



is an equivalence, so L¢F generates (£)*. To see that it is exceptional, note that
RHom(LgF,Lg F) = RHom(F,LeF) = RHom(F, F)
since the term in the cone defining L¢ F is RHom(&, F)® €& € H(Le F) = (F)*+. O
Example 1.47: Consider the Beilinson exceptional sequence D?(P") = (0,0(1),...,0(n)). We
have

LoO(1) = cone(RI(O(1) @0 — O(1))
= cone(O"! - 0O(1)) = Q(1)[1]

and

Ro(1)O = cone(O — RI(O(1))Y ©O(1))[-1]
= cone(0 — O(1)" H[-1] = T[-1]

by the Euler sequence

0-Q(1) > 0" -5 0(1) -0,

0->0-01)"! 5T 0.
Hence we get full exceptional sequences
DY(P") =(Q(1),0,0(2),...,0(n)) =(O(1), T,0(2),...,0(n)).
The mutation functors also allow us to view admissible categories in the following way: any object

E fits into a triangle surrounded by an object of A+ on the right and an object of A on the left, and

similarly for +A.

Corollary 1.48: If A is admissible and A+ = 0, then A=1D.

Proof. 1f A+ =0, then L 4(F) = 0 and hence F ~ LI'FeA. O

Corollary 1.49 (Autoequivalences and mutations): If @ is any autoequivalence of D, then

Dol 4 =Ly oD, and similarly for R 4.

Proof. We first note that this obviously holds on A C D, where both sides vanish. On 1.4, we have

the following diagram:
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1A La s AL

o] Jo

O(+A) (A

:l l:

YDA — (@A)

So again everything commutes as it should (since autoequivalences commute with taking orthogo-

nal complements).

Finally, any X € D fits into an exact triangle A — X — B, with A € A,B € 1 A. Then, we can apply
® o L4 respectively L 4 o @ to this triangle. Since both of these vanish on A we then see that
DL 4B ~ ®L 4 X while also Ly 4PB =~ Ly 4P X. We know the result holds on B € A so it holds for

X as well.

O

Proof. The first of these follows by a straightforward chase around adjunctions. The second one

follows since given X,Y € A+, then
Hom(X,SpR4Y)~Hom(R 4Y, X)* ~Hom(L4R 4V, X)* ~ Hom(Y, X)*

where we use the fact that L 4R 4 = id 4. and furthermore the exact triangle 1, /’/R4Y — R4Y —
L 4R4Y, combined with the fact that Hom(z,'R 4 Y, X) = 0 for X € A~ tells us that Hom(R4Y, X) =~
Hom(L 4R 4Y, X).

O

We now observe how SOD’s behave with respect to mutations:




Proof. We start with the triangle defining L(F):
[B.B'F — F]=LgF

We apply L 4 to this and get
[L4B.B'F - L4F]=L4oLgF

This is the same as the complex
[[a.a'B.p'F — B.p'F] = [.a'F — F]]
Firstly, since there are no Homs from 5 to A, then a*a![;’*ﬁ!F € BN A =0, so the first cone is just
B.B'E. Then, for the same reason, we see the middle map is zero and the cone can be replaced by
[a.a'F®B.B'F — Fl =L, olLgF

But this is precisely the definition of L 4 sy, since the adjoints to the inclusion a, @, are a' @ §".

The proof for the right mutation is analogous.

We finish by mentioning a few facts about semiorthogonal decompositions coming from left resp.

right admissible subcategories:

Proposition 1.53 (Associated semiorthogonal decompositions): Suppose a : A — D is

left-admissible with left adjoint a*. Then there is a semiorthogonal decomposition
D ={(a(A),kera”)

Similarly, if p : B — D is right-admissible with right adjoint ', we have a semiorthogonal
decomposition

D = (ker g, B(B))

Proof. The proof is similar to the one about admissible subcategories, except we only have one

adjoint. We only cover the right admissible case: again fit an object E into a triangle

BB'E — E — cone

We show that the cone lies in ker ! as follows: applying ' to the triangle, we need to consider

B'BB'E — B'E — B'cone

We would like to show the first map is an isomorphism, from which the result follows and hence

we can generate any object as the cone of a morphism between objects in the s.o.d.
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This essentially follows since the composition

PE—BBFE—PE

is the identity, by the fact that ' is right adjoint to §, as well as the condition that ' = 1. O

Example 1.54 (Relative exceptional SOD): Let f : X — Y be a map and & be a relative excep-

tional object. Then we have an adjunction

Eof*-
—A
Di(Y) 1 DYX)

|
f. Hom(E,-)

and moreover the composition is the identity, by assumption that £ is relative exceptional:
fiHom(E,EQ f.F) = f. Hom(E,E)@ F = F

Hence, we can apply[I.53]and get the following s.o.d.:

DY(Y) = (ker f, Hom(E,-),E® f*DY(X))

1.4.3 The projective bundle and blowup formulas

We now focus on two important semiorthogonal decompositions associated to projective bundles

and blowups.

Projective bundle formula

Proposition 1.55 (Projective bundle formula for derived categories): Given the projectivi-

sation p : PE — B of a vector bundle of rank r + 1 we have a semiorthogonal decomposition

DY(P(€)) = (p*D*(B),p*D*(B)® Oy(1),...,p*D"(B)® Oy (1))

Proof. Step 1: orthogonality.

We see that p” is fully faithful:
RHom(p*F, p*G) = RHom(F, p.(p*G ® Op(g))) = RHom(F, G)

since p.Op() = Ox. So each of the bits is admissible.

We also need to show there are no Homs from right to left, which follows more or less since

H*(P",O(-i))=0,i =—1,...,—.
RHom(p"F®O(i),p*G®O(j)) = RHom(F, p.(p"G@O(j —1))) =

=RHom(F,G®p,O(j —i)) =0, since j—i € {-1,-2,...,—1}
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for i < j. We could also have argued using[I.54]by applying it many times to the relative exceptional
line bundles O(i): the fact they are relative exceptional follows from the fact that p,Opg = Op for a

projective bundle.

Step 2: We now show generation. We do this by resolving the diagonal just as we did for P”, but

now for a projective bundle: we have an Euler sequence as before

since
Hom(Oy(~1),Q®0y(-1)) _ Hom(Op(-1),p*€)
1y :=Tpg/p = Hom(Op(-1),Q) = Hom(%p(—l)fop(il)) i pO

We can twist by O,(-1) to get the sequence

0—>0,(-1)>p€—>Q—-0

As in the proof of Beilinson’s theorem [T.41] this allows us to realize the diagonal on the projective

bundle as the zero locus of a section of
Hom(O,(-1)KO,0XK Q) ~0,(1)KQ
and hence produce a Koszul resolution

05 N\ O-1)RQ = N\ O-1)HQ =+ Op(~1)KQ" > Opeype = Op =0

In the exact analogous way, this shows that the pieces generate the full category. O
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Remark 1.56 (Relative canonical bundle of projective bundle):
More generally [GW| Remark 13.36], given a projective bundle p : P€ — B which can be

defined as a relative Proj of a sheaf of algebras ProjSym*€ v, we have the following fact:
p.Opg(d) = Sym“ €Y
In particular, p,O(-1) = £. Recall the relative Euler sequence:
0 -0 — p'E@O5(1) = Tog/g — 0
By twisting by —1 and taking determinants, we see that
p'det€ ~Oy(-1)®det(7,®0,(-1)) = Opy(-r) ®@det(7,)

and so

wp = p*detE¥ @ O,(-7)

Now, to understand the derived pushforward of the relative canonical bundle, we can use

Grothendieck-Verdier duality:
Op = Hom(p,Opg, Op) = p, Hom(Opg, p'Op) = p.wp[r]

Hence, p.w, ~ Op[-r], and so we conclude that pOp(=1) = det&[-r].

This allows us to talk about blowups, since over the exceptional locus they are given by a projective

bundle.

Twisted projective bundle formula

We quickly mention a twisted version of the projective bundle formula due to Bernardara [Ber09].
In general, a projective space bundle P — P — B need not be a projectivized vector bundle - it
is only locally so. Let’s say that over an open cover U, P|y ~ PE;. Then, on overlaps we have
isomorphisms P&y ~ PEy but in order to lift this to an isomorphism of vector bundles £ ~ £y,
we need a choice of lift from PGL(r, U N V) to GL(r, U N V). This choice is not canonical, and hence
on triple overlaps we get an obstruction cocycle a € [(C*,U NV N W) i.e. an element of H?(B,Oy).

This element is called the Brauer class of the Brauer-Severi variety P.

What we get is a twisted vector bundle (£, @) such that the gluing cocycles with values in GL(r)
satisfy

Y1203 = a3

This is an honest vector bundle precisely when a = 1.
We can rephrase this via the long exact sequence associated to

0 — C* - GL(r) > PGL(r) - 0
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The Brauer-Severi variety P gives us a class [P] € H' (B, GL(r)) whose boundary map is the Brauer

class a.

Essentially all the nice compatibilities between derived functors carry over to the twisted setting,

following Caldararu’s PhD thesis [[Cal00].

Proposition 1.57 (Bernardara twisted decomposition [Ber09||): If P — B is a Brauer-Severi

variety, then there is a semiorthogonal decomposition
D*(P) = (Dy,..., D)

where each Dy ~ D?(B,a ™).

The pieces of the semiorthogonal decomposition are essentially p*D?(B) ® O, (k). The proof boils
down to using the local-to-global spectral sequence to show there are no homs from right to left,

as well as using a resolution of the diagonal as before to show they generate.

Blowup formula

Let Z be a smooth subvariety of Y of codimension c. Consider the blow up X = Bl(Y) which fits

into the fibered square below, with E the projectivisation P(A) of the normal bundle Nz,y.

t

i
p
—

"<<T><<'

N

J

Note that the blow-up has projective fibres, so 11.0x = Oy. Taking the fibre product X x Z, for
integer k we can consider Og(kE) as an element of the product, so can define the collection of

Fourier Mukai transforms indexed by the integers,

@y =i, (Op(kE)® p*(-)) : DY(Z) — DP(X).

By properties of Fourier Mukai transforms, @y has left and right adjoints. Moreover, @y is
fully faithful, which can be seen by verifying that the composition of @, with its right adjoint
CD;( := p.(Op(~kE) ®i'(-)) is isomorphic to the identity on D?(Z). Moreover the right adjoint allows
us to see the DY(Z) as an admissible subcategory of DY(X) under ®;. Consider the fact from .

Proposition 1.58 ([[Huy]l): Suppose f : S — T is a projective morphism of smooth projective
varieties. If f,Og = Or , then the pullback

f*:D¥T) - D)
is fully faithful and induces an equivalence of DY(T) with an admissible triangulated subcategory

of D¥(S).
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Hence we can see D?(Y) as an admissible subcategory of DY(X) under 7*. Denote the images

D_i = Im(Py) and Dy = 7*D?(Y) which are admissible in D?(X).

Lemma 1.59: The sequence

D_eit....D_1, Dy

is a sequence of semiorthogonal admissible subcategories in D?(X).

