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1 Differential Geometry

1.1 Tangent spaces

Let p € X and look at all curves y : I — X with y(0) = p. Given a chart ¢ about p, we define
7'[2)()/) = (¢ o ¥)’(0). We say that two curves agree to first order if ng)(yl) = 7'(,(,/)()/2) for some
chart ¢. By using transition maps, we see that this is independent of the charts and hence is an

equivalence relation:

7 (7) = (o) (0) = Do ¢ )y (0 )'(0) = Treh (7)

T is the Jacobian matrix for the transition between the two charts. We define T,X to be the
curves at p modulo agreement to first order. T[g) gave us a surjection from curves at p to R”, and
modding out by agreement to first order gives a bijection T,X ~R", allowing us to transport the
vector space structure. Now, a tangent vector in one chart transforms into another chart using the

Jacobians of the transition maps.

To show surjectivity, take y,(t) = ¢~'(¢(p) + tv). This obviously maps to v € R"”. We can then
define d/dx; = [y,,]. One should be careful, as this depends on the whole coordinate chart ¢ and

not only on x;.

Lemma 1.1 (Lemma): We have the identity
o Z%i
dyi L= dy; Ix;

for two different charts ¢, producing dy, = (ng)‘l(e,-), ayj = (IP;P)_l(Ej).

This follows as the transition map have Jacobians, or by just evaluating both sides at the functions
x; - note that 8x]-/8yl- makes sense, as x; : X — R is just a function on which the tangent vector

d/dy; acts on.

Let’s be a bit more careful: let ¢, i be charts about p in X, with respective coordinates x; = r; o ¢
and y; = r; o . Notice that by definition
dx;/dy; := d(x; 0 P! )/dr; =d(riopo 1p‘1)/8rj

This is precisely the Jacobian of the transition map ¢ o 1)~!with respect to the standard basis. We

could also have used the curve derivative definition to get

& 0™ o) + 12 Dco

Once again, this is just axl-/(?yj, but it is also the directional derivative in the direction of ej at the
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point 1(p) for the transition map o ™!, i.e. d(¢p o p~1)/dr;.

Given [y] a tangent vector and a smooth f : X —» R, then y - f = (f o ¥)’(0) is a real number. Note

that this does not depend on the choice of y in the equivalence class by using the chain rule.

1.1.1 Derivatives

The differential of a smooth map F : X — Y is a map between tangent spaces D,F : T,X —
Tp(p)Y defined by D,F([y]) = [F o y]. To calculate this in coordinates, one can just observe that
DF,(d/dx;) = }_a;jd/dy;and evaluate both sides at the function y;. Hence a;; = d(y; o F)/dx;. An-

other way to see this is the fOHOWiI’lg:
P (Ox ) (( ) (61)) (1 )" (Te;)

This is since 7¥(Foy) = (poFoy)(0)=(poFoplopoy)(0)=Tn?(y), where T is the matrix

representing F. But this matrix is just the Jacobian
(aﬁj/ari) = (d( o F)j/dx;) = (d(yj o F)/dx;)

Hence

a(y-oF }1 oF)
= (b (Y 2 :
DPF(aXi)_(nF(p)) ( axi ] _Z 9xl ay]

This actually allows us to write [y] = dyy(d/dt) € T,X. We get the chain rule almost by definition.

Remark: we have a map
Diff(M) — Aut(C®(M))
iad
The differential of this is a map from tangent vectors of Diff(M) to tangent vectors of Aut(C*(M)).
But note that a tangent vector in Diff(M) is given by the derivative of a curve of diffeomorphisms,
which is precisely the flow of a vector field on M. Hence, it is a vector field, i.e. an element of

X(M). On the other hand, a tangent vector on Aut(C*(M)) is precisely a derivation on M. All in

all, the resulting differential is

X(M) — Der(M)

XF—>,CX

Proposition 1.2 (Derivations and vector fields): The map X > Ly is an isomorphism be-

tween I'(T M) and Der(M).

1.2 Immersions, submersions, local diffeomorphisms

Depending on the linear map DF,, we either get an injection, surjection, or both - these corre-

spond to being an immersion, submersion or local diffeomorphism. The last part follows by the
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inverse function theorem. Note that all these conditions are open. Note that one can choose local

coordinates so that the derivative of a local diffeomorphism looks like the identity matrix.

The submersion and immersion theorems say that there exist local coordinates such that F looks

like a projection, respectively inclusion of R".

1.3 Submanifolds

We defined them as vanishing loci of a bunch of coordinates ,i.e. {z; =... = z; = 0} is a codimen-

sion k submanifold. We then get local coordinates (zx,1,...,2,) on this, so it is indeed a manifold.

Using the submersion theorem, one can show that given a regular value ¢ where a map F: X —
Y is a submersion, then the subset F~'(g) is a submanifold of X of codimension equal to the

dimension of Y.

Theorem 1.3 (Sard’s theorem): Regular values are dense, critical values form a measure zero

subset (E.g. R C R¥).

1.4 Transversality

Definition 1.4 (Transversality): Y,Z C X are transverse at p if T,X + T,Z = T,X. Equiva-
lently, ann(T,Y) Nann(T,Z) = 0 in the dual space, i.e. the equations cutting up Y and Z are

independent of each other.

Proposition 1.5 (Dimension of transverse intersection): > Y and Z intersect transversely

= Y N Z is a submanifold of X of codimension the sum of codimensions of Y and Z.

Proof. We have local coordinates y and z (maps from X to R") which define Y and Z as the zero
loci of the first k resp. first ] components. Now define f : U — R, g (na,...,yka,z14,...,24).
Then the kernel of df, consists of T,X N T,Y, so df, must be surjective by the transversality

assumption. In other words, we can think of this as
dfp
T,U=T,X — T,X/T,Z& T,X/T,Y

This is because: (d/dzy,...,0/dz,) = T,X, (9/0z,1,...,0/dz,) = T,Z, (9/dyy,...,d/dz,) = T, X,
(3/9Yks1,...,0/02,) = TPY. In particular, the map is surjective, so we have a submersion at all
such points p in the intersection, i.e. we get a coordinate system where the vanishing of the
k + 1 coordinates gives us the intersection of Y and Z: (x1,...,xx) = V1, » Vk)s (Xka1r- - » Xpat) =
(z1,...,2;) . Basically, this is built up from two maps U — RK,U — R/ both of whose effects

on the tangent spaces kill of the tangent space at Z resp. Y. Informally: df(d/dz;) = df/dz; =
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W1, Vi» 21, -, 21)/ 92; = 9/9z; provided i < I, and similarly for df(d/dy;), since in a way these

should be independent and the chain rule can be ignored. O
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1.5 Vector bundles

Dgody!
Usual definition using trivializing cover and maps ®,. If (U, N Ug) x RE 0, (Ua NUp) % RF is

given by (b,v) — (b, gga(b)(v)). Then gg, : U, N Ug — GL(k, R) satisfies the cocycle condition

1.5.1 The tangent bundle

Tx=| |T,x

The trivialization of this is given by: TU = ||,y T,X — U’'xR" given by (p,}_a;dy,) — (p’,a1,....a,).

Hence, the tangent bundle is locally trivial on the charts.

Note that a section of this, i.e. a vector field, is smooth if and only if the functions a; are smooth.
Representing global sections:

Hom(R,E) ~T(E), given by G — G(—,1) and s — G(b,t) = ts(b)

Cocycles give vector bundles:

E =]]U, xR¥/ ~, where (b,v) ~ (b, gg(b)v), b € U, N Ug.

1.5.2 Tangent bundles of quotient manifolds

Given a manifold X and an action G x X — X then the tangent space of X/G at n(x) is given by
Tr(0)X/G = T, X/T(G - x)

This is since the orbit G- x is an embedded submanifold of the dimension of G inside X and its
tangent space gets killed of by the projection dm,: if y(t) = g; - x is a representing curve for a

tangent vector in G- x ,then
. d
dmy(y) = Eh:oﬂ(?/(t)) =0

Since this has the right dimension, we get that the submersion
1ty : TX — Ty X/G
has kernel exactly T,(G - x). Note that this is spanned by the fundamental vector fields
d
Ealx):= Eh:o exp(tA)-x

for Aeg.

[ Example (Example): Complex tori have trivial tangent bundles.
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Example (Tangent bundle of projective space): For the projective space CP" = $2"*1/U(1) we

have that if / is spanned by a unit vector v then
T,CP" = T,$?"*1/T,(U(1)-v)

But T,5?"*! = {(v,w)|(v,w) = 0} = I+ (note that this is the real orthocomplement). More-
over, since U(1) = S! its tangent bundle is spanned by dy which is the section dy :
S — TS! which at '@ gives (e'®,ie'®), since the tangent space is given by orthogonal
vectors. Its exponential is given by the time flow of the integral curve y(t) = €' i.e.

(y(t)) =ie' = dg(y(t)). Hence, T,(U(1)-v) is spanned by the fundamental vector
d d ; .
Jpl=0exp(tdp) v = Eh:oe” v =iv

so the tangent space is given by the imaginary multiples of v. One can show that this is
precisely Hom(Z,I).

Another way to do this is to notice that the action
GL(n+1,C)xC"1 — ¢!
descends to CP". Thus, fixing a line I we get a map
GL(n+1,C) —» CP"
which is a submersion. On tangent spaces, we get
Mat(n+1xn+1,C)=T;GL(n+1,C) - T,CP"

The kernel of this map consists of the matrices M which preserve [: MI C I. Hence, T;CP"
is isomorphic to all matrices modulo this kernel, which can be identified with Hom(/, I*).

More generally, the same trick can be done for Grassmanians: the action
GL(V)xV >V

descends to

GL(V) %X Gri(V) — Grg(V)

Hence, fixing W € Gry(V), we get a submersion GL(V) — Gri(V) and hence the tangent
space at W can be identified with the endomorphisms of V modulo the ones that preserve
W:

End(V)

Twcl‘k(V) = m =~ Hom(W, V/W)

To see the last isomorphism, consider the following composition:

restriction quotient

End(V) ——— Hom(W, V) ——— Hom(W, V/W)

This is surjective and has kernel precisely the endomorphisms which when restricted to

W end up in W, i.e. the endomorphisms which preserve W.
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1.5.3 Operations on VB’s

* Duals: cocycles given by (gﬁTa)‘1
* Tensor products: Kronecker product of cocycle matrices
* Sums: sums of cocycle matrices

* Exterior powers

1.5.4 Cotangent bundle

Dually to how we defined the tangent vectors as equivalence classes of jets, we can define the
cotangent bundle as equivalence classes of maps f : X — R. The equivalence is agreement to first
order, i.e. df, = dg,. The idea is that if they agree to first order, they will act the same on tangent

vectors. We will show this is the same as TP*X.

We have a map from functions to T;X given by [f] > df =} df/dx;dx;. This is surjective, as dxl

is a dual basis to the basis of tangent vectors axj.

r

Example (Transition maps for the cotangent bundle):

Hence, the transition matrix g—;j is the inverse transpose of the one of the tangent bundle,

C . j
which is ai
oIx!

Lemma 1.6 (Pullbacks commute with differentials): Pullbacks commute with differentials

Proof. Given F: X — Y, we show that its pullback commutes with d. The pullback is given by the
dual of the differential dF. Now let g: Y — R. Then:

Frdg([y]) = dg(dF[y])=dg([Foy])=(goFoy)(0)=d(goF)[y] =d(F'g)[y]

16



1.6 Differential forms

Let a = a;dx’ be a differential form in local coordinates. We would like to somehow get a 2-form
from a. Naively, we could try:

dag
da = EN Zaxl edx®

However, this does not transform correctly usmg a different trivialization: if we use coordinates

v', then @ = a/dy’ and we know that dy’ = Z dx Hence a; = a; gzs

_das g OOy dajdyt 9%y
da a ld ®dx —@(ai%)dx ®dx [a laxs -l—CKla la S]dx ®dx

But by the chain rule:

da) . dal gyl Iy’ da;] dy
1 ] i_ i 1 s
oy dy' ®@dy _8yf o dx ®_9x5dx o 19 de ®dx®

Hence, what we end up with is:

and

ay azyi
Ep 18 sdx ®dx’ +a’8 P

Note that the first bit is precisely the desired da in y-coordinates, so we need to somehow get rid

dxl®dx5—%d I @dy' + junk

of the junk - enter alternating algebra! If we replaced all the tensors with A, then the junk will

cancel out.