Proof. We already know that each component is admissible. To see that they are orthogonal in the
left direction, take integers —c+1 <I<k<0,and &, F € Db(Z). Let i* be the left adjoint to i,. Then

we have

Hom(i, (p"F @ Og(—kE)), i, (p*E ® Og(-IE))) ~ Hom(i*i,p" F, p*E ® O ((k —1)E))

From Corollary 11.4], we have a distinguished triangle

p*F®Og(-E)[1] = i*i,p*F - p"F — p*F ® Og(-E)|2]
So using the projection formula the above is equal to

Hom(p*F,p*€ ® O((k —1)E)) ~ Hom(F, p.(p*€ ® O ((k ~ 1)E)))
~Hom(F,£®p.Op((k-1)E))

Since the fibres of p are P!, then if ~c+1 <1 -k <0, p,Og((k —)E) = 0. Hence the above is equal
to 0, so Hom(F,€ ® p,Og((k—1)E)) = 0, and D; C D;".
Now take € € D¥(Y), and F € D(2). Similarly, we have

Hom(7*E,i,(p*F ® Op(-IE))) ¥ Hom(E, t.i.(p* F ® Op(~IE)))
~Hom(¢, j.p.(p"F ® Og(-IE)))
~Hom(&, j.(F ® p,Og(~IE)))

butas —c+1 <1< 0, p,Og(-IE) = 0. Hence D; C Dy". We have shown that the collection D_,1,..., Dy
is semiorthogonal. O
Theorem 1.60 (Bondal-Orlov blowup formula [[BonOr195]|): Let Z be a smooth subvariety

of Y of codimension c, and X = Bly(Y). Then we have a semi orthogonal decomposition

D¥(X)=(D_¢41,...,D_1, Do)

The proof follows directly from the lemma, and the assertion that this collection does indeed

generate DY(X), which is shown in [Or]193].
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1.5 Spherical objects and spherical twists

Note that 1. implies Hompy(x) (€, £[i])  Homps x) (€, E[dim X —i])* by Serre duality. It follows that
&V is also spherical because RHom(&,0x) ® wy ~ RHom(E ® wy, Ox).

For any £ we have the trace map £Y®E — Oy, defined in the usual way for locally free sheaves and
then extended to the derived category by locally free resolutions. This induces a map g*€¥ ®@p*€ —
Op over X x X, since ¢*EY @ p*€ restricts to £¥ ® € on the diagonal.

Remark 1.64: Taking cones is not functorial, so the spherical twist functor is only defined up

to non-unique isomorphism, and the formula in Proposition does not a priori define a
functor. The spherical twist gives a functorial way of choosing the cone in this formula by

moving the non-uniqueness into the kernel of a Fourier-Mukai transform.

Proof. Since the Fourier-Mukai transform is exact in the kernel the twist of F is the cone on

q)q*f/'v@p*g(f) e (DOA(.F) = .7", and

Opsvgpe(F) = plq'(EY @ F)@p*€)
~p. g (EVRF)®E
~RHom(&, F)Qc €

O

by the projection and base change formulas.



Remark 1.65: If £ is an exceptional object, then this is precisely the formula for the left
mutation Lg. In this case we can view as a kind of Gram-Schmidt formula, pro-
jecting F onto (£)* with respect to the “inner product” RHom(—,—) by “subtracting off”
RHom(&, F)®c €.

Proposition 1.66 (Spherical twists are autoequivalences): If £ is a spherical object then

Te : DY(X) = DY(X) is an autoequivalence.

Proof. The left and right adjoints are given by tensoring the kernel with q*wx [dim X], respectively
p*wx[dim X], and so coincide because £ ® wx ~ £ and £¥ Q@ wy ~ £V, recalling that £ is also
spherical. So it suffices to show that T¢ is fully faithful. (Then taking cones on the counit
decomposes D?(X) into the essential image and the objects sent to zero by the adjoint, but D?(X) is

indecomposable for connected X.)

Note that {£} UL is a spanning class (tautological on one side, and follows from Serre duality on
the other), so it suffices to check Hom(Tg(€), T¢(€)) and Hom(Te(F), Te(G)) for F,G € L. But Tg
restricts to the identity on £+ by Proposition and T¢(€) = £[1 — dim X] with id¢ mapping to
id¢[1-dim x] from RHom(E, £) = C@ C[dim X|, again using Proposition O
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2 Flips and flops

2.1 Standard flip

Let X be a smooth variety of dimension and a subvariety Y ~ P¥ with normal bundle Ny/x ~
(9(—1)@’Jr1 ,where [ = codimP* — 1. Assume I < k. Consider the blow-up 7t : XX along Y, so that
the exceptional locus ¥ = P(N) is isomorphic to P* x P/,

We get a contraction 7w* : X — X* that realizes X as a new blow-up by projecting to the P/

component of the exceptional locus, giving a new variety X* with Y+ ~ P! ¢ X* that fits into the

P

Yy iy x Xt Syt

following diagram.

Where 7t (resp. 7*) restricted to Y is equal to p (resp. p*). This is the construction of the standard

flip. If further I =k, this is the standard flop.

By the adjunction formula, the restriction of the canonical sheaf wy to Y is given by
wx lpe= O(1 - k)

and the canonical sheaf of a blow-up is given by the formula

wg ~ 1wy ®0x (1Y)

Moreover, the restriction Oz (Y) |y~ p*Oy(~1) ® p**Oy+(~1). Hence we have that
wx IE ~ ﬂ*a)x ®OX(ZY))'Y

= p'(wxl,) ®Ox(Y)],

= p*Oy(l-k)@p Oy (-1)® p™ Oy+_y

= p*Oy (k)@ p™Oy+(-1)

which we denote O(—k) X O(-I). Hence we have the following theorem.
Theorem 2.1 ([Huy]l): For the standard flip as described above, the composition
™ D(XT) — D(X)

is full and faithful, with an equivalence in the case of | = k.
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In the above case of the standard flop, the equivalence of derived categories is induced by the
standard blow up and blow down. In the next section, we will see the effect of more birational
transformations on the derived category in the case of toric varieties, in particular those described

by GIT quotients.

2.2 Semi-orthogonal decomposition of GIT quotients
2.2.1 Toric Geometry

Toric GIT gives a combinatorial way of seeing toric varieties as GIT quotients with respect to
different stability conditions. We can use variations of GIT quotients to understand how changes
in stability conditions induce certain birational transformations. This is especially relevant to the

MMP, which has an interpretation in terms of Toric GIT, with each step realised as a wall crossing.

Let’s recall some basics of toric geometry. Let M = Hom(T",C*), and N = M". Recall that toric

varieties are determined by their fan in N, with an exact sequence and its dual
m P
0->L->Z"—>N-—>0

0—>M—>(Z’”)V—Q—>LV—>O

The map Q describes an action of (C*)" on the vector space C”, given by a n x m weight matrix, so
we can form a GIT quotient with respect to this action. The image of each basis element under Q
defines a fan in LY, which we call the secondary fan. The anticanonical divisor (here denoted det V)
is associated to the sum detV =} , . q; of the column of the weight matrix, and the ample cone
of the secondary fan is defined as the interior of the maximal cone containing the anticanonical.

Moreover, we call a Toric GIT problem Calabi-Yau if det V = 0.

We can define semi stable loci by a choice of character x in LY (which corresponds to a (C*)"
-linearised line bundle L, on C™).

X*¥(Ly)={aeC™: In>0,f €T(L,y)s.t.f(a) =0}

In practice, the semistable locus for a certain character X**(L,) is calculated as the vanishing locus

of the irrelevant ideal.

Definition 2.2 (Semistable Locus): For a stability condition x in the secondary fan, define the

irrelevant ideal Irr, as
Irr, = (x,-l,...,x,'r | x € <‘Ii1r---"1i,>+)
That is, the ideal generated by monomials corresponding to cones containing x. Then X**(L,) =
V(Irr)
From this we get the quotient

(Cm//XTn = (Cm _XSS(LX))/TI’l
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The columns of the weight matrix generate rays of a fan in LY , which we call the secondary fan.
This gives a wall and chamber decomposition of characters. It can be shown that two stability

conditions chosen from the interior of the same chamber will give the same quotient.

Example 2.3 (Hirzebruch Surface): Consider the action of ((C")2 =T?on V = C?, with weight

1 1 0 -2
0 01 1

(/\, /’l)(X1,X2, X3, ‘x4) = (/\Xl; /\X2, HX3, %X;l)

matrix

We get a wall and chamber decomposition

X2
q3 0

=
q0, 91

Note that det V = (0,2)” The characters define GIT quotients:
« X; =C¥/,, T? =P(Op & Op1(2)) = F;
« X, =C%/,,T?=P(1,1,2)

Note that IF', is the minimal resolution of P(1, 1, 2), related by a blow up at its singular point.
Wall crossings can give us other standard birational transformations.

Example 2.4 (Atiyah Flop): Consider the action of C* on C® with weights (1,1,—1). There
are two quotients: X, corresponding to the chamber with the weights (1,1), i.e. take the
unstable locus to be x =y = 0, or X_ corresponding to the chamber with -1, i.e. take

unstable locus z = 0. With these stability conditions we have

where the wall crossing from the X_ to X, give the blow up at a point.
Now suppose C* now acts on V = C* with coordinates X1,X2,91,¥2, and weight matrix
Q= (1 1 -1 -1 ) Defines two chambers in the secondary fan: y, >0 and x_ <0, so we

get unstable locus x; = x, =0 and y; =y, = 0. Hence
X, ~0(-1)2~Xx_

Pl

This is an example of the Atiyah flop, related by a blow up and its flopping contraction.
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We say a variety is a minimal model if has nef canonical divisor. In the GIT picture, we say a GIT

quotient is minimal if —det V lies in the closure of the chamber corresponding to the variety.

2.2.2 Wall Crossing Formula

Let V be a vector space of dimension #, and let T be an algebraic torus. Denote detV =} ;q;,

where g; is the it" column of the weight matrix Q.

Definition 2.5 (1-Parameter Subgroup): Given a reductive, linear algebraic group G, we call
a one parameter subgroup of G (the image of) an injective homomorphism A : G, — G. If G acts
on a space V, this induces an action of G, on V defined by A, of which we denote the fixed locus
VA

Consider a toric GIT problem defined by the action of a group T on a vector space V. Let C, and
C_ be adjacent chambers of the secondary fan in L} separated by a wall W. Assume that det V
is on the C, side of the adjoining wall W. The wall W corresponds to an orthogonal (primitive)

one-parameter subgroup Ay € L.

We can define a value y = (det V)(Ay ). Let Ay be such that y > 0, so is pointing to the C_ side of
the wall. y is a combinatorial value which will (roughly) tell us which chamber admits the ‘bigger’

GIT quotients.

Let X, (resp. X_) be the GIT quotient V//g T (resp. V//g T ) corresponding to the chosen generic
stability condition 0, € C, (resp. 6_). Recall from the previous section that GIT quotients are

invariant across stability conditions in the interior of a given chamber.

We can define a somewhat ‘smaller’ GIT problem associated to a subset S C {1,...,n}, or more
specifically a subset Qg of the weights corresponding to the set S, which in our case are the s;
columns of the weight matrix for s; € S. These weights generate a sublattice L C Ly, allowing us

to define a GIT problem from the exact sequence

Mg 75 &5 1

This GIT problem gives us a strictly lower dimensional variety Z, which is a GIT quotient of the
fixed locus VAW by T/Ayy (where here T/ is the quotient by the image of G,, under 1). Here,
our subset Qg is the collection of weights which are orthogonal to Ay, that is, the weights which
lie in the space spanned by W. We can see that lattice L is exactly the character lattice for the
action of T/Ayy, since the the weights span the space orthogonal to A}y. Moreover, the subspace of
V fixed by Ay corresponds to the lattice Z° in the exact sequence. We choose a character 6y in

the interior of the wall W, to form the quotient

Z =Vl (T/Aw).
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Definition 2.6 (Wall data): Given a wall W in the secondary fan, define the Wall Datum as the
tuple (Z, p), where p= (det V)(Aw) and Z = VAW//GW (T/Avw) as described above.

Hence we get the theorem due to [Halp14] and [BFK14].

Theorem 2.7 (Wall Crossing Formula): Consider GIT quotients X,,X_ related by a wall
crossing across W with wall datum (Z, p) as described above.

If u> 0, we have a semi-orthogonal decomposition given by
D(Xy) =(D(X_),D(2),...,D(Z))

with p copies of D(Z) appearing.

If u =0, the wall crossing induces a flop, and we have an equivalence of categories

D(X,) ~ D(X_).

This theorem was proved in in much greater generality than used here, where such a
decomposition holds for a smooth quasi-projective variety acted upon by a linear algebraic group,
and a wall-crossing between two G-equivariant line bundles. However, to state the theorem in full
generality requires more technical machinery than is necessary for the toric case for the purposes

of our examples below.

Example 2.8: Recall Beilinson’s exceptional collection which forms a SOD of D(P").
Since P" is a toric variety, we can realise it as the GIT quotient with respect to the usual
action of C* on V = C"*1. So the weights are (1 1 ... 1), with detV =n+ 1. The wall
crossing to X_ = 0, retrieves the decomposition {pt,...,pt) with n+ 1 copies of the derived

category of a point, corresponding to the exceptional collection of line bundles on P".

Example 2.9: Recall the wall crossing of example 2.4, where the action of C* on C* with

weights (1,1,-1) gives

The wall crossing formula gives us the decomposition
D(O(-1)p1) = (C2, pt)
which recovers Orlov’s blow-up formula from theorem|[1.60
Example 2.10: Now consider the action of C* on C3 with weights (1,1,-2) corresponding to

coordinates x1,x;,1,, . Since det V = 0, any wall crossing will give us a flop. Indeed, we

have stability conditions, giving quotients

X, =0pi(-2) X_=[C¥1Z,]
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where [C?/Z,] is the orbifold with the action of Z,. Then we get a derived equivalence

D(Op1 (-2)) = D([C*/Z,])

2.2.3 Homological Mori Program

The above theorem immediately yields a method for calculating a semi-orthogonal decomposition
which is ‘maximally refined’, in that none of its components can be factored further through
wall-crossings. This follows a similar algorithm to the toric Mori program. Indeed, in such a GIT
problem, a sequence of adjacent wall crossings come from sequences of birational operations,
specifically directed flips, flops and divisorial contractions. This sequence can be seen by consid-
ering a path y : [0,1] — LY in the cocharacter lattice, such that y(0) is in the ample cone of the
secondary fan,y does not intersect a codimension 2 cone in LY, and y(1) is outside the support of

the fan. Such a path y is called a run of the toric Mori program.

Starting with some fixed stability condition 6, and its corresponding variety X;, a wall crossing
across the wall W (away from det V) gives the decomposition into X,, the variety defined by the
wall crossing, and p copies of the variety Zyy, the variety defined by the wall datum for W. We can
perform repeated wall crossings to decompose X, until a minimal model X,,;,, is reached. We will
then be left with a factor of X,,;,, , and factors corresponding to the GIT problems VAW //Ayy for
each wall W crossed, and can hence repeat the process of decomposition on each of the remaining

non-minimal factors.

Example 2.11 (Running the toric Mori program ): Let (C*)? act on C® with weights

1 1 -1 0 0 O
Q=
00 1 1 1 -1

Which gives secondary fan below

X2
X3
q2 A q3, 94

g
q0, 91

X1 o
X3

A §

Since the anticanonical is [ ], we will start the run of the toric Mori program in the chamber

2
containing x3, along a straight-line path intersecting the walls {(g3,44), and (g,),.

The irrelevant ideal is Irr(x3) = (x3xg, X4X0, X3X1,X4X1, XX, X2X1 ), so the GIT quotient is

X3 = C®\ X%(x3)/(C*)? = Tot(O(~1)p) for P = P(O®? @ O(~1))p1. From here, we cross the
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wall (g3,94),. Irr(x2) = (x2X3,%)X4,XpX1,X2X0), 50 Xp = C?\ X¥(x2)/(C*)* = O(-1)ps. The

1
wall between them has 1-PS [
0

O(-1)p1, so the blow up formula gives wall data (Z = O(-1)p1, 1), giving the decomposition

], so u=1. Tot(O(-1)p) is a blow up of Tot(O(—1)p3) along

D(X3) = (X2, 0(=1)p1)

1
, 80 u = 3. Irr(xy) = (xpx5), so X; =
1

(CO\ {x, = 0} U {x5 = 0})/(C*)? = C*. We can see that O(~1)ps3 is the blow up of C* at a point,

Now let’s cross the wall (g;),. This has 1-PS

so the wall data is (C2,3), giving

D(X;) = (pt,pt, pt,C?)

Recall from Example O(~1)p1 is a toric GIT quotient defined by the blow up of C? at a

point, so we have
D(O(-2)1) = (pt,C?)

hence we have the decomposition

D(X3) = <pt,C2,pt,pt,pt,(C2>.

We are interested in finding examples of nontrivial equivalences of derived categories induced
by flops, which in the toric picture can be seen by considering the Calabi-Yau case.From this, it
is clear that p = 0 for all walls W in the secondary fan, so any wall crossing induces a flop on
the GIT quotients. Moreover, this gives us a way to see the nontrivial autoequivalences which
come from these wall crossings. In particular, we will see that these autoequivalences have a nice

interpretation as twists around spherical functors.

2.3 Windows and Spherical functors

First, we want to make some generalizations on the theory of spherical objects. Recall that a

spherical object £ € D(X) satisfies the property that

C i=0,dimX
Hom(&,E[i]) =

0 otherwise

and the spherical twist of an object F around £ is an autoequivalence defined as the cone
Tz = C(Hom(E, F)®E <5 F)

We define spherical functors analogously.
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Consider an adjoint pair of exact functors L 4 R. Let 17 : Idp — Ro L be the unit and € : Lo R — Id¢

the counit.

Let X, and X_ be two toric varieties related by a flop induced from a wall crossing in a Calabi-Yau
GIT problem. In the formulation of the wall-crossing decomposition, we get a variety Z from
the wall W which may appear in as a factor. Z is the toric variety arising from the GIT problem
induced by a character on the ray spanned by the wall. In [HLS16], they show that we have
countably infinitely many equivalences 1; : D(X_) — D(X, ) such that the autoequivalence 1/)1._+11 ot;

of D(X_) is a spherical twist around a spherical functor
F:G—>D(X.)
for a category G (to be defined later).

We examine this twist in more detail for the case of the standard flop (cf. [DS14])) before stating

the more general theorem.

Recall once more the action of T = C* on V = C* acting on coordinates x;,X,,9;,, with weights
(1 1 -1 _1) respectively. So X, and X_ are both isomorphic to O(—l)ﬁf, related by a flop
along the zero section Palq,xz or vice versa. Clearly their derived categories are equivalent. Since X,
and X_ are the quotients of V minus an unstable locus (x; =x, =0ory; =y, =0) by T = C*, we
can view them as sub-quotient stacks of the Artin quotient stack X = [V/T], with derived category
D(¥). We thus have the inclusions

iy Xy > X

Note that D(¥) contains the line bundles O(i) (corresponding to characters of C*). Hence we define
subcategories of D(¥) by
Wi =(0(1),0(t +1))
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for any t € Z. We can restrict the pullback of the inclusions to get equivalences
it W, > D(X,)

This equivalence can be verified by considering that X, is a quasi-projective variety, so we can
make use of Beilinson’s theorem stating that O(t), O(t + 1) is a strong, full, exceptional collection
on P!, so the direct summands of the bundle O(t) ® O(t + 1) generate D(O(—l)gf). Hence we can
define the equivalence and then autoequivalence

Ypi=i,0it :D(X) > D(X,)  Dpi=r i D(X) - D(X)

We call W, a window subcategory, in that D(X_) is passing through a smaller intermediate than
the whole of D(X). Moreover, the autoequivalence can be composed from passing through any two

windows, i.e.
-1
wi =Py

This is called the ‘window shift’.

Remark 2.14: The method from this examples can be generalized to the action of C* on C¥
so long as the GIT problem is still Calabi-Yau. Assuming the sum of the positive weights
is d (so the sum of the negative weights is —d), window shift autoequivalences can be

constructed with the subcategory

W, ={O(t),...,0(t+d — 1))

Consider the effect of ®@; on our generators O(t) and O(t + 1). Clearly ¢; sends both line bundles to
themselves on X,. Next we apply i, but first both line bundles need to be resolved in such a
way that they are written in terms of O(t — 1) and O(t). We already have this for O(t). For O(t + 1),

the pullback of the Euler sequence on the zero section P! gives the Koszul resolution

X2
—-X1 (Xl xz)
05002 —>01)2 —50

so O(t + 1) is quasi-isomorphic to the complex [O(t)692 - O(t- 1)], and we have image of each

generator under @; .

O(t) - O(t)
Ot +1) = [O(H)® — O(t - 1)] [-1].

We can see that computing the image of an arbitrary object in £ € D(X_) under @, requires us to
resolve £ in terms of the generators of the first window, then resolve 1;(€) in terms of generators
of the second. This becomes more difficult in the general case. shows the existence of an
endofunctor on the ambient quotient stack T : D(¥) — D(¥) which identifies objects from one

window with another, called the Transfer Functor. To see it in action, let’s consider the case of t = 1.
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Since both X_ and X, have exceptional locus P!, which can both be contracted to a point giving us
the following maps

{pt} ZptLx
This can be generalised to maps from the substack identified with the quotient of (Cyl v, ©{0} by
C*, giving the correspondence
) L et x
The transfer functor is then defined as the twist around the functor R :=T1,J' : D(X_) — D({pt})

with left adjoint [ := J.IT", given by
T = Cone(E (e} R —> Idp(x))

This functor restricts to an autoequivalence T : D(X_) — D(X_) which is similarly the twist for the

adjunction L 4R = 1t,j' : D(X_) — D({pt}). That is, T fits into a functorial exact triangle
LoR S5 1dpx ) — T — LoR[1]

Where T is the cone on the counit €.

Theorem 2.15 ([[DS14]]): T is the same as @;.

Proof. The proof of this statement relies on T satisfying three key conditions.

First, T must send W, to W). This follows from that fact that the relative canonical sheaf w; of J is

O(-2) with relative dimension -2, so we have

TLJ'(O(1)) =1, (w; @ J*O(1)[-2])
=TL(0(-2)®"0(1)[-2])
O(-1)[-2]

Hence o R(O(1)) = 0, and the cone on € is the identity, so T(O(1)) = O(1) e W,.
For O(2),

IL.J1(0(2)) = T (w) @ J*O(2)[-2])
=TL(O(-2)®]0(2)[-2])
=11,0[-2]

= pt[_z]

Pulling back from the point and pushing forward onto X, we get the sheaf O¢2[-2]. We want to

take the cone on the natural transformation
Oc2[-2] 5 0(2)
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The exact sequence

0-002)—01)*?* 50— 0 —0

shows us that Og2[-2] is quasi-isomorphic to [(9(2) —0(1)#? - O] [-2], to taking the cone over €
gives us [(’)@2 — O] [-1] e W,.

Hence we have

O(1) - O(1)
Hpm%ﬁqFﬂ

Which gives us the diagram

\
/

D(X

><

Secondly, the upper triangle commutes because T must act trivially outside (Cyl 2, ®{0}, i.e.
i T =1}

This is a given from the definition, since objects on X, are in the kernel of the composition Lo R,

so T acts as the identity.