Definition 1.7 (Exterior derivative): If « = Y a;dx!, then da = Z aa’ dx7 Adx! =da; Ndx".

This has the following properties:
o It is R-linear, agrees with d on 0-forms
«d?=0
* F*'d =dF*

s dlanp)=danp+(-1)dandp

Proof.
d(a AB) =d(arpdx'dx) = d(a;py)dx'dx! =
= (daypy +apdp))dxldy) =da n B+ (-1)%a ndp

F'da=F'(da; Ady" A... Ady'?) = F'da; AF*dy™ A... AF*dy’ =

=dF'a; NdF' 9" A ANdFY'» =d(F*a; AdAFy'' A... AdFy'?) = dFa

1.7 Integration and orientation

An orientation on a vector space V is a choice of representative modulo positive rescaling of

det(V) = A"V = K. In the case of vector bundles, we say an orientation of E — X is a choice of
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nonvanishing section of the determinant line bundle det(E). Hence, E is orientable if and only if

det(E) is trivial.

A manifold X is orientable if its tangent bundle is orientable, which holds if and only if it has
a nonvanishing top differential form, which is a volume form. The volume form determines
an orientation by saying ey,...,e, are positively oriented if and only if w(ey,...,e,) > 0. A map
is orientation preserving if its pullback preserves orientation forms, and hence its Jacobian has

positive determinant.

We can now define integration of a compactly supported top form on an oriented manifold:
J- w:Z fadx!... dx"
X R"
We are summing over @ indexing an open cover of X with an associated partition of unity and
locally p,w = fudx)...dx" with the x' oriented positively(really, we are just pulling back @ to
the coordinate charts - see Bott and Tu). This is well defined, since if we switch to a different
coordinate system and different partition of unity, the Jacobian determinant will be positive, so

changing variables does not change the sign of the integral.

Jdm:f w
X X

Proof. See notes, or Bott-Tu. Uses partition of unity to reduce to Euclidean case, and then being

Theorem 1.8 (Stokes’ theorem):

clever with Fubini. O
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1.8 Connections

Given a bundle E — B, we want to find a way to differentiate its sections.

Denote Q¥(E) =T(E® /\k T*B). In particular, Q°(E) consists of the sections of E over B and Q!(E)
consists of the sections of EQ T*B ~ Hom(TB, E). Hence, we can think of them as 1-forms, which

eat up vectors but land in E, i.e. we call them E-valued 1-forms.

Given a section s : B — E, we can look at it locally in a trivializing cover U, C B. Restricting to
this, we get s|y_: U, — Ely, ~ Uy x RK. If we compose with the right projection, we get a map
Vg : Uy — RE. Naively, we could try just differentiating this and try to glue these together to get a

thing defined globally. In fact, for trivial bundles, this is completely fine. Notice that
dv, : TU, — TRF ~ RF

is like a vector of 1-forms, i.e. it is a vector-valued 1-form, which is kind of what we want (an E
valued form, locally). Suppose the cocycle for E is given by gg,. Then vg = ggov,. We expect dvg
to transform in the same way for it to glue, i.e. we would like dvg = gg,dv,. Notice: on the right
hand side, we have a matrix of functions acting on a vector of 1-forms, which is still a vector of
1-forms, so all of this makes sense. However, this would mean that dv, = glgéd vg. We compute,
by using Leibniz:
radvg = Z5rd(8pava) = dvg + Zgad(8pa)Va

To justify this, note that if g is a matrix of functions, by d¢ we mean the matrix with entries the 1-
forms obtained by applying d to all entries. Then the Leibniz rule still follows, since if v”'g denotes

the i — th component of vg, then v/’é = gij vl and (using summation notation):
dvjy = d(gijvy) = (dgij) v + gijdvg

This is a perfectly valid vector-valued 1-form: we have a matrix of 1-forms acting on a vector,
giving a vector of 1-forms, and also a matrix of functions acting on a vector of 1-forms, giving a

vector of 1-forms.

So our naive attempt was blocked by the obstruction term glgaltd (8pa)Va-To modify this and actu-

ally get a thing that transforms correctly, we introduce connections as follows:
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Definition 1.9 (Connection): A connection A on E comprises a gl(k, R)—valued 1-form A, on

each trivialization U, which transforms as follows on overlaps:

Ao = 50 Ap8pa + 830 (d850)
Given this information, the covariant derivative of a section s € I'(E) is defined to be
dts = dvy + Ay,
This transforms correctly by direct calculation, hence it defines a map:

Q°%E) “ QY(E)

A section is horizontal if it is killed by the covariant derivative, i.e. ds = 0.

Another way to think of connections is as a canonical splitting of a bundle into horizontal and

vertical vectors - see the concept of Ehresmann connections.

Proposition 1.10 (Equivalent Koszul definition of connection): The covariant derivatives
coming from connections are precisely the R-linear maps V : Q%(E) — QU(E) satisfying the
Leibniz rule:

V(fs)=s®df + fVs

This is checked by directly verifying locally (but one must also show that these are local operators
- see the example sheet). Note that the Leibniz rule tells us that if V(v) = dv+ Av locally, then A is
actually a matrix-valued one-form! One can also think of the connection as V = d + A;dx’ in local

coordinates, where A; is a matrix that eats a vector (a section).

Note that a trivial vector bundle has a connection given by A, = 0. Using this and partitions of

unity, one can show that any vector bundle admits a connection.

1.8.1 Induced connections and metric connections

Given a connection V on E, V' on E’, we can define a connection on E ® E’ by the product rule
VE®E (51 ®5,) 1= Vs, ® 5 + 51 ® Vs
Moreover, we can define a connection on the dual bundle EY implicitly as follows:
d((s,t)) = (Vs,t)+ (s, V"t)

The pairing (s, t) is the natural one between sections of E and sections of EY by evaluating point-
wise, i.e. (s,t) = f(s) is a function, of which we can take the exterior derivative and get a 1-form
valued in E. This can also be seen as a sort of product rule, where the exterior derivative on the

left is just the induced connection from V onto the trivial bundle.
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Similarly, for Hom(E, E’) ~ EV®E’, one can combine the two operations above.

There is a different, equivalent way to define induced connections:

Definition 1.11 (Induced connections using representations): Given a representation p :
GL(k,R) — GL(k,R) and a k-dimensional vector bundle E — B with cocycles g, we get a bundle
E’ — B with cocycles p(g). If A with local connection 1-form A is a connection on E, the induced

connection on E” has local connection 1-form given by dpj(A).

Example (Examples): For p(A) = (AT)_1 we get the dual bundle EV. Thus in this case,
d d
dp(A) = — [+tA) = — ([+tA)™T
prid) = p(l+tA)= 2 ((I+tA)7)
But linearly, since (I + tA)(I — tA) = I — t?A?, we have that (I + tA)™' ~ I —tA. Hence,
we get -AT. So if A, defines a connection on E, then —AZYw defines one on EY, which is
consistent with the implicit definition above, i.e. if the local connection matrices are given

by Ve; = Ajje;, Ve = A,-]»e}f then the Leibniz definition tells us

0= d(ei,e;) = (Vei,e;) + (ei,Ve;) = (Ajxex, e;) + (ei,AJfke}i) = Ajj +A]’-i = A =-AT

For End(E), which has p(A)(M) = AMA™!, we get that dp;(A) = %tzop(l +tA) = %t:O(I +
tA)(-)(I +tA)~!. Plugging in M, we get

% 0(I+tA)M(I—tA):% O(M—tMA+tAM—t2AMA):AM—MA:[A,M]
t= =

Hence, dp;(A) = [A,—] = L4, the Lie bracket.

A metric g on a bundle E is a section of the bundle EV ® EV ~ (E®?)V which is positive definite
and symmetric, i.e. an inner product on every fiber. As such, one can take its covariant derivative

w.r.t. a connection on E. This implies the following implicit equality: for any sections s,s; of E,
(V(s1®52),8) + (51 ®52,Vg) = d(s1 ®52,8)

Here, I am using the same notation for all induced connections (on the tensor product and the
dual of the tensor product of E with itself). However, by definition V(s; ®s;) = Vs; ® s, +51 ® Vs,
whereas the natural pairing (s; ® s, g) is precisely evaluation, i.e. is equal to g(s;,s;) = (s1,52)(be

careful not to confuse round with angled brackets). This shows that Vg = 0 precisely when
(Vs1,52) +(s1, Vsp) = d(s1,52)

This motivates the following:

Definition 1.12 (Compatible metrics): A metric g is compatible with a connection V if it is

covariantly constant, i.e. Vg = 0 which is equivalent to the equation above.

This has another interpretation: compatibility with the metric means that parallel transport is an

isometry! The idea is as follows (see Spivak, chapter 6 for details): if s is a horizontal section along
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acurve ci.e. Ves =0, and V is compatible with the metric, then d/dt(s,s) = 2(V;s,s) = 0. In other
words, the norm of s is constant along c. Hence, parallel transport along ¢ is norm-preserving and
hence an isometry. Conversely, if parallel transport is an isometry, then we can choose horizontal
sections Py, ..., P,, which are orthonormal at a point p, but then since our assumption is that parallel
transport is an isometry, they are orthonormal along the whole of c. Putting s = s'(t)P, q = ¢'(t)P,,

then (s,q) = s'q’. Since the P; are horizontal, we have that

dst dg
Ves= 2P Veq= =P,
All in all, ‘ '
_ dSI i qul _ d
(Ves,q) +(s,Veq) = FTRIRERR —dt<s,q>

Remark: the induced connection on the trivial bundle, whose sections are smooth functions of

M, is precisely the usual exterior derivative, i.e. the trivial connection

Remark (Connections as an affine space over End(E)):

Connections look like things in Q!(End(E)), but modified by a part which is given by
d. This is because sections of End(E) are matrix-valued functions which transform like
Mpg = gﬁaMag/;i. In fact, the space of conections is an affine translate of Q!(End(E))!

The idea is that a difference between two connections is going to kill the dv term, giving a

thing that transforms exactly like a matrix-valued one-form.

Definition 1.13 (Curvature and the covariant exterior derivative): A connection can be

extended to a generalized covariant exterior derivative:
. v o+1
Q°*(E)— Q°*"(E)

satisfying:
Viw®s)=do®s+(-1)lwVs

The curvature is the square of this, i.e. F = V2. Hence, this forms a chain complex precisely

when the curvature is zero, i.e. the connection is flat.

1.8.2 Contractions

As we will see later on, the Cartan magic formula states that Lyw = diyw + ixdw. This is a su-
percommutator identity, and motivates the following definition: given a covariant derivative
V:Q'(E) - Q”l(E), we can either differentiate and contract, or first contract and then differ-
entiate:

V, =i,V+ Vi, : Q"(E) - Q"(E)
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Now we can see tha, if w is the form part and u is the E part:

Vz(w®u)=iz(do®u+(-1)" wVu)+V(izwQu) =
= (izdw)®@u + (1) iz(wVu) + (dizw)@u + (1) (izw)Vu =
=Lyo®u+(-1)"(izw)Vu + (—l)zrwiZVu + (—l)r_l(izw)Vu =
=Lryw®@u+w®Vzu
We used the fact that iy is an odd derivation, the Cartan magic formula and also the fact that on

QY% V, =i,V, since contraction does not even make sense here. So this is the Leibniz rule that V,

obeys. We also have the identity ixiy +iyix = 0 and [Ly,iy] = i|x,y}, from which it follows that
Vxiy —iyVx =1i[x,y]

Note that the identity [Lx,iy] = i[x,y] can be proved by checking on functions and exact 1-forms,

and then inducting. For functions, it is trivial, whereas for exact 1-forms df, we can calculate:

Lxiy(df)=iyLx(df)=(XoY)-f —iy(dix(df)+ixd*f) =
=(XoY) - f-iyd(X-f)=(XoY)-f-(YoX)-f =

=[X, Y] f =ix,y)(df)

1.8.3 Curvature, globally and locally

Using the machinery from the previous section, we can compute a global version of the curvature:

Formula (Global formula for the curvature):

F(X,Y)(u) = iyix V(1) = iy (ix V)Vu = iy(Vx — Vix)Vu =
= (iyVx)Vu —iyVVxu = (Vxiy — ijx,y)) Vit = Vy Vxu =
=VxVyu-VyVxu-Vx yu
i.e.