Thirdly, T must restrict to T, i.e. the rectangle commutes. This is due to generators O and O(-1)
not having higher cohomology, so the derived pushforwards 7, and I, at least give the same thing

onW; ,s0i*oT =Toi.
From these, we can conclude that the lower triangle commutes, so T = @;. O
To relate this back to the usual reference of spherical twist we can look at the functorial exact
triangle object-wise, to see that for each object £ € D(X_), T is the cone
Tr(E) = Cone (Hom(Op1,E) @ Op1 — &)
Remark 2.16: This is just one example of a much more general statement about window
shifts, and flops in general. [DS14] prove the theorem for Grassmannian flops, which

includes the case of the standard flop we just saw. Indeed, for vector spaces V and S of

dimension d and r < d respectively, the associated quotient stack for the GIT problem is
[Hom(S, V)®Hom(V,S)/GL(S)]

where the standard flop is the case when d =2, r = 1.
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Indeed, the presentation of flop autoequivalences as spherical twists is not limited to GIT quo-

toients, as proved for a certain simplicity of wall crossings in [[HLS16|. Barbocovi [Bar21| proves

this fact for any flop which induces a derived equivalence, as summarised below.

Let X & X% Xt bea flop. Moreover, assume that p,Oy; = Oy , q.0¢ = Ox_, and that there are

derived equivalences
q.p":D(X_) > D(X,),  pq :DX;) > D(X)
Note that p* (resp. g*) are left adjoints to p, (resp. g. ), and the properness and finite Tor dimension

gives a right adjoint p* : D(X_) — D(X) and ¢* : D(X,) — D(X). Moreover, these left and right

adjoints p,, p*,p*,q..9%,q* are all fully faithful, preserving boundedness and coherence.

Define K = ker(p,) Nker(q,) , and K? = KND(X) c D(X). K? is a thick full triangulated subcategory
of D(X), hence we can take the quotient Q : D(X) — D(X)/K? , which gives us induced maps

p. = D(X)/K? - D(X_)

Theorem 2.17 (Barbacovi): There is a four-periodic SOD of D(X)/K" given by
(Ker p D(X_)) = (D(X. ) ker ) = (ker g, D(X,)) = (D(X_), ker p.)

which induces spherical functors \V, : kerp, KN D(X,) and \V, : kerg, B D(X_) such that the
‘flop-flop” autoequivalences FF, := q,p*p.q* and FF_:= p.q*q.p* are the spherical twists around

each functor respectively.
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3 The cubic fourfold

In this section, we will review the deep link between K3 surfaces and cubic fourfolds.

A theorem of Hasset describes the so called special cubic fourfolds, which are cubic fourfolds
containing a surface T which is not a complete intersection. They form a countable union of
divisors C; in the moduli space PH?(O(3))/PGL(6) of cubic fourfolds which are expected to be
rational (the intuition is that for a cubic fourfold to be rational, one has to blow up a surface at
some point). They also have associated K3 surfaces: Hassett shows that the primitive cohomology

of a K3 surface embeds as the complement (h?, T)*.

Alternatively, Kuznetsov has considered the derived category of a cubic fourfold and found a
component Ay. He showed that Pfaffian cubics and nodal cubics have Ay derived equivalent
to K3 surfaces and conjectured [Kuz10f that X is rational if and only if Ay =~ D(S) for some K3

surface S.

In this section, we will briefly describe the Hodge theory and Torelli theorems for K3 surfaces and
cubic fourfolds. After that, we will show that the Kuznetsov component is a Calabi-Yau 2 category
and show that the cubic fourfolds containing a plane Cg are derived equivalent to a twisted K3
surface, which is an honest K3 surface when X € CgNC,; for some other d on Hasset’s list. Finally, we
quickly sketch Addington-Thomas’ paper which connects the Hodge-theoretic viewpoint

of Hassett and the derived categorical viewpoint of Kuznetsov.

3.1 A quick review of K3 surfaces

Definition 3.1 (K3 surface): A K3 surface is a compact complex surface with wg trivial and

H(S,05) = 0.

Firstly, spaces derived equivalent to K3 surfaces are also K3 surfaces: their dimensions have to be
the same because the Serre functors are isomorphic and hence the orders of the canonical bundles
are the same. Similarly, by passage to cohomology, we know that

B s s

p—q=i p—q=i

Hence, since h*! = h!"? by Hodge symmetry and Serre duality, we see that both are zero.

Computations using Riemann-Roch show that

C%+C2

2= x(5,05) = 15

Then Poincare duality shows b, = 22.
The Hodge decomposition tells us that
H*(S,C)=H*°eoH"' ¢ H*?
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But both #*? = %2 = 1 and hence h!"! = 20. The Hodge diamond is thus:

1
0 0
1 20 1
0 0
1

Figure 1: Hodge diamond of K3 surface

Moreover, the intersection lattice is H*(X,Z) = A = (—Eg)®? ® U®3 and H?(S,Z) = (1,20,1) has
signature (3,19).

The Hodge structure on a K3 surface is then essentially determined by H>°(S) c H?(S;C) = A®C.

Thus, we can consider the period map
P:M—->PAQC

that sends a K3 surface S to the line H>%(S). In fact, a nonzero vector in H>® has u? = 0,uu > 0,
which is the defining equation for the period domain. The local Torelli theorem shows that this is
surjective and a local homeomorphism. It is not a global isomorphism: one has to mod out by the
automorphisms of the lattice A. In fact, it is known that K3 surfaces are determined by the period

map, i.e. by their Hodge structure:

Theorem 3.2 (Global Torelli): Two K3 surfaces are isomorphic if and only if there is a Hodge
isometry H*(X,C) ~ H(Y,C).

3.2 Hodge theory of cubic fourfolds

Let us first think about the Hodge diamond of X. Embed P via the Veronese embedding in PV3 541,
the space of degree 3 polynomials in 6 variables. Then, a hyperplane section of the image of P°
consists of a linear relation between the basis of monomials of this vector space, and hence is

precisely a cubic fourfold X. The Lefschetz hyperplane theorem states that then
H*(P°)— H*(X) iso for e < 4

We thus see, by Poincare duality, that b; = b3 = b5 = b; = 0. Similarly, b, = bg = 1 and must be given
by h"! by Hodge theory. We have that H?(X;Z) = Z and the LES from the exponential sequence
tells us that

H'(X,05)— HY(X,0%)— H*(X,Z)— H*(X,0%)

But the first term is 0, since it is a summand of H'(X;C) = 0. The second term is Pic(X) and the map
is ¢, which lands in H!!. Since c; (Kx) = -3 it is nonzero, so since C = H*(X;C) = H>°¢H"' ¢ H"?

the only option is for h*? = h%2 = 0 and Pic(X) = Z generated by a hyperplane.
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Now, the interesting bit is the fourth row, the middle dimensional cohomology. By using the

normal bundle sequence, we have that
o(Tx)(1+3x) = (1+x)% = r"c(Tps)
We compute ¢; = 3x,c; = 6x2,C3 = 2x3,c4 =9x%. Then by Gauss-Bonnet,
by+4 = x(X)=(9x%[X]y=27
since pd(X) = 3w. We conclude that by = 23.

We also have that HO(X, Q%) = H(X,0x(-3)) = 0 so h*? = h%* = 0. The only bit left is to determine
W3 =31,

Now we can use Hirzebruch-Riemann-Roch for the cotangent bundle of X, by computing

|

ch(Qy)td(Tx) = 3f wch(Qps — O(=3))td(Tps — O(3))
X PS5

Because I am lazy, I used the Macaulay 2 code:

loadPackage "Schubert2"

P5 = flagBundle({1,5}, VariableNames=>{s,q})
T = tangentBundle (P5)

coT = cotangentBundle (P5)

01 = dual(P5.Bundles#0)

w = chern(1,01)
NX = 01~%x3
coNX = dual (NX)
TX = T - NX

coTX = coT - coNX
Q = 3 * wxch(coTX)xtodd(TX)

print integral Q

This gives the answer —2, which implies #!3 = 1.
Can try to compute h%? similarly: again by Hirzebruch-Riemann-Roch
h*? = x(Q%) :f ch(Q%)td(TX)
b'¢

The Macaulay code is:

coT2X = exteriorPower_2 coTX
A = 3xwxch(coT2X)* todd(TX)

print integral A

This gives the correct answer 21! All in all, the Hodge diamond looks like:
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0 0
0 1 0
0 0 0 0
0 1 21 1 0
0 0 0 0
0 1 0
0 0
1

Figure 2: Hodge diamond of cubic fourfold

The primitive cohomology of the cubic fourfold looks like (0, 1,20, 1,0) and has signature (20, 2)
which looks similar to the K3 HZ(S,Z), but that one has signature (3,19).

We can see that H>! ~ C and similarly to the K3 case we have a period map which to each cubic
fourfolds associates a line in the local period domain, which is one of the connected components
of the quadric hypersurface Q C PA defined by u? = 0 together with the condition that —(u,7) is
a positive hermitian form. We factor out by automorphisms I'* of H*(X,Z) which preserve (-, —)

and the hyperplane squared h?, and moreover stabilize D. The resulting map is

— /T
Mubic fourfolds — P 1= D/T

Voisin [[Voi86] proved the following theorem, by considering the cubic fourfolds containing a

plane:

Theorem 3.3 (Global Torelli for cubic fourfolds): The period map for cubic fourfolds is

injective.

We finish off the Hodge theoretic section by a review of the results of Hassett’s paper [HassO0|.

The essential idea is as follows: a generic cubic fourfold X has H;;?m(X;Z) =0, but there is a class of
special cubic fourfolds which contain some integral class T. This allows us to pass to a codimension
1 subspace of H*>?(X) which has a chance of being Hodge isometric to the primitive cohomology
of a K3 surface (recall that the issue was that a priori they have different signatures). Explicitly, we

have (h?, T)* c H*?*(X) and H?

prim

(S) both of signature (2,19). Hassett determines exactly when
they could be Hodge isometric:
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Theorem 3.4 (Hassett): There is a Noether-Lefschetz divisor C; in the moduli space of cubic
fourfolds, where d = disc(h?, T) for T C X a surface not homologous to a complete intersection.
This is nonempty precisely when d > 6 and d = 0,2 mod 6. Moreover, these special cubic
fourfolds have an associated K3 surface in the sense above precisely when d is not divisible by 4,9

or any odd prime p=—-1 mod 3

The slightly awkward condition will be rephrased later, when we review Addington-Thomas.

3.3 Derived view of the cubic fourfold

We now shift gears and look at cubic fourfolds through a derived lens.

Take a cubic fourfold X in P°. This has canonical bundle Kx = —~3H so is a Fano of index 3. By

using Kodaira vanishing, one can show that
Ox(-2H),0x(-H),Ox
form an exceptional collection. The orthogonal complement is given by
Ax ={F e D(X) | Ext*(Ox(-iH), F) = 0}

This component, named after Kuznetsov, is very interesting, as it looks like the derived category of

a K3 surface.

We see that, by the Hochschild homology is HH,(X) = C[-2] ® C?> @ C[2]. On the other
hand, Hochschild homology is additive with respect to semiorthogonal decomposition, and the
three exceptional objects contribute to three copies of C in degree zero, so we see that HH,(Ax) =

C[-2]@® C?2 @ C[2], which is exactly the Hochschild homology of a K3 surface.

These properties of the category .Ax make it possible that there is an honest, geometric K3 surface
associated to X. All known cases of cubic fourfolds with associated K3 surfaces are birational to

P4, which led Kuznetsov to conjecture:

Conjecture : A cubic fourfold is rational if and only if it there is a K3 surface S such that
D(S) =~ .Ax.

In the subsequent section, we will explain why the Kuznetsov component is a CY2 category and

later on focus on the fundamental example of cubics containing a plane.

3.3.1 The Kuznetsov component is CY2

We now embark on the proof that the Kuznetsov component is a Calabi-Yau 2 category. What this
means is that it has a Serre functor which is just given by shifting by 2, as would be the case if it

were the derived category of an honest K3 surface.
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Let us consider a general degree d hypersurface X C P"*!. By adjunction, its canonical bundle is
given by O(d — n —2) and hence its Serre functor is ® O(d — n — 2)[n]. Moreover, the line bundles

O,...,0(n+1-d) are all exceptional and have an orthogonal complement which gives

D(X) = (Ax,0,...,0(n+1-d))

The kernel of the Serre functor

The left mutation with respect to the admissible subcategory spanned by the line bundles is, by

Now we notice the following: the mutation L;) fits into an exact triangle
Hom(O(i), F)® O(i) %> F — Lo F
which follows from applied to Y = pt since O(i) are exceptional.

On the other hand, we can think of the middle as ®p, F and the left object as Op_\mo(i)F- More

precisely, by using the projection and base change formulas:

Qoo F = p(p"Oi)® " O(=i)q"F) = p.q"F(-i) ® O(i}) ~
~ Oy ®RT(F(=i))® O(i) ~ RT RHom(O(i), F) ® O(i) = RHom(O(i), F) ® O(i)

Hence, we can conclude that Loy is given by a Fourier-Mukai transform with kernel

[O(=)) KO(i) — Oal

Now, define
O0:=Lpo(-®0(1))
We see that by [1.49]
ont2-d » Lpo ]LO(l) o...0Lom+1-d)© (-®0(n+2-4d)) = Lo.,..om+1-d)) © (-® (U_l)

But by[1.50} we know that the inverse of the Serre functor of Ay is given by

We can thus conclude that

Syl =0 o[-n]

If we put T := O| 4, then we can reinterpret this as

Sa, =T 2 0[]
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Recall that Ly had kernel given by [OKO — O, ]. We can compose this with the kernel for —®O(1)
which is O (1) to see that the kernel for T is given by K; = [O(1) KO — O(1)], i.e. we have an
exact triangle K; —» O(1) KO — Ox(1).

Our ultimate aim is to show that a suitable power of the Serre functor is just a shift functor, so we
need to understand the kernel for T',i = 1,2,...,. For this purpose, we need to convolute K; with

itself multiple times.

Proposition 3.5 (Kernel of Serre functor of Kuznetsov component): The kernel K{ fits into

a sequence

Ki - 01)RQ " (i-1) = - O>i-1)KQ(1) = O(i) KO — Ox(i)

Proof. We show this by induction.

Firstly, composing with a Fourier-Mukai transform preserves exact triangles, so the same holds
for the kernels. We can compose the triangle for K; with O(1) K O,Ox(1) on the left and K; on the

right respectively to get three exact triangles
(O(1)RO)o Ky = (O(1)KO) o (O(1)KO) — (O(1) KO) 0 Op(1)
OA(1)o Ky = Op(1) 0 (O(1)XO) — Op(1) 0 Op(1)
KioK; = (O(1)KO)o Ky — Ox(1) 0Ky

We can compute some of these: for example, the middle convolution on the first row is given by
(O(1)BO) o (O(1)KO) = 1113,(O(1) KOBO®ORO(1) K O) = (O(1) RO) @ H*(O(1))

as pushing down is the same as cohomology on the fibers. This is the only computation that
involves any cohomology: the others are given by tensoring with the diagonal, which turns the

first two triangles into:

(O(1)BO) o Ky — (O(1)RO) @ H*(O(1)) > O(1)KO(1)
OA(1) oKy = O(2) KO — Ox(2)

Now recall the Euler sequence on P"*!, which says that there is an exact triangle
Q1) > 0"? 5 0(1)

Since the cohomology of O(1) is n + 2-dimensional, we can read off from the first exact triangle
that (O(1)XO) o K; ~O(1) K (1). We can now plug this into the second object in the last triangle,

as well as replace the last object in the third triangle by the second triangle to get:

K oK = O(1)RQ(1) = O(2) KO — Ox(2)

Now, assume the statement holds for i (we have just shown it holds for i = 2). Then we can apply

— o K;. We notice by the same argument that Ox(i) o K1 = [O(i + 1) KO — O, (i + 1)] and also
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using cohomology on the fibers and the Euler sequence that (O(i) X O) oKy =0O(>i)RQ(1). What
we need to understand is the other parts (O(i -k X Qk(k)) o K;. This can be done by applying
(O(i -k KX Qk(k)) o — to the triangle defining K;. What we get is the following:

(O(i ~kRQK K)o Ky - O(i —k) RO H*(Q(k+1)) - O(i — k) R Q¥ (k + 1)

Now we need to use a variant of the Euler sequence, Corollary 17.1.3]:

QR (k+1) - O S QF(k+1)
This, together with a computation of the cohomology of Q*(k + 1) having dimension (Zif) (it has
only H? using Bott vanishing etc.), tells us that (O(i -k X Qk(k)) oKy =0(i —k)RQM1 (k +1).
This completes the induction, which is illustrated in the picture below, where the squiggly arrows

denote convolution with Kj:

Ki —— 0(1)RQ™(i-1) > > O(I) RO s Oa(i)
Kt ——— 0(1)RQ(i) > é s O(1)RQ(1) —— [O(i+1) KO — Op(i +1)]

The main result

Theorem 3.6 (Shift functor): The functor T has T% = [2].

Proof. In the course of the proof, we write P = P!, Firstly, let’s recall the Koszul resolution
of X in P! and X x X ¢ PxP. Since X is given by a section of O(d) and X x X by a section of
O(d)XO@®OXKO(d), we have the following resolutions:

0->0(-d)—> Op —>1,L0x >0

0 — O(=d,—d) — O(~d, 0)®O(0,~d) — Opyp — (1 x 1),Oxxx — 0

We wish to understand the derived pullback (i1x1)*Op, . Instead, let us first consider (1x1)*(1x1)*Op, =
(1 x1),0xxx ® Op,, by the projection formula. This derived tensor product is given by tensoring the

Koszul resolution above with the diagonal. The resulting complex is
Opp(=2d) — OAP(—d)@2 — Op,

The first map is injective, and this is just the sum of the two resolutions Op,(=d) — Op, — O, and
Opp(—2d) = Op,(=d) — Op, (~d). We conclude that L_j = H™1 = Op, (~d),Ly = H* = O,.. Now we

note that 1 is a closed embedding, hence exact and conservative, so we can ignore it.
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This now allows us to write down an exact triangle
Oy (—d)[1] = H 1] - (1x1)*Op, = HO = Op,
We can rotate and twist by d to get the exact triangle

(1x1)*Opp = Opy (d) = Op, [2] (3.1)

Now recall the Beilinson resolution of the diagonal, which we restrict to X x X:

0-50d-n-1)RQ" (n+1) - - > ORQ4d)
SO0)RQ N d-1)> - 5> Od)RO > O,

We splice it into the top bit, where all the O’s are non-positive, and the positive bit below, which is
just the kernel K, by Let us call K} the complex which is K; without the diagonal bit at the

end. Then we have an exact triangle

K — O, (d) > Ky

We now compare this with triangle by using the natural map K, — (1 x1)*Op, coming from
Beilinson’s resolution, and the identity map in the middle, which can be extended to a map

Kj — O, [2] by the axioms of triangulated categories:

K;i —_— OAX(d) — Ky

| l :

(1x 1) Opp —> Opy(d) —— Oa,[2]

Finally, we compare the effect of taking these as Fourier-Mukai kernels. We know that @y, = T4
and @p, 2] = [2] and we claim that they are isomorphic by the dotted arrow. To see this, we show

that the other vertical arrows induce isomorphisms on Fourier-Mukai transforms.

The middle bit is obvious, however to compare ®g; and @0, , We simply look again into the

Ap

Beilinson resolution: we have that
[O(d-n-1)RQ" (n+1) — - > ORQY(d) - K;] = (1x1)Op,
However, for any & = O(d —i) X Qi(i) withi=d,d+1,...,n+1, its Fourier-Mukai transform on

A e Ax vanishes, by using the projection formula, base change and the fact that Ay is orthogonal
t0O,...,0(n+1-4d):

D, (A) = q.(p"A®p'O(d - i) ®q"Q'(i)) = Q' (i) ® q.p"A(d — i) = Q' (i) @ RHom (O(i - d), A) = 0
We conclude that Ok, = Do . and hence T4 = [2]. O

A
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As an immediate corollary we get:

Corollary 3.7 (Kuznetsov): If 2d > n+ 1, then Ay is a fractional Calabi-Yau category whose
Serre functor obeys Sj/; =[(n+2)(d —2)/c], where c = gcd(d, n + 2).

In the special case that X is a cubic fourfold, n = 4,d = 3 hence S = T3 o [4] = [2]. More

generally, whenever d|n + 2, the component is Calabi-Yau.

3.4 Fundamental example: cubics containing a plane

We now study the case of cubic fourfolds containing a plane P ~ P2, These form a divisor Cg
in the moduli space of all cubic fourfolds of special importance, as we will see in the review of

Addington-Thomas. They also play a central role in Voisin’s proof of the global Torelli theorem.

Note that they do not belong on Hassett’s list of cubic fourfolds with associated K3 surfaces: in fact,
we will see that their Kuznetsov component is equivalent to D(S, ), the twisted derived category
of a K3 surface S relative to a Brauer class a € HZ(S,(’)E). When the Brauer class vanishes, the
cubic fourfold is rational and there is a different surface T = P inside of X which places it in CgNCy
with d on Hassett’s list, which is consistent with the predictions about associated K3 surfaces and

rationality.

3.4.1 Geometric constructions

Consider P € X C P° a cubic fourfold containing a plane P. The variety parametrizing 3-planes
containing P is also a plane, and X intersects such a 3 plane in P combined with a quadric Q, since

generically the intersection of X with a 3-plane should be degree 3.

More precisely, we can blowup P in P°> which resolves the rational map defined by the linear

system Zp ® O(1) to a map defined by the complete linear system Zp ® T°O(1).

PNP/]FS ZE —_— BIPIPS

| N

P— 3 P5 oy P2

By definition, this means that $*O(1) = I @ T*O(1).

If P=PV, V& W = C® and we choose coordinates so that V = V(z9,21,22), then the map P> -
PW ~P? is given by z - [z, : z; : 2,] since these are the linear forms vanishing on P. This is then
resolved by blowing up P and essentially projecting down from the P? fiber in the projectivized
normal bundle, which is trivial:

E~pxp? 27, p2
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We can think of the blowup in this simplified setting as the set
BIpP° = {p e P°,q € P?|p;q; = p;qi;, 0 <i,j <2} CP° xP?

which comes equipped with two projection maps to P> and P? which are the blowup and resolution
maps, respectively. We can clearly see that over P2, this is a projective bundle by looking at the
affine cone over P°:

{a€A6,qu2|aiqj =a;q;,0<1i,j<2} — P?

We can see that the coordinates a3, a4, a5 are unconstrained, so give us a copy of the trivial bundle

O%3. The other three coordinates give us precisely the tautological bundle:

O(-1) ={(ag, a1,a,) € A%, q € P*|(ag,ay,a1) € q}

Hence, we conclude that

BIpP® = P(O(-1) @ 0%3)

However, this isomorphism is slightly non-canonical: a coordinate-free alternative is to put

F = ¢,7*O(1) which gives BlpP> = PF*.

Now, we restrict to X: the blowup X = BlpX is the strict transform of X in Blp]P’S. If F is the
defining function of X, which is a cubic, we expect generically the fiber of X — P? to be a quadric,
since the blowup only gives a linear condition. The reason for this is that *F € H*(t*O(3) ® Zf)
since F vanishes on P and hence X is defined as the zero locus of a section of the line bundle

L :=10(3)®Zg. To understand the fibers of X we push this line bundle down to P?:

¢.(TO(3)®TE) = p. T O(2) ®O(1)

Pushing down means taking cohomology on the fibers, hence ¢.7°0(2) = ¢.04(2) = Sym?F
essentially since H(O(2)) = Sym?H(O(1)) (see[L.56).