F(X,Y)=[Vx,Vy]=Vixy]

Locally, the curvature form associated to a connection A is defined as the End(E)-valued 2-form
which locally satisfies V2o = F Ao and is given by dA+A A A. This can be seen by checking locally,
using the formula Vo = do + A A 0. These 2-forms transform using conjugation by the cocycle g.

The connection is called flat if F = 0.

To compute the curvature locally, we use the local connection one form matrices: from F(X,Y) =
VxVy = VyVx = V[x,y] we can infer that F;; = [V;,V;], since [d;,d;] = 0. Recall also that V? =
dIl +T AT, whereV=d+T =d+ l"idxi. (I used A for the matrix-valued one-form, but I like gamma

better now, as it is what people tend to use for the Christoffel symbols) Calculating, we get that
F;j = (dT +T AT);; = dT}/dx' - JT;/9x) + [T, - [T
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Another way to do this is to use the fact that Ve = l"jikei and then F;; = [V;,V;], so

Fijex = (ViV; =V;Vi)er = Vi(Lier) = Vj(Liex) =

= (9,1}~ 9 Ty)ex + (T - TiT)ex = (9L 9;T; + I;T; ~ I e

(Notice that I“jlsl“ilf = I}’;Fjs is actually a component of I;I}, since the I is common)

Remark (Remark): It is a fact that a Riemannian manifold with flat Levi-Civita connection

is locally isometric to R” with the usual Euclidean metric. See Week 8.

Example: trivial connection, the connection is just the exterior derivative, we get a chain complex
which is the De Rham complex. More generally, any flat connection gives us a chain complex,

and also a representation of ;.

We have the Bianchi identity, which says that the curvature is closed: dVF = 0.

Proposition 1.14 (First Bianchi identity): dVF = 0

Proof. The curvature is an End(E)—valued form, so transforms using the adjoint representation.
To see how this new connection acts on the curvature 2-form, recall that F, = dA, + A, AA,. The
way the covariant derivative End(.A) acts on this is by definition dF, + End(.A), A F,. We just saw
that End(A), is given by the Lie bracket, however we’re tensoring with 2-forms so it becomes the

commutator with respect to wedging and not multiplication. We get (suppressing indices):

dP"AF = gF + Ly AF=d(dA+ANA)+ANF—FAA=

=dANA-ANIA+ANAA+ANA)—(dA+ANA)AA=0

This can also be computed purely algebraically using a formula for the induced connection on
End(E), which should be given by Vs—sV. But since F = V2, we see that this vanishesi.e. V3-V? =
0.

For the relationship between curvature and Gaussian curvature - see notes and examples classes

recording.

1.8.4 Parallel transport

If we have a bundle E over the unit interval I, then given a starting point (really, a vector) p € E,
this can be extended uniquely to a horizontal section s with s(0) = p. This produces a linear
isomorphism Ey — E; sending s(0) — s(1). For example, when we have a trivial bundle wit trivial
connection given by the exterior derivative, the ODE will just be d = 0, hence parallel transport

will just be constant i.e. the identity map.
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The reason for this is that this amounts to solving an ODE with an initial value problem, which
by Picard-Lindelof and compactness of I has a unique global solution. To see this, notice that the
equation for the section being horizontal is locally dv, + A,v, = 0, where v, is s in some local
trivialization and A, is a matrix-valued 1-form on I, i.e. looks like M,dt. We get dv,/dtdt +
M,dtv, =0i.e.

dv

d—:-l—MaVa =0

This is a first-order ODE with an initial value, hence we must be able to find a unique solution.
The idea is that for small enough parts of the unit interval, there is a basis of horizontal sections.
This is because being a basis is an open condition depending on the determinant, i.e. if it holds
at a point, it holds in a small nbhd around the point as well. So split up unit interval in finitely
many bits [ag,ay,...,4,], where you pick fibrewise basis and put sg = Z)\Ojs{(O) and extend this
to a horizontal section for a little bit. Then write s(a;) using s{ ’s and these agree on intersection,

and keep going. This produces the desired unique global horizontal section.

In general, for a bundle E — X and a curve y : I — X, once can just apply the procedure above to

the pullback bundle y*E, which amounts to a lifting problem:

Ty

ok
——

I'=

=

This defines the parallel transport map
By Byo) = By

Notice that this is not a priori homotopy invariant, hence does not produce a representation of
7111 (X). It does, however, when the curvature is zero, i.e. the connection is flat. In other words, the

curvature is the obstruction to this being the case.
The defining equation for parallel transport is that ¥ is horizontal as a section of *E, i.e.
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Example (Example): Given R? — RxS! with local connection one-form A, = f[ dx+

0 -1

0 -1
g[ ]d@ and a curve y(t) = (t,0) € RxS!, we can pull back the connection to get y*A, =
1

0 -
]dt and hence the ODE for parallel transport becomes d? 4«v = dv/dtdt +
0 -1

1 0 1
f vdt =0, hence v+f(t,0)
0 -1 0 -1

]v = 0. The general solution for this is in the form

-1
e t . . . .
v = [ /‘]vo, A= JO f(x,0)dx. For a fixed t, we get a matrix, i.e. a linear transformation,

which is the holonomy.

Remark (Covariant differentiation is infinitesimal parallel transport): the connection can be
recovered from the parallel transport as follows: consider an integral curve ¢ for X. Given
a section s, we can take the vector s(c(¢)) and parallel transport it to ¢(0) = x, giving us an
element 5(¢) € E,. In other words, for each ¢, we are taking s(c(¢)) and parallel transporting
it along a curve ¢; back to E,, which should be the value ¢;(—t). Combining all times ¢, we
get a collection of curves é(t,r) where for each t, r goes from 0 to —t, whose domain is a

flipped triangle. We want these to satisfy:
* ((t,0) =s(c(t)), i.e. starts at s
* Vi(t,—)=0

Then we have that the covariant derivative of s in the direction of X at ¢(0) is the infinites-

imal change in [}
d d
Vx()(€(0)) = -li=05(t) = =-li=of(t, ) (1.1)

Another way to put this is as saying that
PtVC'S = atPtS,

where P, is parallel transport.

“%see Minerbe diff geo, 42; or Spivak, chapter 6 prop 3., Ballmann, page 22. They use the alternative approach

of using local horizontal sections.
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Remark (Continued): In other words, we are taking a section and for each time t, we mea-
sure the difference between s(x) and the parallel transport from s(c(t)) to E,, which should
properly be a tangent vector in Ty Ey.

To identify this, we need to look locally and reparametrize c(t) = t, and put E = I x R".
Then, put s = (¢,S(¢)),é(t,r) = (t, C(t,r)) which we want to differentiate. We know C(¢,0) =
S(t). Looking locally has the benefit that we can use the local connection matrix and hence

the horizontality equation is equivalent to

C(%HAC:O

Now, we can differentiate:
d d d
Eh:oc(t’—t) = [ﬁ't:OC(t:S)]ls:O - [gc(fxs)“t:o =
= dC(30)~4C(3,) = oS (1) + A9C(0,0)

On the other hand,
d
(Va,(s)x = Eh:os(t) +A(S5(0)

We conclude by noting that S(0) = C(0, 0).

\.

This idea of covariant differentiation as infinitesimal parallel transport has interesting geometric

interpretations for the curvature and torsion.

Theorem 1.15 (Local interpretation of curvature): If {a, b} denotes the curve corresponding
to a small rectangle, then the infinitesimal change in the monodromy (parallel transport) at a

point p is
9?Pla )
au{;b la=b=0 = —Fij(p)

Proof. To see this, note that P, ;) = P~ oP~%6 P o P?. Moving in the directions of a small rectangle
are integral curves for e.g. d;,d;, then since P~ is parallel transport along this integral cuvre, we
have that dP™*/da = V; and similarly dP%/da = —V,;. Furthermore, we note that each P is a matrix,

and hence the Leibniz rule applies. We compute:

d(PtoP " oPlop? ap— ope
T —la=oP"P0+ PUPOPY S|, g = PTV;PY -V,
da o
Now we differentiate w.r.t. b:
Pbv;pt —v; op-b opb
#b:ozﬁv Vlﬁ—vv VV = [VI,V] ]

A different proof is given later, interpreting parallel transport as flowing along horizontal lifts.

O

Remark: parallel transport can be used to prove homotopy invariance of vector bundles.
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Example (Example): Given R — R? with local connection one-form A, = Cxldx? . Of
the four curves making up the rectangle, all have holonomy equal to the identity, except
y, = (a, bt), since for the others either x! or x? is 0. Note that y5A = Cabdt. To get the
holonomy for this, we must solve the equation v + Cabv = 0, which has solution v = e~ Cabt

and hence the holonomy is e~“%®. The theorem then says that —C is minus the curvature,

which can also be checked directly: F = Cdx!' A dx?.

1 0
we can pull back the connection to get y*A, = f(t,0) [ ]dt and hence the ODE for par-

=l

. 1
allel transport becomes d? 4ap = dv/dtdt+f{
-1

0 1 0
]vdtzO,hencem—f(t,O)[ ]v:O.
0 -1

)
e 0
The general solution for this is in the form v = [ | vy, A = jotf(x, 0)dx. For a fixed t,
0 e

we get a matrix, i.e. a linear transformation, which is the holonomy.

Example (Induced connection on tangent bundles of spheres): onsider T'S” which we can think
of as pairs (x,v) with v € R"*! orthogonal to x. The trivial vector bundle over S” comes
equipped with the trivial connection, which locally looks like applying d to all entries. The
projection map IT: S"” x R"™*! — TS" is given by (x,v) > (x,v — xxTv), i.e. a sort of Gram-
Schmidt thing where we send v — v — x(v,x). Since x is of unit norm, this is orthogonal
to x and lies in TS”. Now parallel transport is equivalent to lifting a curve y : I — S? to
a curve v : I — TS? such that v(f) is horizontal, i.e. lies in the complement of the vertical
distribution.

A section along a curve y is horizontal if ITdv = 0 which in our equation means that

v —yyL1v = 0. But we can interpret this as saying that v is orthogonal to the complement

y* =T,S", which is just the span of y.

1.8.5 Connections on the tangent bundle

The connection one forms are written using the matrices T,(ijdxk. The i-th component of the con-
nection applied to a section in a trivialization is then

(Vo) =dv' + l’ki]-vjdxk

For example, V; d; = r;hai. A word of caution: Jack uses the notation I‘].ikdxk, i.e. with j and k

reversed, resulting in everything being flipped around - I wonder why...

Recall that TX ® T*X ~ End(TX). Hence, the global section in End(TX) which is fibrewise the

identity map under this isomorphism gives us a global T X-valued 1-form, called the
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Definition 1.16 (Solder form): Solder form, locally given by 6 = d,i ® dx', in QY(TX). It
evaluates 6(X) = X.
Torsion: the TX-valued 2-form given by VO € Q?(TX), which is equal to

d(9; ®dx') + (Ay A J;) @dx' =T}, 0;dxk A dx'

This can also be defined more globally as T = VxY —VyX —[X,Y]. As per the example, we can
then evaluate T(d,, dp) = (F;b - rbia)a,-, and this is zero precisely when T is symmetric in a,b. It

also measures a difference in parallel transport, as will be seen later.