All in all, we see that

$.L =Sym>F @ O(1) € Hom(F*, F ®O(1))

We see that the fiber over g € P? is the residual quadric defined by the quadratic form g correspond-
ing to F which is a section of Sym2F. This quadric is smooth, unless we are in the discriminant
locus where det(g)=0. This is a section of the bundle Hom(det(F*),det(F ® O(1)) =~ O(6) since
det F =1 and det F @ O(1) = det(O(2) ® O(1)®3) = 5. So the discriminant locus is a sextic curve C!

Let us summarize what we have done so far:

Proposition 3.8 (Blowup quadric fibration): The blowup of a cubic fourfold X at a plane
projects to P? with quadric fibers, namely the residual quadrics complementary to P in the
intersection between the 3-plane spanned by P and q with X. They degenerate to singular ones

over a sextic curve C.
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Now, a generic quadric is isomorphic to P! x P! and has exactly two rulings, parametrized by the

connected components of the Fano variety of lines
F (P! xP!)=P! ]_I]Pl
A singular quadric is a cone, so has exactly one ruling:

F(Q) =P

If we define S to be the space of rulings on the fibers, we see that it is a double cover of P? branched
along the sextic curve. Moreover, the relative Fano variety parametrizing lines in the fibers is a P!
bundle over this:

F s Lp?
In other words, for every y € P2, the fiber of ?is equal to 97(Qy), the Fano variety of lines in the
residual quadric corresponding to .
In fact, this S is a K3 surface: since it is a double cover of P?, it has h%! (S)= Kol (]P’z) =0 and its

canonical bundle is given by

1 1
KS = T(*(K]Pﬁ + EC) = 7'(*(—3H+ 56H) =0

The Fano varieties carry a universal P!-bundle
P={(x,L)eXxF|xel}CXxF

and similarly a pullback to ggiven by P={xLlxel}cXxF, fitting into a diagram:

ZIN
AN

> >k

W1\

Remark 3.9 (Brauer-Severi varieties): We have seen that 9‘: — S is a P! bundle. There is a
cohomological obstruction o € H 2(S,(’)g) to this being a projectivized vector bundle, which
can be seen by locally trivializing and trying to glue over an open cover. However, there is
an a-twisted vector bundle € such that & = PE and a sheaf of Azumaya algebras By = End €
whose Brauer class is a. Even more is true: the pushforward to P? defined as 7,8, = C is

the sheaf of even Clifford algebras corresponding to (F*,g):
2 4
Co=00 \ F(-1)e )\ F'(-2)

whose center Z realizes S = Spec Z as a relative Spec of a sheaf of algebras. For more on

this, consult [Ber15|. In fact, Kuznetsov [[Kuz10] shows that

D(P?,By) =~ D(S, a)
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In the next section, we will see how the above correspondence allows us to define a Fourier-Mukai

transform @7y : D(F) — D(X) which sends a twisted subcategory D(S, ) isomorphically to the

Kuznetsov component.

3.4.2 Twisted sheaves on the associated K3 surface

We have seen that to every cubic fourfold containing a plane, we can associate some K3 surface by
blowing up the plane and realizing S as the variety of rulings on the fibers of the quadric fibration
X — P2, Given that the Kuznetsov component looks like the derived category of a K3 surface, it
is natural to conjecture that these two are related. In this section, we review two approaches to

proving the following:

Proposition 3.10 (Kuznetsov): There is an equivalence between the derived category of twisted

sheaves on S and the Kuznetsov component:

D(S,a):AX

Proof 1. The original approach is due to Kuznetsov [Kuz10|. The point is that on the one hand, the
blowup formula shows that
D(X) = (D(P), D(X))

This has 6 exceptional objects and the category Ax. On the other hand, Kuznetsov’s work on

quadric fibrations shows that there is another semiorthogonal decomposition
D(X) =(D(S,a), D(P),D(P)®O(1))

This also has 6 exceptional objects, together with the category D(S, @).

A sequence of mutations then identifies the two categories in question. O

Proof 2. A second approach is found in [Huy23} §7] by using a Fourier-Mukai kernel.
Step 1: We first choose a kernel and define a functor witnessing the desired equivalence.

The universal line P ¢ X x F has an ideal sheaf 7 and we consider the Fourier-Mukai transform

associated to the correspondence:

Xxg;

y ng
X F

q)l'(l) : D(X) — ’D(g)
Now, a theorem of Bernardara [Ber09] extends the projective bundle formula to Brauer-Severi

~ T
varieties and we can apply it to the P!-bundle # —> S hence have a semiorthogonal decomposition

D(F) =(D(S,a),D(5))
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The D(S) is included via the projection 75 to S and the twisted D(S, a) is included via 77 ® Oy (-1):
we have to tensor by a relative twisted Oy, (1) so as to untwist and land in the honest derived
category. We can consider the adjoint W of ® and compose it with the inclusion D(S, a) — D(?)
to get

W’ :D(S,a) — D(X)

The claim is that this lands in the Kuznetsov component and is a full and faithful functor. The fact

that both are indecomposable Calabi-Yau 2 categories then completes the proof.
Step 2: We show that imW’ C Ay.

We need that W/(E) € Ay =(0,0(1),0(2))*+ = +({0,0(1),0(2)) ® O(-3)) by Serre duality. In other

words, by adjointness we want

Hom(¥(E),O(-i)) = 0 & Hom(E,®O(~i)) =0 > PO(-i) e D(S,a)*,i=1,2,3

The ideal sheaf sequence

O—>I—>(’)XX§—>O§—>O

implies that we have a triangle of FM functors

O — CDOXX§ — (DO@

Applying this to Ox(—1) we see that CIDOXX§(1)O(—1) = CDOXX?(OX) = O by base change on the
product since H*(X,Ox) = C and similarly CDO@(I)(OX(—l)) = CDO@,(OX) = Osince P > F isa P!

bundle. The two are isomorphic, and hence ®(O(-1)) = 0 as the cone of an isomorphism.

Similarly, applying it to Ox (-2), we first see that q)OXX§(OX(_1 )) = 0 since this is doing cohomology
on the fibers H*(X,Ox(-1)) = H*(X, wx®0x(2)) = 0 by Bott vanishing. Moreover, @0@(0;((—1)) =0

since this is cohomology on the P! fibers, and H*(P!,O(~1)) = 0.

Finally, we need to consider Ox(-3). We still have Bott vanishing for X i.e. ®0Xx§(ox(—2)) =0

since H*(X,0x(-2)) = H*(X,wx ® Ox (1)) = 0. However, the cohomology of O(-2) on the P! fibers
is nonzero, so we only have that ©O(-3) ~ (DO@,(O(—Z))[—I |- Explicitly, by Remarkw we have

Dp_(0(-2)) = 5.0

. (-2) = Og(-1)[-1]

Ty
The desired vanishing is thus equivalent via Serre duality to

0 = Hom(E,®O(-3)) = Hom(E,Oz(-1)[-2]) <= 0=Hom(Ogz(-1),E®wgz)
We only need to show this for skyscrapers. But they are embedded via 75 ® Oy (~1) so a skyscraper

O, € D(S,a) corresponds to Of (-1), and so we are reduced to showing

Hom(Og(~1),0F, (-1)® wz) ~ H*(F,, Op (1) ® O, (~2) ® Og~(~1)|,) = H* (B, O(~1)) = 0
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since the embedding P! ~ F, C F is of degree 2, i.e. it pulls back the Plucker polarization coming
from the tautological line O(1) on PA2CS to 0(2)

Step 3: The final step in the proof consists of showing that W’ is fully faithful, which requires the
use of the criterion by Bondal-Orlov

Firstly, we identify the kernel for W¥’. By we know that is must be Z(1)¥ ® y wx[3]. The

generation criterion then requires to check what happens on skyscrapers O, s € S. Explicitly,

WO, =1y, (Z(1) ®wx RO®TZO;)[3]

The way we’ve set things up, the pullup is twisted via the way D(S, a) includes into D(& ), namely:
505 = O (-1) where F, = P! is the fiber over s in the P! bundle & — S. Hence, the object in
question is

WO = 1x.(Z,(1)" ® (wz ®Op, (-1)) K Ox)|3]

Here, Z; is the ideal sheaf of the subvariety P C X x F, since tensoring with the skyscraper has
made everything supported on a fiber. Under the projection 7, : F; x X — X, the relative canonical

sheaf is just wg X Ox. Hence, we can apply Grothendieck-Verdier duality

7{5*(1—5(1)\/ ® wr ®OF5(_1) &OX)B] = T, HOTH(IS ®0 goX(l)fch ®OF5(_1) IXOX)B] =
15, Hom(Zs ® Op (1) M Ox (1), 0y)[3] = Hom((115,)Zs ® Op, (1) M Ox (1), O[2]) ~
(m6.(Zs® O, (1) K 0))” ® Ox (-1)[2]

We thus need to understand 7, (Z; ® O (1) XO). This is really the Fourier-Mukai transform of

Of, (1) with kernel Z, which fits into the triangle
I, — OXXFS - O%
and hence we have a triangle

@z, (OF, (1)) = Poy,;, (OF, (1)) = Pog (OF, (1))

Hence, we see that
(W'0,)Y @ Ox(-1)[2] = 75, (Z; ® Op (1) KO) ~ ker[HO(X,OFS(l)) ®0x — 0g(1)] :=K;
where Q is the residual quadric in X corresponding to s.
The only thing left is to check the Bondal-Orlov criterion on Kj, since
Ext' (WO, W'O;) ~ Ext' (K, K;)
The computation of these Ext groups is done in §7, Lemma 3.7]. One can show that

Ext’(K,, K,) = C and moreover Ext’ (K, K;) vanishes for i < 0 since this is a sheaf and the case i > 2

follows by Serre duality.

I This is shown in [Huy23} §1]
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When s # t, one needs to check vanishing of Ext’(K,, K;) which then implies by Serre duality
vanishing of Ext?(K,, K;). The final step, to check Ext!(K;,K;) = 0, is given by a computation of
the Euler characteristic: we know that since HO(X,(’)FS(l)) = C? then K, = 20y - Op(1) in the

Grothendieck ring. Therefore,

X (K, Ky) = 4x(Ox,0x) = 2x(0x,00(1)) +2x(On(1),0x) - x(Og,0g) = 0
~———— S —
4 4 4 0-Q=4

Remark 3.11 (Self-intersection via Euler characteristic): We have in general for a half-

dimensional subvariety Q C X that
x(Og,0q) = (-1)*™9Q-Q

The proof uses Hirzebruch-Riemann-Roch:

If £ is the bundle cutting out Q such that &|g = N, 50 ¢4,,(£) = [Q] then we have that

X(00,00) = 1048 0g) = x(@ \' €0 N\ €)=
ij

=Y Hix N ere N o= Lch[Z(—1)i+f/\i5V®/\je

7 o

_ Ll:h(Z(—nf /\iEV]ch[Z(—l)j Ne

td(X) =

_ Ctop (g) Ctop (EV)
0= | Sy e 4
Ctop(NV)

_ = k =
_ JQ (@)= (1) J-Qctop(N)td(TQ—NV)—

7 3

]

= (1) L Cop(N) = (-1)FQ-Q

The last bit follows since the rank of N is the same as the dimension of Q, and hence when
integrating only tdy = 1 survives.
We use the multiplicative and additive properties of the Chern character, as well as the fact

that for any bundle F we have

a7 -2

=0
and an instance of Poincare duality and the normal bundle sequence which tells us that

td(X) = td(NM)td(Q) on Q.

Varying in a pencil

This is an aside remark, which explains that one can use Homological Projective Duality and study
the problem above in a P!-family. This was done in [CalTh15] and produces a derived equivalence

between two Calabi-Yau threefolds.
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Firstly, suppose we have a pencil of cubic fourfolds. This produces universal cubic hypersurface
H — P!

whose fiber over t is the associated cubic fourfold to t. This also has a Kuznetsov component and
an SOD
D(H) = (Ay, 7 DPL(i,0);i = 3,4,5)
Homological Projective Duality prescribes an equivalence
-AH =~ D(X)

where X is the base locus of the linear system of the pencil.

Consider, in particular, a pencil of cubics containing our fixed plane P. This is equivalent to
choosing two sections sy, S, of the linear system defining X which is 7 ® 7°O(3). The base locus
X = {sg = Soo = 0} of this sub-linear system is a (3,3) complete intersection in P>, which is a

Calabi-Yau threefold.
Then, in fact, the universal hypersurface is given by
H = Bly(BlpP°) c BlpP> x P! — P? x P!
which we can think of as a quadric fibration over PW x P1. Work of Kuznetsov then shows that
D(X) ~D(P*x P!, C,)
where Cj is the associated Azumaya algebra to the quadric fibration.

Before, we had that
D(P?, By) ~D(S,a)

for the K3 surface S, but now we can study it in families to produce a P!-family of K3 surfaces
Y, which is also a Calabi-Yau threefold, obtained similarly as a Stein factorization (modulo some

details on the singularities). Then we have that
D(P? xP',Cy) ~D(Y, )
by work of Kuznetsov, which allows us to conclude that

D(X) =~ D(Y, )

3.5 Connecting the Hodge theoretic and derived viewpoints: the paper of

Addington-Thomas

So far we have seen a countable union of divisors in the moduli space of cubic fourfolds with a
distinguished divisor Cg consisting of the cubics containing a plane, which is crucial to the proof

of the global Torelli theorem.
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Now, by work of Hassett, the special cubic fourfolds in these divisors are the conjecturally rational
ones and Kuznetsov has conjectured that their Kuznetsov component is equivalent to the derived

category of a K3 surface. Thus there are two Viewpointsﬂ

Hassett’s Hodge theoretic viewpoint Kuznetsov’s derived viewpoint
C4 nonempty iff (x) Ay always a Calabi-Yau 2 category
C4 associated to K3 surface iff (++) Vs Conjecture :
Conjecture: X rational precisely X rational iff 3 K3 surface D(S) =~ Ay
when it has an associated K3 surface

The conditions (), (++) are the ones from Note that 8 is not in the list of special cubic fourfolds,
and we saw that for X € Cg, Ax ~D(S, a) is a twisted K3 category: essentially, H’f (S,7Z) does not

. 4
embed in Hprim

rim

(X,Z) when a nontrivial Brauer class is present, because one has to invert 2.

However, a is trivial precisely when X € Cg N C; for some other d, i.e. there is some other surface

T # P contained in it. This is consistent with both predictions of Hassett and Kuznetsov.

Addington-Thomas show that in fact all the other C; meet Cg nontrivially. They show that essen-

tially the two viewpoints of Hassett and Kuznetsov are equivalent, in the following steps:

Kuznetsov implies Hassett: Firstly, using a lot of lattice theory, they reformulate Hassett’s
condition (++) using a more natural K-theoretic one: it is in fact equivalent to there being two

classes a,b € K;,,(Ax) which are point-like and line-bundle-like:
{a,a) =0,{a, by =1,{(b,b) =2

One should think of a = O, b = Os. This shows that Kuznetsov’s condition implies the Hassett

special condition.

Hassett implies Kuznetsov: To do the converse direction of Hassett implies Kuznetsov, one
proceeds via deformation theory. Addington and Thomas show that starting from X € Cg N C,, one

can deform the Fourier-Mukai kernel witnessing Ax =~ D(S) away from Cg.

More precisely, given such an X, Kuznetsov tells us that
AX =~ D(S)

since the Brauer class vanishes. However, this equivalence is the one relevant to Cg, namely it is
the one which should deform in the direction of cubics containing a plane. We want to instead
deform in the other direction. However, a theorem of Mukai-Orlov shows there is a moduli space
M of stable objects of class a, which is fine by the assumption that b exists. Classical results of
Mukai imply that M is a K3 surface as well and in fact there is a universal object on M x S which

produces a Fourier-Mukai equivalence

D(S) ~D(M)

2Hassett never explicitly conjectures that rationality is equivalent to the cubic being special
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So we can work with M instead. The technical core of this step is showing that the Fourier-Mukai
kernel U of the equivalence

Ax ~D(M)

deforms as X deforms through C;.

If we think of deforming by beginning with the identity kernel U = O,, then deforming to
first order is controlled its action on cohomology and in particular by a class in the Hochschild

deformation space
HH(M) = Ext?(Oa,0n) = H(M, )\ Ty @ H' (M, Tp) & HA(M,Op)
and can be explicitly described. Work of identifies this obstruction class as
(kx, k)0 At(U) € Ext} (U, U)

where « v, € H'(M, Ty) defines a deformation of M and similarly xy = @y x5 . show that
this obstruction vanishes and then use T' lifting methods to extend the first-order deformations to
all orders, at least on a Zariski dense subset of the Hassett divisor C;. Recent work of ,
[Bayer21| show that one can extend to the whole of C;, concluding the Hassett implies Kuznetsov

direction.
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4 Derived categories of singularities and matrix factorizations

4.1 Derived categories of singularities

When considering smooth projective varieties, we made use of the existence of bounded locally
free resolutions (Hilbert’s syszygy theorem), e.g. in defining derived pullbacks and tensor products.

If we want to look at singular varieties, the failure of this property is an important point.

Theorem 4.1 (Serre): A commutative local ring A is regular iff it has finite global dimension,

i.e. there is a global bound on the length of projective resolutions of A-modules.

Motivated by this, we are led to the following definition due to Orlov.

Definition 4.2: Suppose X is a quasi-projective variety. A complex of sheaves on X is perfect
if it is quasi-isomorphic to a bounded complex of finite type locally free sheaves. This gives a
triangulated subcategory Perf(X) C DY(X), by the construction of cones in terms of direct sums.

The derived category of singularities is the quotient Dsg(X) = DY(X)/ Perf(X).

Recall from Deﬁnitionthat this quotient is given by inverting all morphisms in D’(X) whose

cones are perfect complexes.

Remark 4.3: As noted above, for a smooth variety all bounded complexes of coherent sheaves

are perfect, so Perf(X) = D’(X) and Dsg(X) = 0.

Remark 4.4: The underived category of perfect complexes Perf(X) C K¥(Coh X) inherits a
differential graded structure from K’(Coh X). The homotopy category H° Perf(X) given
by taking Oth cohomology of Hom®(—,—) for morphisms is equivalent to Perf(X), as in
Theorem In the smooth case, where Perf(X) = D?(X), this gives a “dg-enhancement” of
DY(X). The richer structure of a dg-category can be nicer to work with than the triangulated

category D?(X), e.g. giving functorial cones.

Proposition 4.5: Any object in Dsg(X) is isomorphic to the image of some shifted sheaf.

Proof. We may take a bounded above projective resolution of an object in Dsg(X)

e —— Pl > P b > PP
> 0 > A“ > > AL,
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and then the truncation

e —— 0 —— Pl/pi2 > P y o y P
» 0 > A“ > > AP

is also a quasi-isomorphism. This truncated resolution is an extension of P*~!/P%"2[1 —a] by the

perfect complex P? — --- — PP, and so in Dsg(X) is isomorphic to Pa-l/Pi2[1 —al. O

The theory of morphisms in Ds4(X) is particularly nice when X is Gorenstein, where we have
a bounded derived dual RHom(—,Oyx) on D?(X) satisfying RHom(RHom(F,Ox),0x) =~ F. This

holds for local complete intersections in smooth varieties.

Remark 4.6: When X is Gorenstein, the shifted sheaf F in Proposition [£.5may be taken
to satisfy Exti(]-', Ox) =0 for i > 0, since RHom(A®,Ox) is bounded and may be assumed

within the truncated range.

Proposition 4.7 ([[Or104} Lemma 1.20]): Suppose X is Gorenstein. If F is a coherent sheaf
which is perfect as a complex, and Ext'(F,Ox) = 0 for i > 0, then F is locally free.

Proposition 4.8 ([[Or104} Prop 1.21]): Suppose X is Gorenstein. If F,G € Coh(X) satisfy
Ext' (F,0x) = 0 for i > 0 and Ext'(P,G) = 0 for i > N and any locally free sheaf P, then

HomDSg(X)(]-',g[N]) = Home(X)(]:, Q[N])/R

where R is the subspace of maps factoring through a locally free sheaf.

Example 4.9: Consider a non-reduced point X = SpecC|[t]/t". By the structure theorem
for finite type modules over a PID, coherent sheaves on X are direct sums of the modules
C[t)/ ti for i = 0,...,n. Moreover, by taking Smith normal forms any complex is a direct sum
of shifts of these modules. Only i = n gives a projective module, and so Dsg(X) is generated
by C[t]/t,C[t]/t?,...,C[t]/t""!. Note that these all have infinite periodic free resolutions
as C[t]/t"-modules, corresponding to the factorizations t" = t't"~'. The corresponding
extension

0 — C[t)/t"" £ C[t)/t" — C[t)/t - 0

shows that C[t]/t' is the shift of C[t]/t"~" by 1. In particular the shift functor is an involution,

which we will see holds more generally in[4.3] By Proposition[£.8]we can see for example
.tk .

that the map C[¢t]/¢' LN C[t]/t/ gives zero in Dsg(X) if k > n—1i.

One might hope that Dsg(X) only depends on the local geometry of X near its singular locus,

and in fact this is true; Dsg(U) = Dgg(X) for a formal neighbourhood U of the singular locus. See

[Or104] Prop 1.14] and §6].
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4.2 Matrix factorizations

Consider the cone Z = {xy = z%} ¢ A3. Looking at the structure sheaf of the line L = {x =z =0} C Z,

we are led to a periodic projective resolution

v —Z
—Z X

e O 02 02 02 Op =0, (4.1)

arising from a factorization of xy — z? into matrices:

-z||x z X z -z
y = (x;() — 22)1 = y .
-z x )z z yJ\-z «x
Viewed over A3, this is a kind of twisted chain complex, satisfying d? = xy — z? instead of d* = 0.

Definition 4.10: Suppose X is a smooth quasi-projective variety, and W : X — Al is a regular

function. A matrix factorization of W on X is a pair of vector bundles £°,E' on X with maps

satisfying d1d® = W -idgo, d%d' = W -idg1.

Remark 4.11: The differential d! is a null-homotopy of the multiplication by W map on the
chain complex £° — £, and similar for d°. Hence the sheaves kerd’, cokerd’ are supported
on {W =0} C X. When W is not a zero-divisor we get kerd’ = 0, but the cokernels are more

interesting; see 4.3

In other words, these are Z,-graded twisted chain complexes with d2 = W. Given two matrix
factorizations £°, F* we obtain a genuine Z,-graded complex Hom*(£®, F*) with differential
frdof—(-1)flfod squaring to W — W = 0. This gives a differential Z,-graded category, and as

seen earlier we then have a triangulated homotopy category.

Definition 4.12: Taking the Oth cohomology of the complex Hom®(E®, F*®) for morphisms gives
a triangulated category MF(X, W) of matrix factorizations.