Definition 1.17 (Geodesics): A geodesic curve y in X is one such that the curve y in TX is

horizontal as a section of y*TX, or V,;y = 0. In other words, it satisfies the equation
P+ T op)plyt =0

In other words, parallel transporting e.g. y(0) along v will be precisely y. Note that we are

pulling back dx* along y and that’s why we get y¥.

1

Here is another way to derive the geodesic equation: put y = (y-,...,»") locally. Then y = )ﬁ&,-

and hence, by using the Leibniz rule and linearity of V, we get

Viv =) Voo =Y ¥Va (=) 300+ yITko)
i i i,j,k

Hence, the d; component is precisely
7ot + Ty

However, by the chain rule, we also have that y* = ‘;—;’j%, so the expression is precisely
PEATyy =0

Hence, when the metric is flat i.e. I' = 0, we get straight lines.

1.8.6 Horizontal distributions

There is a way to get a canonical vector field associated to a connection V. Given a vector field
X and an integral curve ¢ with ¢(0) = x,¢(0) = X then we can parallel transport any v € E, via a
curve ¢ in E starting at v with wo & = c and Vzs = 0. We can lift X to a vector field on E by setting
X = %Itzof(t) = dé’(%), and since dé : TI — TE, this is a tangent vector in TE. In other words,
we take an integral curve, choose a vector, then parallel transport it along the integral curve and

then differentiate the lift at the identity, getting a tangent vector in TE.

In particular, the local flow of X has to be the same as parallel transport along the integral curve

for X, almost by definition: the local flow satisfies the ODE %h:o@t = X, whereas we define
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X = %h:of; where ¢ is the horizontal lift of c i.e. parallel transport along the integral curve of X.

By uniqueness of solutions of ODE’s with initial conditions, we see that they must agree.

Definition 1.18 (Horizontal distribution): The collection of all such tangent vectors is called
the horizontal distribution HE C TE. It is complementary to the vertical distribution VE =
kerdm. We see that ¥ is a parallel transport lift of y precisely when y € HE. This fits in more

with the picture of parallel transport in the setting of principal bundles.

Remark (Horizontal distribution on a Riemannian manifold): Consider TM — M, where
(M, g) is Riemannian manifold. On the one hand, the Levi-Civita connection determines
a horizontal subbundle HY(TM) c T(TM). On the other hand, the metric g on M deter-
mines the Sasaki metric on TM which produces an orthogonal complement of the hori-
zontal subbundle kerdw = V(TM) Cc T(TM). These coincide!

This is not that surprising if one defines the Sasaki metric using the Levi-Civita connec-
tion. Firstly, consider the inclusion and projection composition, which is just a constant

map m:
m

T

T,,M y TM > M

L TC

We can differentiate this, whose composition should be zero:

T(T,M) —— T(TM) —— TM

] ] I

T,M —— T, (T,M) — T, (TM) — T,,M
For any v, € T,,M, we thus have an identification T,,M ~ V,, TM. We can thus define the

Sasaki metric g7 as follows:

* If both vectors are horizontal, calculate the inner product of the associated vectors

in T,,M

* If both are vertical w.r.t. Levi-Civita connection, calculate the inner product of their

projections under dmw in T,,M
* If one is horizontal and the other is vertical, declare them to be orthogonal

Hence, HY(TM) = V(TM)~*. Note that a curve y with horizontal lift 7 obeys ¥ € H or in
other words y L T, M.

Let’s see what happens locally: E|; ~ U x R¥, v is now some vector vy € RF where U has coords
x, and R* has coords e, and TE has basis a%, % Reparametrizing c(t) = ¢, the horizontality of
&(t) = (t,C(t)),C : I — Rk is equivalent to

C+I.C=0
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Hence, the lift X is a vector lying over X which has vector part
d
27 lt=0C(1) = ~Txvg

So, we can write X = (X,-Txvy). When X = d,i and vy = v%¢, we get X = (9,15, e,v"). |1_-| Since
r= Tk”mdxk, we see that [, = I[) as a matrix and hence I),iv) = l"l.”bvbga in the basis ¢,;, so when we

lift to TE the basis e, should correspond to 8%1 Putting it all together, we get:

. d
-0 b
X =0, -T;jv 3y

With this knowledge, let’s compute the Lie bracket corresponding to the lifts of d;,d;. We getﬁ

- d d
[0;,9;] = [ -r;;,vbm,ax]— - fdvdml = (dT/dx; - JT;/9x; - T,T; + I[T;) = —F;;

Remark (Integrability of the horizontal distribution): Using the Frobenius theorem (later),
this calculation means that the horizontal distribution is integrable if and only if the
connection is flat! Also, this gives another interpretation of curvature: given commut-
ing vector fields [X,Y] = 0, the curvature is measuring whether their lifts commute:

F(X,Y)=-[X, Y]

We can also give a new proof of the geometric interpretation of curvature and torsion: if we think
of parallel transport as flows of horizontal lifted vector fields, then

P 8(CD]»_t o®d o (D; o @7)

ot t=0 — ot |t:O:_( i

Similarly, for torsion, define y; (s, t) to be the point which starts at a point p, then parallel trans-
ports d,x along x; for time s and then flows for time ¢ alond this transported vector. We recall
that parallel transport for x; is the same as the flow of d,;, which we denote 613]5 Similarly, if @}

denotes the flow of a vector field X, we get

. — ot ,
y]rk(s’ t) - CD(DS(an (p))(p + SX])

When we differentiate w.r.t. ¢, we get exactly qS;(axk (p)), which is the parallel transport of Jy
along x; and now we recall that infinitesimal parallel transport is covariant differentiation (but
note we have switched directions) to conclude:

yjx(s t)
dsot

1But now be careful - on one hand, we have thought of § as a vector in RF but now we're thinking of it as a tangent

|t:s:0 = —Vax,- axk

vector in the basis d/dy*

2The first two terms are obvious. The others are as follows: we get L y™ 85" (I‘jlryraiyl) =stuff + rir:nrjlnymaiyl' The

stuff cancels with the other stuff. Hence, from this we get (D)ﬁl(I‘j)fl = (l"iT);”(FjT)l” = (FiTl"jT);” = (l“jl“i)i,, term for y”’a%l,
and similarly for the other one.
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We can thus reinterpret the torsion as

P (Vkj— Vik)

T(a Jsot |t:5:0

i Oxk) =
Finally, note that if the connection is flat, the holonomy depends only on the homotopy class of
paths, and then we have a representation of 71 (B) in GL(E,) =~ GLgjm g(R). Conversely, given such
a representation p, we may define E = B x R¥/ ~, where we mod out by the action of G = 7, (B)
which is the deck transformation group of the universal cover B, i.e. (b,v) ~ (g-b,p(g)-v). The
point is that BxRF — B has a trivial flat connection which is invariant under G, hence it descends

to a flat connection on E.
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1.9 Lie derivatives

Given a vector field v : X — TX, an integral curve starting at p is a curve making the following
diagram commute:

dy
TI ——— TX

o ]

I — X
Y

In other words, solves the ODE y/(t) = v,;), y(0) = p.

By standard ODE theory, integral curves for vector fields exist and when X is compact, they are
global and unique. This defines an action of R on X defined by the flow @ (¢, x) - the additivity is
seen by showing that both ®@(t +s,—) and ®(¢,—) o P(s,—) solve the same ODE.

Definition 1.19 (Lie derivative): The Lie derivative of a tensor T in the direction of v is:

d

L,T = Eh:o

(@)'T

In other words, it measures the ininitesimal change of T along the flow of v.

.

We have that ()L, T = %(q)t)*T and also £, f = df(v) = v(f). For one-forms, we can use the

chain rule and the fact that d commutes with d/dt to get:

joi

L(a)= %ltzo(a,- o ®N)d(x' oY) = L, (a;)dx' + a;dL,(x') = v ]’ dx' + a;dv’

X
It also satisfies a Leibniz rule for forms and vector fields X:

Ly(a(X)) = (Lya)(X) +a(L,(X))

It also satisfies a more general Leibniz rule, since it is defined via a derivative.

Proposition 1.20 (The Cartan magic formula):

EXO) = ixdw-l-dixw

Proof. In [here](obsidian://open?vault=Obsidian O

As a corollary, we get that the Lie derivative commutes with the exterior derivative.

Definition 1.21 (Lie bracket): The Lie bracket of two vector fields is defined to be [v,w] := L, w

In coordinates, one can show that this is equal to the expression

-awi »8vi 8
joW iy 2
@ o " axj)axj
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Proposition 1.22 (Differential is Lie algebra homomorphism): Given M LN L R, then

F.(LxY)=F[X,Y]=[F.X,F,Y]=Lpx(FY)

Proof. Let’s say X is F -related to X" and Y to Y’. Then X -(f o F) = (X’f) o F and similarly with Y.
Then,
X-Y-(foF)=X-(Y'foF)=(X'Y'f)oF

Hence,

[(X,Y(foF)=(X'Y'f-Y'X'f)oF=([X",Y']f)oF

Proposition 1.23 (Homotopy invariance of De Rham cohomology): De Rham cohomology

is a homotopy invariant

Proof. We will use Cartan’s magic formula. Firstly, let F: I x X — Y be the homotopy, and define
iy : X > IxX,x — (t,x). Note that i, = ® 0 ij, where @ is the flow of d,, i.e. translation in ¢
direction. Now:

1da Ya . .
Fla—FoazL ﬁPtdtzj; Elo(d))Fadt:

1 1 1
= J iai(q)t)*F*a dt = f is (@) Ly (Fra)dt = j i; Ly (Fra)dt
o dt 0 ' 0 '
The last bit follows by the property right after the definition of the Lie derivative. When « is
closed, the magic formula tells us that £,,(F*a) = d(15,F* @) is exact, and hence we can pull out

the differential: Fja — Fya = dfol ifig, Fradt O
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1.10 Foliations and integrability

Some examples: fibers of a submersion form a foliation of the source manifold; cosets of sub-
groups of Lie groups, with the canonical example being R? ¢ R". A k-foliated atlas is one where
the transition functions send x,y = C(x,v),7(v), i.e. the slices correspond to y=const. This allows

the level sets to be well-defined.

The definition of integrability we are using is that it can be written as (dy, ..., dy, ) for k-foliation

coordinates X, ..., Xk, V1, .- Vy_k-

Theorem 1.24 (Frobenius integrability): A distribution is integrable if and only if it is closed

under the Lie bracket.

One side of this is obvious. Conversely, assume that D is closed under the Lie bracket. Choose
local coordinates about p st ..., s5 t1 ... t"k such that at p we have that D = (951,..., ask) and p=0.
(we can do this, I think it’s proven somewhere in Lee). Now around p, we can correct this to
ensure that

‘l/i = asi + Zdijatj eD
for some (unique) smooth functions 4;;. Then D is spanned by the v’ and we want to show that

there are some nice local k-foliation coordinates inducing them.
Denote ®; the local flow of v. Define a parametrisation
F:(x,y) > @' 0..o®*(s=0,t=y)

Since p is 0 in these coords, this gives a map from an open nbhd of 0 to an open nbhd of p. At p,
we can check that DyF(d,i) = v;(p) = d,i (by definition of flows), and DoF(ayj) = d,j since the y; are
unaffected by the flows. This means that F is a local diffeo by the Inverse Function theorem, and
gives a parametrization. The main idea is to use the fact that D is closed under the Lie bracket to

show that the flows commute and that this holds not only at p but about p as well.

But by the closure of the Lie bracket, [v;,v;] = }_b;;jv;. By equating the coefficients of d;i, we see

that all the b’s vanish and hence that the flows commute. Hence,

d

i k
%hzoq’f o o®f (0,y)=v;

DF(d,) = 9F/x! = %hZOCDfI 00 ®X 00X (0,9) =
and the relation holds around p as well. This proves the theorem.