Remark 4.13:If W = 0 we recover a weaker version of Perf(X) = D?(X) with only Z,-grading,
having a natural forgetful functor D?(X) — MF(X,0).

The collapse from Z-graded chain complexes when d? = 0 to only having the Z,-grading when
d? = W is somewhat unfortunate, and one might prefer to work instead with Z-graded complexes
where W somehow has degree 2. This leads to the notion of graded matrix factorizations, and an
important result due to Orlov relating matrix factorizations of a homogeneous polynomial and the

derived category of the corresponding projective variety [Orl09].
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Example 4.14: Suppose X = A?, with W = xy. The obvious factorization of W gives an object
_ ( Ox # Ox ) € MF(X, W).

Note that

Hom*(K,K)=| O} ——— 0%

~

with cohomology

H°Hom(K,K) ={(f,8): f = g)/{(x,%),(,9)) = C-(1,1),
H'Hom(K,K) = {(f,g): vf +xg = 0}/{(x,~v)) = 0,

so K is an exceptional object. In fact (K)* = 0, so MF(X, W) ~ D?(pt) is generated by K.
This is the most basic example of Knorrer periodicity, which we will see in[4.4}

Remark 4.15: Matrix factorizations first arose in commutative algebra, relating to maximal
Cohen-Macaulay modules [[Eis80]. In the geometric setting of derived categories they are a
natural object of study, e.g. via minimal resolutions, and motivated by Orlov’s theorem. In
the context of mirror symmetry, (graded) matrix factorizations arise as the conjectural (due

to Kontsevich) category of B-branes on a Landau-Ginzburg model (X, W), generalizing the

case W = 0 which should give DY(X). See [Or109], [Seg11].
4.3 Comparing categories of singularities and matrix factorizations
Suppose Y = {W =0} Cc X is a Cartier divisor, i.e. W is not a zero-divisor. We now describe how

to obtain a periodic resolution from a matrix factorization, as in (4.1)), by resolving the cokernel

% - &1 - K — 0. Note that K is supported on Y, since it is annhilated by W:

t

Restricting the exact sequence to Y, we then have
dO
0 d' e ywe! - we I elywel Sk o

Here the kernel of 4|y is the image of d! since W = d'd° and we can cancel W. Repeating the

same argument for d'|y, we then get a locally free resolution of K in Coh(Y):

S EYWE s elywel 5 Ywel 5 eyweEr 5 K —o.
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Remark 4.16: Recall that maps of the cokernel K correspond to chain maps of £0 — £!
modulo homotopy. Such chain maps automatically also respect the differential £! — £°,
by applying d! to the chain map condition and cancelling W. Homotopies of these chain

maps are a special case of homotopies of the maps of matrix factorizations.

Proposition 4.17: Associating K € Coh(Y) to the matrix factorization £ defines a functor
R:MF(X, W) — Dsg(Y) which is an exact equivalence.

Remark 4.18: We could define a similar functor by taking the cokernel of d! instead of d°.
These give distinct objects of D?(Y) (consider Example [4.14), but both are given by the
same periodic locally free resolution up to a shift and an appended perfect complex, so the

results in D, (Y) only differ by a shift.

Proof. A map of matrix factorizations £* — F* is null-homotopic iff it factors through

a o0
1 —d!
Flgpr! —><— FleFo,
at o
R
which has cokernel
FleFrd' F!

~Fl/WF!
(%@ x:xe FO) /

since the injection d° : #° — F! induces an injection d° : F0/d' F! — Fl/d%' F1 = Flywrl.
This is the restriction of the locally free sheaf FltoY,and hence gives zero in Dsg(Y), so R is a well-
defined functor which naturally respects the triangulated structures. It is full by Proposition [£.8]
and Remark [£.16

Claim: If R(£®) = 0 in Dsg(Y), then £° = 0 in MF(X, W).

Proof of claim. If K is a perfect complex on Y, then in fact K is locally free over Y by Proposition[4.7}
Then we have a section Y — £!|y of the short exact sequence 0 — €%y — €'y — K — 0, which

gives a factorization of the identity on £° by Remark [4.16}

dO

&o — & ——K

1 d 1

ol
w

&l <_l_> gl —— &Yy

ldl 1 l
dO

o — & —— K.
d

Since &} <L Elis acyclic, the middle object is zero in MF(X, W). O
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With this claim it is a formal consequence that R is faithful; if an exact triangle £° L F* i G*® has
R(f) =0, then R(g) is an isomorphism and has a retraction of the form R(r) since R is full. Now

R(rg) =1 implies rf is an isomorphism, since the cone must be zero, so g is monic and f = 0.

To show essential surjectivity, by Remark [4.6]it suffices to consider a sheaf F supported on Y with
Sxté,(]-", Oy) = 0 for i > 0. Take a surjection £! — F with £! a vector bundle on X.

Claim: The sheaf £° = ker(£! — F) is a vector bundle.

Proof of claim. This can be checked on stalks by showing Exté((é'o,()pt) =0 for i > 0 and all
points in X, and from the short exact sequence 0 — £% — £! — F — 0 it suffices to show that
Ext%(]—", Opt) = 0 for i > 1. Since Exté,(]-", Oy) =0 for i > 0, we have a locally free right resolution
of F on Y by resolving " and dualizing. From the Grothendieck spectral sequence, it suffices
to show that Exté((Q, Opt) = 0 for i > 1 when Q is a locally free sheaf on Y. This follows from
RHomy(Q,Op) = RHomy (Lj*.Q,Op), where j : Y <> X is the inclusion, since Lj*/.Q fits into an
exact triangle Q[1] —» Lj*j,Q — Q as in Cor 11.4]. O

Then multiplication by W is null-homotopic on the complex £° — €1, since it gives zero on F, and

the homotopy £! — £° makes £* into a matrix factorization with cokernel F as required. O

Remark 4.19: As the shift functor on MF(X, W) is clearly 2-periodic, it follows that the shift

functor on Dsg(Y) is also 2-periodic, which is not immediately obvious.

4.4 Knorrer periodicity

Generalizing the example of MF(Az,xy), given a matrix factorization of a function W = MN = NM,

we can produce a factorization of W + xy as follows:

M x

N —x
vy M

N —x
vy M

M x

=W+xy=

Theorem 4.20 (Knérrer periodicity): MF(X x A2, W + xy) ~ MF(X, W) by this construction.

Example 4.21: Consider again the cone Z = {z? + xy = 0} C A3. Knérrer periodicity gives
Dsg(Z) = Dsg(Spec C[z]/z?), which is generated by C[z]/z as in Example What is the

image of this generator in Dsg(Z)? The corresponding matrix factorization is 7= 0,

z x|lz —x 5 z x|l z «x
=z"+xy=
Y Z][? 2 [y z][_}’ z

so the image in Dgg4(Z) is the cokernel sheaf O /{(z,v), (~x,2)) ~ O|z=x=0) from the short

producing

’

exact sequence 0%/{(z,v),(~x,z)) ﬂ Oz = Oz=x=0} — 0, as in (4.1).
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In terms of derived categories of singularities, we can formulate a more general statement. Suppose
£ is a vector bundle on X of rank r + 1, with a section s cutting out Y C X as a regular embedding.
The section s induces by linearity a section of Opgv(1), cutting out ¥ ¢ PEY. By adjunction

Ely = Ny,x, and we get an inclusion i : IP’NQ//X < Y. Label the maps as follows.

o Vv i > j
N=PN/y —— Y s pEY

N

Y c

Theorem 4.22 ( Thm 2.1]): The Fourier—Mukai transform ®; = Ri,g* : D’(Y) —
DY(Y) induces an equivalence Dgy(Y) =~ Dgy(Y).

Example 4.23: Suppose we have two functions f,g: X — A!, with D = {g = 0} C X smooth.
As a section of the trivial bundle 0%, this gives Y = {f =¢=0}cDand Y = {f +tg =0} C
X x P! where t is a coordinate on P'. Then Dg,(Y) = Dg,(Y) implies MF(X x P!, f + tg) =
ME(D, f). Restricting f +tg to X x {oo} gives g, so since D is smooth and Ds; only depends
on a neighbourhood of the singular locus we actually have MF(X x A}, f + tg) ~ ME(D, f).

From this we can recover the original Knorrer periodicity by taking X = X’ x Al and g =s.

Proof. We reduce to the claim that there is a semi-orthogonal decomposition
D"(Y) = (®;D"(Y),Lp*D*(X)® Oy(1),...,Lp*D*(X) ® Oy (1)),

where the admissible subcategories are equivalent to D?(Y) and D¥(X), i.e. the functors ®, and

Lp* are fully faithful.

It is a formal consequence that this gives a semi-orthogonal decomposition of the singularity
categories

DSg(Y) = (cDZDSg(Y)er*DSg(X) ®Op(1)! . -er*DSg(X) ®Op(r)>r

essentially because we can define Ds, () intrinsically in terms of the triangulated category DY(-),
by identifying Perf(—) as those objects with bounded Ext groups. Since X is smooth we have

Dsg(X) =0, and so it follows that Dgg(Y) is equivalent to Dsy(Y) via .
We now prove the claim.
* Lp*is fully faithful and the terms involving D?(X) are orthogonal by the same reasoning as
in Proposition we still have Rp,Oy = Ox from the Koszul resolution, as Rrt,O,(-1) = 0.

* To show that @y is fully faithful, first note that q* is fully faithful (part of the projective
bundle formula), so Rg.q" ~ 1. Hence to get cone(F — XD, F) = 0, where @& is the right

adjoint Rq,i', it is enough to show that C := cone(q*F — i'Ri,q*F) maps to zero under Rg,.
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Now
Ri,i'Ri,q"F =~ Ri,(q"F ® wy,y ®i*Ri,On)[-7]
~Ri, (7" F @ wy/y ® A°NI¥/Y)[—T]’

and one can conclude that H*(C) = ¢*F ® Ak Ny ¢ for k > 0. By the Grothendieck spectral

sequence it then suffices to show that Rg,(A¥AY ) = 0 for k > 0, which can be done by

N/Y
relating N]:[//Y to On(1). We omit the details; see | Prop 1.17].

To check orthogonality of the DY(Y) term, for F € D¥(Y) and G € D?(X) we have

Hom(Lp*F ® O,(k),Ri.q"G) = Hom(q"F ® O, (k),q"G) (adjunction)
=Hom(q"F,q"G ® Oy(~k))
= Hom(F,Rq.(94"G ®O,(-k))) (adjunction)

= Hom(F,G®Rq.0,(-k)) =0 (projection formula)

since Rq*Oq(—k) =0.

To check that the sequence generates D”(Y) we use the spanning class of skyscraper sheaves,
so it suffices to show that we can generate a Beilinson exceptional collection on each fiber.
Over X \ Y we have a P""!-bundle given by hyperplanes in PEY, so the D?(X) terms give
Beilinson exceptional collections on the fibers over X \ Y by pulling back skyscraper sheaves.

Now consider y € Y. We compute
Lp'0, ®0, (k) =Lj'1'0, ® 0, (k)
= Lj Oy ®O, (k)
=Lj":0p15) ® Oy k),
which has cohomology O,-1()(k) in degree 0 and O,-1(,)(k - 1) in degree ~1 as in Cor

11.4], since Y is cut out by a section of O, (1). This allows us to inductively generate the

twists needed for a Beilinson exceptional collection on p~!(y), starting with Op-1(y) = 920,

O

Remark 4.24: This semi-orthogonal decomposition is another variant of the projective

bundle formula, much like the blowup formula, where we have a hypersurface inside a

projective bundle. Generalizations can be found in [Kuz05].
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