There’s some handwaving here I guess - the stuff about the local coordinates in particular.

Another way to say this is that a p-dimensional distribution D is involutive iff locally there are

. 1 _ /.0 J
coordinates x',...,x" such that D = <W""’ W>'
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Example (Example): Given a 1-form a, we can ask whether it is locally exact, a la the
Poincare lemma. It turns out that the Frobenius theorem can answer this! Consider the
distribution on M x R

D= (&, a(&))

where & € T,M. An integral submanifold is a submanifold tangent to this distribution.
But D is always transverse to the R factor of T(M x R), so such an integral submanifold
can be seen as the graph of a function f : M — R with tangent bundle (see [[Tangent space
to graph]] given by:

(&df(&))

Hence, D is integrable if and only if & = df locally. If @ = a;dx’, then D is generated by
X; = % + ai% with commutators being equal to
[Xi, X;] = (dja; - d;a;)d;

Allin all D is involutive if and only if d;a; — d;a; = 0, which is the same as da = 0.

Proposition 1.25 (Dual distribution algebra): A k-plane distribution D is integrable if and
only if the annihilator

I(D) ={a € Q*(X)|a(vy,...,v;) = 0¥Vv; € D}

is closed under the exterior derivative.

Proof. Look locally on U, where the distribution is (vy, ..., v). Taking ay,..., &, _y to be the comple-

ment of the dual 1-forms, we see that on U,

I(D)ly = é_éQ'(U) A a;
1
But now integrabitliy if the same as closure under the Lie bracket, so
[vi,vj]=0 &= a[vi,v]=0
for all a;. But we now apply the Leibniz rule to see that
0= Ly (@(v) = (Lo, an)(v)) + a1(L0,v7) = (diy, 1+ 1, dg)(v;) + ([, v;])

and hence the forms vanish on the Lie bracket precisely when they are closed under d. (Note that

this is a special case of a more general coordinate free description of the exterior derivative) [

36



1.11 Riemannian Geometry and the Levi-Civita connection

A Riemannian manifold is a manifold equipped with an inner product g on its tangent bundle.

Proposition 1.26 (Zero torsion formula for exterior derivative): If a connection V has zero

torsion, then

(da)(vg, .. vy) = Z(—l)i“(Vvia)(vl,...,ﬁi,...,vk+1)

Proof. A connection on the tangent bundle induces a dual connection on the cotangent bundle

and on its exterior powers by the Leibniz formula

d(a(wy, ... wr)) = (Va)(wy,... w) + a(Vwy, ..., wg) + ... + a(wy,..., Vwy)

Now recall the formula

(da)(Vi,. Vks1) = Z(—l)i”vi <@V, ooy Uiy ey Vi) + Z(—l)i+ja([vi,vj],...,vk+1)

i<j

But now

Z(—l)i”(V,,ia)(vl,...,v”,-,...,vk+1) = Z’(—l)iJr1 (Vi - @(Vgs e Viyooey Vi) = AV, V05 vy Vi oo Vi) = o = (0, ..

Now, the first terms is the same. On the other hand, for the second one, each pair (i, j) with i < j
is going to appear either as (—1)ia(...V,,i,,]....) or as (—l)joc(...V,,jvi...), which after moving them to

first position will result in
(=1 a(Vy,; = Vyvp,..) = (1) a([vi,v)), )

and we’re done. O

1.11.1 The Levi-Civita connection

Proposition 1.27 (Levi-Civitia connection): The Levi-Civita connection is the unique con-
nection on TM which is torsion-free and compatible with the metric. On R* this is the trivial
connection, and on a submanifold of R", it is the induced pullback by the inclusion map of the

trivial connection.

Proof. The proof proceeds by showing there is a bijection:

{orthogonal connections on TM} <> Q?(TM)

VI—)TV

Fixing any orthogonal connection A, then any other orthogonal connection differs by some A,

a 0(TX)-valued 1-form. Hence, we actually consider the linear map A +— T4, 5 — T4, given by
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wedging with 6, the solder form. In other words, we have a map of bundles
o(TX)®T*X -» TX®A’T*X

Both of these bundles have rank (}), hence to show theyre isomorphic we need only show wedg-

ing with 6 is injective. But AA O = A;‘(j - A;k. So if A gets mapped to 0, we must first have that

Ajxj = Ajjx and also that A;jx = —Ajj, since we’re assuming it is in o(TX). All in all, we have that
Ajjk = =Ajik = =Ajki = Agji = Agij = —Aikj = —Aijk

and so A = 0. O

Now, to actually calculate a formula for the Christoffel symbols of the Levi-Civita connection, we
need to do some work. Recall that the defining properties of zero torsion and compatibility with
the metric are:
VxY-VyX=[XY]
d(s1,s2) =(Vsy,52) +(s1,Vs2)
In particular, putting s; = X,s, = Y and contracting with Z, we get the equation:

i, d(X,YY=Zo(X,Y)=(V,X,Y)+(X,V;Y)

Permuting the X,Y and Z, we can sum to get:

ZolX, Y=Y o X, Z)+ X o(Y,Z)=
=(VzX, Y)+(X,VzY)—(Vy X, Z)—(X,VyZ) +(VxY,Z)+(Y,VxZ) =
=(VxY-VyX, Z)+(Vz X -VxZ+2VxZ,Y)+(V;Y-VyZ,X) =

={[X,Y],Z)+{[Z,X],Y)+([Z, Y], X)+2(VxZ,Y)

All in all, we deduce that:

(VxZ,Y)==(Zo(X,Y)-Yo(X,Z)+ X o(Y,Z)

1
2
—([X,Y],Z) —<[Z,X], Y) + ([Y,Z],X))

This is called the Koszul formula. Plugging in X = d;,Y = di,Z = d;, we get firstly that VxZ =
\Z 8]- = Filj&l. Now,

(V9,95 9k) = (T};01,9k) = T} 8w
On the other hand, the Koszul formula tells us, since all of X,Y and Z commute, that the right

hand side is
1
2
If we denote by g¥' to be the inverse of g;;, we arrive at the formula:

(9;8ik — 9k&ij + Ii&kj)

Formula (Formula):

1
I}, = 5 ngl(3igkj — Ok 8ij + 9;%ix)
k
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1.11.2 Geodesics for the Levi-Civita connection

From this formula, we can infer that geodesics are locally action minimizing. Let F: TM — R
be the norm function, i.e. F(x,v) = (v,v) = gjkvjvk. Given a curve ¥ : R —» M, we can lift it to

7:R—TM,t— (y,7p). Its action/length is then defined as

b b
AW) =f f*th=J P dt
a a

For a curve to minimize this action, it has to satisfy the Euler-Lagrange equations:

=42 )
ot VYT G g VY

The left hand side of this equation is
Zaigjwj a
ik
On the other hand, the right hand side is, by the Leibniz rule and chain rule,
d ; . ' ) Iy
E(gikvk +giv )y, y) = algik(V)a_Vth + gy + 31&‘:‘(7/)8—);7/] +8jiv! =

= (9 gk + i)y v* + 217"
Hence, we can rewrite the Euler-Lagrange equation as:

1 ; i ]
7'+ 58" 08k + 9kgji — Digin) Y y* =¥+ (T oy)ylyt =0

which is precisely the geodesic equation! Hence, geodesics for the Levi-Civita connection are

locally action minimizing (and also locally length minimizing).

1.11.3 Riemannian curvature

Fix a Riemannian manifold (M, g). Then, its curvature with respect to the Levi-Civita connection

defines the curvature tensor R:

R(X,Y)Z =VxVyZ-VyVxZ -Vixy|Z
R(0},9k)0; = Rj;40;

If we apply the Leibniz rule, we actually see that:
VVid; = V;(I0s) = (9T5) s + TV 05 = (9,1 +rksirjls)al = (9T + rsljrisk)al
Similarly,
ViVj0; = (kT + T4 T;5) )

All in all,
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Formula (Formula for the Riemann tensor):

] i T ! T ]
Rjji = 9T + LT — (OkL; + L) = 0T — oIy + TG — TG I

We see that since this is a 2-form and is skew-symmetric, then R;jx; = —Rjixs = —Rjji-

There is also a third formula, due to the first Bianchi identity:

Formula (Jacobi-style identity):

R(X,Y)Z+R(Y,Z)X +R(Z,X)Y =0

Proof. Writing everything out, we get:

VvaZ - VyVXZ —V[X,y]z +VyVzX-V,VyX _V[Y,Z]X+

VVxY =VxVzY V2 xY

The underlined terms evaluate, given torsion-freeness, to [X,[Y,Z]]. Similarly, so do the other
terms and all in all we get:

[X,[Y,Z]]+[Y,[Z,X]]+[Z,[X, Y]] =0
due to the Jacobi identity. So this is really the Jacobi identity in disguise! O

Knowing a bunch of properties of Riemannian curvature, we are ready to prove a fundamental

theorem:

Theorem 1.28 (Theorem): The Levi-Civita connection of a Riemannian manifold (M, g) is flat,

i.e. has R = 0 if and only it is locally isometric to Euclidean space with the usual metric.

Proof. If the connection is flat, there exists, around any point, an orthonormal frame of horizon-
tal vector fields X;. This is because the flatness of the connection ensures that the horizontal

distribution is integrable. Now, by torsion freeness, we have that
[Xi,Xj] =ViX;-V;X;=0

Hence, there exist local coordinates x’ with X; = % and hence g;; = 6;;. O

1.12 Hodge Theory

The metric g induces an inner product on all p-forms, with a! local, orthonormal fibrewise basis.

The Hodge star is defined as the unique n — p-form such that the following holds:
a n+p = (@, p)w
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Its square is #+ = (—1)P("~P). This lets us define another inner product on forms as follows:

(a,B)x 1= Lcw/s - L<a,ﬂ>w

Using Stokes’ theorem, one can show that d has the formal adjoint d* = (—1)"P*"*1xdx. The Laplace

operator is defined as

A:=dd*+d'd

One can then show that the harmonic forms satisfy Aa =0 & da =d*a =0, and that there is a

bijection between de Rham classes and harmonic forms: H? < HP.
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1.13 Principal bundles

A Lie group is a manifold with a compatible smooth group strucure. It comes with maps L¢, R,, Cq
for all g € G. Given this, we can define the notion of a left-invariant vector field as one such that

dLgv = v, i.e. the following commutes:

It turns out that these are in bijection with the tangent vectors at e, i.e. LIVF’s <> T,G = g, the Lie
algebra of the Lie group G. This defines a Lie bracket on g, by translating the usual Lie bracket of

vector fields using the bijection.

The conjugation action of G on itself turns into an action of G on its Lie algebra: Ad(&) =g-& =

dCyE.

Definition 1.29 (Infinitesimal action): Given a Lie group action o : G x X — X, we get an
associated infinitesimal Lie algebra action g — X(X) by differentiating. It can be defined as

follows, where y is a curve representing &:

E-x=do(ey)(&0)=[y(t) s x]: T,Gx T, X - T, X

Given a left-invariant vector field V € g, we can consider its flow i.e. the exponential map ¢ —
exp(tV), giving rise to a curve exp(TV) - x for all x € X. Its derivative at 0 is a tangent vector
in X, which is the same thing defined above. One can also think of ¢ as giving a map G —
Dif f(X), where Dif f(X) is an infinite dimensional manifold. A flow can be thought of as a path
in Dif f(X) passing through the identity map. The differential of this map then gives the desired

map g — X(X), and this turns out to be a Lie algebra homomorphism.

Another way to describe this is, given any x € X, to consider the map o, : G — X,g+> g-x. The

derivative of this map is then do,: TG —» TX

Definition 1.30 (Principal bundle): A principal bundle is a space P — B with fibers diffeo-
morphic to a fixed Lie group G, such that there is a cover for B by U’s’ with trivializations

Py =~ U x G and transition functions UNV — G.

To every vector bundle E — B, we can associate a principal GLy(R)-bundle, called the frame
bundle, as follows: F(E), = {ordered bases of E;}. The transition functions are the same as the

transition functions for E.

There is a right action on fibers given by (b,x) - ¢ = (b, xg) in trivializations. This makes sense in
different trivializations, because the change of coordinates acts by multiplying on the left by an

element gg,(b) € G, which commmutes with multiplication on the right.

Given this right action, we can consider the construction from the previous section. Namely, we

have a map i, : G — P,g > p-g. The image of this map consists of the whole fiber that p is in.
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Differentiating, we get a map

di, : T,G > T,P
and furthermore a short exact sequence:

0-T,.6->T,P>TB—>0

An Ehresmann connection is a splitting of this sequence, with the image of g consisting of vertical
vectors and its complement being the horizontal vectors. We can define the fundamental vector

field, for A € g by:
b . d . d
AP(p) = dip(A) = = |0 ip(exP(tA)) = -lr—o p-exp(tA) € Vert(T,P)

This is a vector field P — TP, and in fact this operation gives a Lie algebra homomorphism

g — X(P),A— A. To see why, check [here](obsidian://open?vault=Obsidian

Definition 1.31 (Connection on a principal bundle): A connection on a principal bundle
P — Bis a g-valued 1-form w : TP — g obeying the following:

b
. a)p(Ab(p)) =A, ie P 4, TP % g composes to the constant map A, fixes the vertical

vectors.

e Moreover, R‘*ga) = Adgqa).

The kernel of this 1-form consists of the horizontal vectors. The equivariance condition is the

commutativity of the following diagram:

Connections on a vector bundle E turn out to be equivalent to connections on the frame bundle

F(E). The local connection one-forms obey the following transformation rule:

A= Adg—l A+ dLg—l dg

Definition 1.32 (Curvature on principal bundles): The curvature of A is the g-valued 2-

form F defined by d A + %[.A,A], where [(&; ® 0;) A (1;®Tj)] = [, 1j]® (07 A Tj).

Again, the horizontal distribution is integrable if and only if the curvature is 0, i.e. the connection

is flat.

Here is another way to think of a connection on a principal bundle. Given 7 : P — M, there is a

short exact sequence of bundles
0 > ker(dn) > TP - 7"TM — 0

The subbundle ker(dm) is called the vertical subbundle and consists of vectors tangent to the
fibers of P. Now, the right action of G on P can be lifted to an action on TP by differentiating,
ie. if Mg : P—P,p—p-g, then dmg : TP — TP, and this preserves the vertical subbundle, since

multiplying on the right by an element of G stays in the same fiber, i.e. wom, = 7.
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The action of G on w*TM is defined as the induced action on it as a subbundle of P x TM, where
G acts only on the first factor, i.e. (p,v) — (pg’l,v). With this in mind, the SES becomes an SES of

vector bundles equipped with an action of G.

Moreover, it is true that ker(dm) ~ P x g for the following reason: there is a map ¢ : Pxg —
ker(dr) that takes a pair (p, &) and outputs the tangent vector at t = 0 represented by the curve
y(t) = p-exp(t&). Since this curve actually lands in the fiber of p, its composition with 7t is constant
and hence d7(y’(0)) = (toy)’(0) = 0, i.e. this vector is in ker(d7). This is moreover G-equivariant,

with the adjoint action on g, since

P(pg' gvg™") = dmgip(p,v)

To see why, the tangent vector ((pg~!,gvg™') is represented by the curve t > p- g~ lexp(tgvg™?),
which is the same as t > p-exp(tvg~'). However, dmg1p(p,v) is represented by the composition of

mg with y, which is precisely the curve t - p- exp(tv)g~!, and these are the same.

Now, we can redefine a connection on P as an equivariant splitting of the SES, in other words a
map

A:TP — ker(dn)

which is a retraction, i.e. is the identity on the vertical subbundle, and is G-equivariant: dmg(Av) =
A(dmgv). Using the isomorphism ker(dm) =~ P x g, we can rephrase this as follows: we have a g-
valued 1-form on P, i.e. a map

wp: TP —g

with the property that - w4 (¥(p,v)) = v, since the previous definition required it to be a retraction,
i.e. to fix the vertical vectors - wx(dmgv) = R;,l wa(v) = gwa(v)g! = Adgwy, i.e. G-equivariance

rephrased in this new setting.

This is the same definition as before!

1.13.1 Parallel transport on principal bundles

Given a curve y : I — M and a point py € P, there is a unique lift 7 : I — P starting at py and

whose derivative is a horizontal tangent vector for all ¢.

This, again, comes from solving an ODE of the form dv + Av = 0 along the curve. Using parallel

transport, we can also redefine covariant derivatives as infinitesimal parallel transport, i.e.

V4
Vas(x0) = 3B (5)p = lim D Z300)
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2 Complex Manifolds

2.1 Local theory

2.1.1 Classic theorems from complex analysis

Theorem 2.1 (Multivariable CIF):

_ 1" f(w)
f(z)= — jwj—ajlzrj( dw

w1 =21 )---(wn - Zn)

Maximum principle, Identity principle.

2.1.2 Extension theorems

Firstly, an important difference between classical complex analysis in one variable and the multi-

variable case comes in the form of the extension theorems:

Theorem 2.2 (Hartogs’ theorem): A holomorphic map f : B.\B., — C can be holomorphically

extended uniquely to B, if n> 1.

Proof. f(zy,...,2,) can be thought of as a holomorphic function of w = (zy, ..., z,,) via z; = f(z1,...,2,)

for fixed z1, but also as a holo function of z; via f,,(z;). O

Theorem 2.3 (Riemann extension theorems): Holomorphic f : U \ Z(f) — C locally
bounded near the zero set extend to f : U — C. If Y is a codimension at least two sub-
set of U, then we can remove the boundedness assumption and show that the restriction map

O(U) - O(U \ Y) is bijective, i.e. holo functions U\ Y — C extend to U.

Proof. See here: https://link.springer.com/content/pdf/10.1007/978-3-642-69582-7_77?
pdf=chapter%20toc O

2.1.3 Weierstrass division and local rings

A Weierstrass polynomial is a polynomial of the form
2+ a (w2 4

where «; is a holo function in n — 1 variables. We have the following important theorem:
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Theorem 2.4 (Weierstrass theorems): > If f(0) = 0, fo(z) # 0. Then in a smaller ball there is
a g(z,w) = g,,(2) such that f = gh and h(0) = 0 is holomorphic. In other words, h is a unit in the

local ring Ocn g and g € Ocn-1 g[z].

Proof. We look at f,,(z) as a family of holomorphic functions with zeros a;(w) depending w. Put
g =[lz—a;(w),h = f/g. It turns out that the total count of such functions is independent of w.
Now, if f,,(a) =0and f,(&) = Y c;(& - a)l is its power series expansion, one sees that

ful&) k

N

where m is the first nonzero j, i.e. the multiplicity of the zero. The residue principle then says

Resézaék

that

ok 1 k fwlé)
Z“z(w) = o |E,|:e£ m

which is holomorphic in w, hence so is g. When k = 0 we see that d, the number of roots with

multiplicity, is independent of w! O

Proposition 2.5 (Corollaries of WPT): The local rings are UFDs and are Noetherian, using
Weierstrass division. Irreducible Weierstrass polynomials are irreducible in these local rings.
Moreover, if a germ f is irreducible in Ocn g, it remains irreducible in the nearby local rings
Ocn 5, perhaps outside a thin set Z. Similarly, two elements f, g are relatively prime in a local

ring is a local property, perhaps outside of a thin set.

Some other properties:

* Bijective holo maps are biholomorphisms!

* Codimension 1 analytic sets are defined by height 1 prime ideals, which by Krull’s Haup-

tidealsatz are principal. Hence, hypersurfaces are locally defined by a single equation

* An analytic set is irreducible iff its ideal of functions vanishing on it I(X) C Ogn g is prime.

Proposition 2.6 (Order of vanishing): Given an irreducible g € Ocn o and an f which van-
ishes on the zero set of g, then g divides f and in fact there is a well-defined order m such that

f =g"fo with fy not vanishing.

Proof. Firstly, by the preparation theorem we may assume that g € Ocu-1 o[z] and by Weierstrass
division that f = ¢gh+r. Now, r, has degree less than g,, as polynomials of z and r,, vanishes
whenever g, vanishes. If, for a generic w, the roots of g, have multiplicity 1, then for degree
reasons we must have that r,, = 0. So we need to verify that for "most" w this is the case. Then we

can conculde by the identity principle.
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However, since ¢ is irreducible and dg/dz is of degree one less than g, by Gauss’s lemma we can
write

)
h1g+h28—§ =y

where y € O¢n-1y. Thus, the set of w such that g, has roots of multiplicity higher than one is

contained in the zero set of y which is a thin set! O
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2.2 Complex manifolds

A complex manifold is a smooth manifold M of even dimension such that its transition functions
are holomorphic. Equivalently, their differentials commute with the standard almost complex

structure on R?",

Definition 2.7 (Holomorphic functions between complex manifolds): f : M — N is holo-

morphic if one of the following equivalent statements is true:

* df commutes with [y and Jy.

* df respects the splitting of the complexified tangent bundles.

2.2.1 The almost complex structure on a complex manifold

To show the existence of an almost complex structure on X, we first define a canonical almost

complex structure on R?" = C", give it to the patches of X and then glue them together.
Take the canonical almost complex structure on C" = R?" sending

(xl,}/p--uxn,})n) = (_ylrxl""' _ynrxn)

Now define I : TC" — TC" to be the induced almost complex structure on the (smooth) tangent

bundle of C" by using the identifications T,C" ~ C".

If p: U — C"¢p:V — C" are local trivializations of some U,V in a cover forming a complex
structure on X, then the transition maps tyy are holomorphic. Hence d¢ identifies Ty with
U x C" and similarly with V, and does so in such a way that, at a given point x, the holomorphic

map dtyy is C-linear.

Now we can give almost complex structures JU € End(Ty) and JV € End(Ty) along the maps d¢
and dip. More precisely, [V =d¢ " oTod,]V =dp~ oI odyp. These glue together along UNV for
the following reason: on U NV, d¢ = dtyy odip and hence JY = d¢_1 odtyy tolodtyyo dyp =
dyp~' ol odp =]V since by definition ??, the holomorphicity of 7 means that dtyy commutes

with I.

All in all, the separate IY’s glue together to form ] : Ty — Tx with J? = —1, which is the almost

complex structure on the tangent bundle of X.

2.2.2 The holomorphic tangent bundle

Define new operators as follows:
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Definition 2.8 ( Complex partials):

o 1 0 .9 9 1a+.i)
19})

22 ) =2

This allows for a complex analogue of the usual Jacobian:

Definition 2.9 (Complex Jacobian): The complex Jacobian is defined as

Jeth) =Ly,
]

For holomorphic f, this is related to the real Jacobian as follows:

]R(f):[ﬂc(f) 0 ]
0 Jc(f)

This shows that
det/r(f) = [detjc(f)I* > 0
and hence any complex manifold is orientable, since the structure group can be reduced from
GL(2n,R) to GL,(C)
The off-diagonal entries correspond to ﬁ and that is why theyre zero for f holomorphic.

Hence, on a complex manifold M with transition functions cj),-]-, we can create a vector bundle
whose cocycles are given by the complex Jacobians of the transition functions. This results in the
holomorphic tangent bundle and similarly, by taking the conjugate we get the antiholomorphic

tangent bundle. This splitting is reflected in the following way:

Definition 2.10 (Complexified tangent space): TM Qg C is locally of the form
spanc(d/dx,d/dy). The complex structure induces | : TM — TM sending d/dx
9/0y,d/dy — —d/dx. This has eigenvalues +i on the complexified tangent spaces, which corre-
spond to eigenspaces TVOM and T®' M, the holomorphic and antiholomorphic tangent bundles.
The former consists of vector fields killing antiholomorphic functions, and the latter to vector

fields killing holomorphic functions, if we think of them as derivations.

For example, if Jv = —iv is an antiholomorphic vector field and f is holomorphic, then
Jv-f=df(Jv)=—idf(v)=idf(v) = df(v)=0=v-f

We used the complex linearity of d f and the fact that Jv = —iv.

Definition 2.11 (Holomorphic vector field): A section & € T(T°M) is a holomorphic vector
field if it preserves holomorphic functions. This is equivalent to its coefficients being holomorphic

functions.

Sections transform just like they do in differential geometry:
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Formula (Transformation formula):

8 aZi 8
For =T a

Definition 2.12 (Canonical decomposition ):
A(T'M®C) = (P API(T'M&C)
p+q=r
APA(T*MQC) := AP(T*M)0 A A9(T* M)
This also holds when we pass to sections, i.e. replace A by Q). The statement of the Hodge
decomposition theorem is that it also holds when we pass to cohomology, for certain complex

manifolds (compact Kdhler). The canonical line bundle is defined as the top exterior power of

the holomorphic cotangent bundle:
Ky := A" T*M @ C = A"(T*M)1°

This has transition functions given by the top exterior powers of the Jacobian, which is just the

scalar multiplication by the determinant of the complex Jacobian.

Lemma 2.13 (Operators on complex manifolds): Let M be a complex manifold, d the exte-

rior derivative. Then the folllowing are true:
«d=0d+d
e 2==F =0

e 90 =-00

Remark: pullbacks of holomorphic maps preserve the decomposition.

2.2.3 Poincare lemma and the analysis of Kihler metrics

The following lemma is fundamental in showing the exactness of the Dolbeault complex. We

present the one-variable statement, which can be extended to the multivariable case as well.

Theorem 2.14 ( J-Poincare lemma): Given a € A% (U) (U is an open neighbourhood of a
closed ball B) a holomorphic section of the form fdz, then there exists a function given by a

kernel such that dg = a.
1 fw)

== dwAdw
211 Jpw—2z

More generally, given a € APA(B) which is d-closed, then 3B € AP4~1(B) such that Ip=a.
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Theorem 2.15 (Kidhler forms osculate to the standard one): Given ¢ a metric an w =
g(J—,—) the associated fundamental form, then w is closed if and only if for any point there

exists local coordinates such that g osculates to order two to the standard metric.

Proof. Consider h = g —iw the Hermitian metric and its matrix representation h;; = h(%, %)
i’ OX;

Then
i _
w = 5 Zhi]-dzi A dZ]
Translating the coordinates, assume h;;(0) = I and write
_ ’ p— 2
hij = (31] + Zaijkzk + Zaijkzk + O(|Z| )
Thus ;¢ = “%(0) and similarly for a’,.. The closedness of w implies that @;;; = ag;;, @\, = @’
us ajj = 5.-(0) and similarly for a;;,. The closedness of w implies that a;jx = axji,a;;; = aj;-
Moreover, w is real so h;; = hj;, az,‘jk =ajjx. We can now define new coordinates near the origin

1
Wj = Zj + E Za,-jkzizk

since the Jacobian of the matrix of the w; at 0 is the identity matrix. One then does a calculation

to show that, up to terms of order at least two,

%Zdw] /\dw] =w

2.2.4 Examples of complex manifolds

Example (Complex projective space): The complex projective space CP” is the set of lines in
C™1, in other words the quotient C"*! \ 0/C*. We can specify coordinates by saying that a
line I = [zg : ... : 2,] = {(2p,..,2,)), where at least one z; # 0. This gives the canonical charts

U, :={z; # 0} and transition functions

wioWin Wi Wi LW w

(Wi, e, wy) = v y——.
Pl ) (wi wi Wi wi W w; wi

Another way to think about the transition functions is to identify ¢;(U;) as the set of
complex numbers with z; = 1. Then, ¢;; = ¢; o (pj’l is the same as multiplying by zi’l. This
description of the transition functions can be used to calculate the determinant bundle,

i.e. the dual of the canonical bundle, and show it is equal to O(-n —1). More on this later.
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Example (Grassmanian manifold): Similarly as above, one can see the set of k-planes
Gri(C") in complex n-space as a space topologized using the quotient topology on the
frame bundle Fry(C") consisting of k linearly independent vectors in C". This is an open
condition, so the frame bundle is topologized as a subspace of C" in its own right. Note
that this is a principal bundle.

Let’s say we have a k-tuple of vectors wy, ..., w, spanning W, which we can think of as a kxn
matrix. By linear independence, this has some k xk submatrix which is nonsingular. These
submatrices are indexed by the subsets I C {1,...,n}, and also correspond to a canonical set
of k-planes, once we choose a basis ey, ...,e,. We thus get an open cover UU;, where U;
consists of the set of k-planes spanned by k vectors whose I-th minor A’ is nonsingular.

There is a map

(PI 5 UI —> Matk’n_k

n(A) - (AT)71(AD)

This is well-defined, since the quotient is modding out by multiplication by a k x k invert-

ible matrix.

Example (Pliicker embedding): Now, let’s consider the Plucker embedding, where V is an

n-dimensional complex vector space:

k k
Gr(V) > B(\ V)=Gn(/\'V)
k k
wevies Awe A'v
We have the following commutative diagram:

Fri(V) —— Frl(/\kV)

l l

Gr(V) —— Gry(A'V)
What this amounts to in the local coordinates is the following: let’s say W = (wy, ..., wy) is
described by the matrix A with rows w;. Hence, in one chart given by the nonsingularity
of Al it is given by (A’)"'AI". On the other hand, let’s see what happens to the image
AFW. This is a line spanned by the single vector w; A ... A wy. In standard coordinates

{e; =ei, A... Ae;}, this can be described as

Wy A Awg = Z|A1|el

This is a 1 x (}) matrix, with one entry for each I. In the chart given by the nonvanishing
of |Al|, i.e. the nonsingularity of the 1 x 1 matrix (JA!|), we have that this is sent to some
number in C((i)-1) given by

JATIY (AT ] = 1)

All in all, in these charts we get a map
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Example (Continued):

Cckn-k) _, (C(Z)—l

(ADTLA s (AT (AT T = 1)

In practice, this takes a k x (n — k) matrix C, then forms all of the k x k matrices using at
least one column from C, plus a bunch of simple entries coming from the identity k x k
matrix, then evaluates all of their determinants. This is clearly holomorphic, since it is all
defined by algebraic equations.

All in all, this means that the map sending a frame of W to the line spanned by the deter-

minants of the minors lifts the Plucker embedding:

Fri(V) — Grl(/\kV) ~ cp(i)-1

w1
A=|w, | [ AT ]

At least one of the Al is going to be nonsingular, since the w; are linearly independent, so
this is well-defined. Moreover, it descends to the Grassmanian, where we have quotiented
by the GL;(C) action since the maps is equivariant: multipliying by Q turns A’ into QA!,
so everything is multiplied by [Q).

Recall that after choosing a basis e;, there is a canonical set of k-planes spanned by size k
subsets I of the basis. Each such plane is given by the span of {e;};c; and has an k(n — k)

parameter neighbourhood given by altering the entries like in the following example:

1 0 ¢
,s,teC
0 1 s

We have Gr;(C?) and are looking in a neighbourhood of the 2plane spanned by e, e,. This
has then a neighbourhood biholomorhpic to C>(3-2), given by the parameters s, t, which
are really a set of k 1 — k-vectors. The (A’)~! is there to signify a change of basis/ mod out
by the action of GLi. In general, any k-plane is going to have some neighbourhood of this

type by choosing coordinates properly. Now, one can see that a path of k-planes near this

[1 0 yl(t)]tel
0 1 7(t)

The effect of the map in the Plucker embedding is going to send it to a bunch of deter-

one is given by something like

minants which in this case are equal to (y,(t),—y;(f)) . When we take derivatives, we see
that this vanishes precisely when y; = 0 so the map is injective on tangent spaces. One
can do the same thing to arbitrary cases like this, and see that all of the vectors y;(t) have
vanishing derivative. In a coordinate free way, one has to show that the map on tangent

spaces is given by

Hom(W, V/W) = Hom(W, W) — Hom(/\kW, (/\kW)l) - Hom(/\kW, (/\kV)//\kW))
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2.3 Almost complex manifolds and integrability

Integrability etc.
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2.4 Holomorphic vector bundles: Normal bundle sequence, adjunction for-

mula, Picard group and sheaves

2.4.1 Dolbeault cohomology and the Poincare lemma

Definition 2.16 (Dolbeault cohomology): HP9(M) is defined as the cohomology of this com-

plex (fixed p, varying q): >

L2 arat 9 qpa
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2.5 Divisors and line bundles

A hypersurface Y C X is a codimension one analytic subvariety, which means that it is locally
given by the vanishing of a single holomorphic function. It turns out that every hypersurface can
be considered as the vanishing locus of a global function, which is however not a map to C, but a

section of a line bundle!

2.5.1 Weil divisors

Definition 2.17 (Divisors):

A divisor is a formal linear combination

D= Zﬂi[Yi]
of irreducible hypersurfaces, which is locally finite. These form the divisor group Div(X). D is
called effective if a; > 0.

Definition 2.18 (Order of a meromorphic function along a hypersurface): Let f be a
meromorphic function defined near y € Y. Here Y is defined as the zero locus of some irre-
ducible g € Ox ,, and the different choices of g differ only by a unit. Hence, bywe see that
f =g"h and we define m to be ordy ,(f). This is clearly additive. By the corollary of WPT, we
see that this value is also locally constant when Y is irreducible, since then Y,eg is connected,
hence it becomes independent of y. This is fundamentally we restrict to irreducible hypersurfaces

in the definition of divisors and allows for the next definition.

Definition 2.19 (Principal divisors): For a meromorphic function we put

div(f):= ) ordy(f)[Y]

where the sum ranges over all irreducible hypersurfaces Y. It decomposes into a positive part
(zero divisor) and negative part (pole divisor) and hence is effective precisely when f is holomor-
phic. Moreover, it is finite, as the vanishing locus of f contains only finitely many irreducible

hypersurfaces why?.

Definition 2.20 (Line bundle associated to a Weil divisor): Let D = ) a;[Y;] be a Weil
divisor. We define
O(D)(U) := {f € K(X)*|(div(f)+D)ly > 0

This consists of the meromorphic functions constrained by the divisor D, where positive coeffi-
cients of D allow for poles of that order and negative coefficients require a zero of at least that

order.
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We have just been talking about what in algebraic geometry is called a Weil divisor. We now tie

it up with the notion of a Cartier divisor:

2.5.2 Cartier divisors

Definition 2.21 (Cartier divisors): A Cartier divisor is a section of the sheaf Ky /O%. It can
be thought of as a system {Uj, f;} where each f; is a nontrivial meromorphic function on U; and

such that f;/f; is a holomorphic unit, i.e. has no zeros.

Proposition 2.22 (Cartier = Divisor in the complex setting):

HY(K%/O%) ~ Div(X)

Proof. Given a Cartier divisor {U;, f;} we associate to it the Weil divisor glued from the div f; .
These glue for the following reason: firstly, f;/f; is a holomorphic unit, since both functions define
Y and must vanish to the same order on it, i.e. differ by units in the local rings, and are invertible
outside Y. Hence, we must have that div(f;) = div(f;) on U; N U;. This gives the homomorphism

from left to right. We now need to show it is an isomorphism.

Consider D =} a;[Y;] where Y; is given on U; locally by g;;, unique up to a unit. We can then
form f; =1 glu]’ and this forms a Cartier divisor, since g;; and g;x produce the same hypersurface
on U; N Uy and hence differ by a holomorphic unit, which is precisely what a Cartier divisor

does. O

In the following pages, we will often use this identification between Weil and Cartier divisors.
However, for clarity in the situations in algebraic geometry when the two do not coincide, we will
keep track of the notation and write Cartier(X) for the Cartier divisors and Div(X) for the Weil

divisors. We will write D for a Cartier divisor corresponding to the Weil divisor D.

Definition 2.23 (Line bundle associated to a Cartier divisor): Given D = {Uj, f;} a system
defining a Cartier divisor, we define the line bundle Ox (D) using the cocycle fif].‘l. Hence,
oD)(U;) = %OX(U,-). This produces a homomorphism Div(X) ~ Cartier(X) — Pic(X). We will

show that the image of this homomorphism consists of line bundles admitting a global section.

2.5.3 Relationship with the Picard group

Recall that Pic(X) is the group of line bundles on X with the tensor product operation and is

isomorphic to H!(X,0%). We have the exponential sheaf sequence

exp .
0-5Z—->0x—0x—0
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Definition 2.24 (First Chern class): We define c; (L) to be the image of L in H*(X;C) in the
exponential sheaf sequence. We will embark to show that ¢, (O(Y)) is Poincare dual to the hy-

persurface Y.

We will show later that for projective space the Chern homomorphism is an isomorphism, i.e. line

bundles over CP" are classified by their Chern number, which is the integer d such that L ~ O(d).

We have seen that there is a natural map Cartier(X) — Pic(X). We will now see that it is natural, at
least for dominant maps. Given a dominant map (i.e. with dense image f : X — Y and a Cartier
divisor D = {f;, U;} the pullback divisor is given by f*D = {f;o f, ! . For a Weil divisor D,
we need to see what happens to hypersurfaces Z c Y. The pullback f* [Z] =) nj[H;] where n; are
such that go f = ﬂg;j, with g a local defining function of Z. Under the isomorphism, these two

definitions agree. Moreover, we have a natural square

Div(Y
rl \ / lf
Div(X Cartier(Y Pic(X

xw/

Cartier(X

Lemma 2.25 (Canonical homomorphism factors through principal divisors): A Weil di-

visor D is principal if and only its associated Cartier divisor D has O(D) ~ Oy,

Proof. Suppose the associated Cartier divisor is given by {Uj, f;} and its line bundle with cocycles
ﬁfj_l is trivial. Then, these cocycles are cohomologous to a coboundary, i.e. fi/f; = g;/g; for some

holomorphic g;. But then the f; gi_1 glue to a global meromorphic f whose principal divisor is D.

Conversely, if the divisor is principal, then its Cartier divisor is just given by the identity cocycles.

O

Hence, we get an induced injective map Div(X)/PrinDiv(X) — Pic(X), whose image we want to
show consists of line bundles admitting a section. Note that the map defined is the boundary

map in the long exact sequence of

0—- 0% - Ky = Kx/Ox — 0
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2.5.4 Sections of line bundles

Suppose we have a nontrivial meromorphic section s : X — L. If L is trivialized using the maps
¥; : Lly, = Oly,, then its cocycle is given by ; o 1,[)]-_1. Using these trivializations, s becomes an
ordinary function ;(s) = f; on U;. Then we have that flfj’1 = ¥;j, which is a holomorphic unit

and hence the system {U;, f;} defines a Cartier divisor. We denote this divisor by (s) € Cartier(X).

(id, i)

/_\

(UﬂU X(C(—L|UQU —> UnU) xC

;f\i/df

Uuinvy;

In terms of Weil divisors, this is also

) ordy(s)[Y]

where ordy(s) := ordy(1;(s)) does not depend on the trivialization. Moreover, this is independent

of whether we scale s by a nonzero complex number.

Proposition 2.26 (Divisors of sections): We have that O((s)) =~ L. Moreover, any effective
divisor occurs as (s), for some section of its associated line bundle. Two sections si,s, of line

bundles Ly, L, define linearly equivalent diviors if and only if L1 ~ L,.

Proof. The first part follows by definition: given s defining a Cartier divisor {U;, f; = ¥;(s|y,)} we
have just shown that f;/f; = 1;; which are the cocycles for L and the associated line bundle O(s). If
D is associated to D = {Uj, f;} then since D is effective, the f; are holomorphic and define a section
s of O(D) as the transition functions of this line bundle are given by f;/f;, and then (s) = D. The

last part follows since O(s) ~ L. O

All in all, we obtain that the image of the map Cartier(X) — Pic(X) is given by the line bundles

admitting a nonzero global section.

Example (Hyperplane in projective space): The hyperplane Hy = {z; = 0} is defined in the
open cover U; by the functions g; = z;/z;. Therefore, the line bundle associated to it will

have transition functions z;/z; and hence is isomorphic to O(1).

Now we move on to show that sections of line bundles allow for maps to projective space, at least

away from the common zero locus.
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Proposition 2.27 (Sections and maps to projective space): Given s, ...,s, : X — L sections

of a line bundle L with common zero locus B = Z(sy) N ... N Z(s,) there is an induced map
@r: X\B— CP", x> [sg(x): ... : s,(x)]

What this means is that we consider the images of the s; in a particular trivialization, and
different trivializations differ by a scalar multiple, hence give the same element in projective

space. Moreover, ; O(1) = L|x\p

To see the last claim, consider z; as a section of O(1) whose associated divisor is given by the
hypersurface H = {z; = 0}. Then f*H; = (s;) and hence O((s;)) = O(f*H;) = f*O(1) where ¢y is
defined.

Example (Veronese embedding): When we consider H’(CP",0(d)), we will later show that
this consists of homogenous polynomials of degree d in n + 1 variables. If we consider all

monomials spanning this, what we get is the Veronese embedding!

Example (Segre embedding): The line bundle 717O(1) ® 750O(1) on CP" x CP™ has linearly

independent sections ziz]’., defining a map

CP" x CP™ — CPDmD-1 (702 2,1, (20, s Zig]) P [202h 2 oor 2 2020

2.5.5 Adjunction formulae

Recall that for a subvariety Y we have the normal bundle sequence

O_)TY_)TXIY_)NY/X_)()
When Y is a hypersurface, the normal bundle is a line bundle. When Y is a complete intersection
of hypersurfaces Y;, the normal bundle is the sum of the normal line bundles of the Y;.

By dualizing and taking top exterior powers, we see that det " ® Ky ~ Kx|y.

Proposition 2.28 (Adjunction formulas): When Y is a hypersurface

O(Y)ly = Ny/x,Ky = (Kx ®O(Y))ly

Proof. We calculate cocycles.

Let X have transition functions ¢;; which send Y to the hyperplanes z, = 0. Then the holomorphic

tangent bundle has cocycle given by the derivatives, i.e. the complex Jacobians J(¢;;), composed
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with the trivialization Pj. We will show that these Jacobians, restricted to Y, look like

J(@ijly)  *
o,
0 ?11

dp
Hence, the normal bundle is given by the cocycle a(i” o ¢jly. The reason for this is that the
n

transition functions ¢;; send z, = 0 to 0, i.e. they preserve the hyperplanes that Y corresponds to:

(pf’j(zl,...,zn,l, 0) = 0. Hence, there is some holomorphic function k& such that (pi”j = z,h and thus

Ipj;
Wk](zl,.n,zn_l,O) =0

for k # n and is equal to h for k = n. (Note that putting z, = 0 is the same as restricting to Y).

On the other hand, Y is defined by the functions ¢;'. Let y € Y such that i) = (z1,-,24-1,0),

Then the line bundle associated to Y has cocycles

n n
ok Pij aﬁoz‘j
—(v) = (— o @; =h(z1,.,24,-1,0) = (= o @;
o @) = Z ° Pi)Y) =h(z1,..,24-1,0) = ( 7z, ° ®j)(®)
The second part follows from the fact that Ky ~ Kx|Y ® det \V. O

Remark : We have just seen that O(Y)|y is the normal bundle to Y. Outside Y, the bundle is
trivial, as the defining cocycle f;/f; is actually a coboundary, since the defining functions
are nonvanishing, i.e. holomorphic units, outside of Y! So we can characterize O(Y) as a

line bundle which is trivial outside Y and the normal bundle to Y over Y.

2.5.6 The case of complex curves

See the notes on abelian varieties for a recap of this.

2.5.7 Line bundles on projective space

We now describe some properties of line bundles on CP”.

Firstly, note that any linear homogenous polynomial } a;z; can be thought of as a linear map

C™! — C. We will describe an isomorphism H°(P(V),O(1)) ~ V*.

More generally, suppose we are given a homogenous polynomial p in #n + 1 variables of degree d.
This defines a linear map (C"*1)® — C by symmetrization/polarization. For example, zz; is a
homogenous degree 2 polynomial and hence defines a linear map by 1(zg®z; +z; ®z) : v@w >

1
7 (vowy +viwp).

More generally, the linear map is defined by

1 o

= Emh:op(tﬂh +.ottvg)

P(vg,...,vy)
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Hence, any such homogenous polynomial defines a holomorphic map CP" x (C™+1)® — C which
when restricted to (O(—1))®k produces a section of O(k). We now show that these are all the

sections.

Proposition 2.29 (Sections of line bundles on projective space):

H%(CP",0(k)) ~ Clzg, ..., 2, &

Proof. Lett,s € H(CP",O(k)) be two sections such that s is induced by a homogenous polynomial.
Then t/s defines a meromorphic function on CP”, due to the general fact that two sections t,s of
line bundles L, L’ define a meromorphic section #/s of L&(L’)*. Composing with the quotient map
we obtain a meromorphic map F on C"*!\ 0. Now, think again of s as a homogenous polynomial
and hence G = sF is a holomorphic function on C"*! \ 0 which by Hartogs’ theorem can
be extended to a holomorphic function on C"*!. By definition of F as a composition with the
quotient map, we have that F(Az) = F(z) whereas s(Az) = AKs(z) and hence G has G(Az) = AFG(z).
By examining the power series of G this shows that G is homogenous of degree k, and the section

induced by G is precisely t. O

We thus see that the polynomial ring can be recovered as

@HO(CP”,O(k)) ~ Clzg, .., 2]

Proposition 2.30 (Canonical bundle of projective space): The canonical bundle of projec-
tive space is

Kepr = O(-n-1)

Proof. Again, we do a cocycle computation. The tangent bundle is given by the Jacobian of the
transition functions composed with one of them, which for projective space look like[2.2.:4] Thus,
we just need to take the determinant of this and compose with ¢; and then invert it to get the co-
cycle of the canonical bundle. However, note that this Jacobian looks like 1/w; along the diagonal
except for one —1/wl-2 which occurs in a column where the other entries are w]'/wiz. All of the rest
are 0 so the determinant is +w;"~' which when composed with @j gives i(zi/z]-O‘”‘l. The sign
doesn’t matter as it is a coboundary and lo and behold we get the cocycle for O(—1)®~"~! ~ O(n+1),

which is also the cocycle for det 7¢pn. Dualizing gives the result. O
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Example (Canonical bundle of complete intersection in projective space): Firstly, suppose H is
a hypersurface defined by an equation of degree d in CP". Then O(H) ~ O(d) (see [2.5.4)

and by the adjunction formula we get that
Ky ~ (Kepn ® O(H))|gp = O(d —n—1)|y

More generally, given a compete intersection Y = NH; with each H; a hypersurface defined
by an equation of degree d;, then Y has a normal bundle which is the sum of the normal
bundles of the H;. Hence, from the conormal sequence we get Ky =~ (Kcpr)y ® det Ny cpr.

But now since Ny,cpr = ® Ny, /cpn We get

det(Ny,cpr) = ®NH,-/(C]P’” = ®O(di)|Y ~ O(Zdi)lY

Allin all, Ky ~O()Y d; —n—1)y.

Proposition 2.31 (Euler sequence): We have an exact sequence

00 501" 5050

Proof. The proof follows the same outline as We have an inclusion O(-1) ¢ CP" x C"*!
which when twisted with O(1) and dualized gives a map O(-1)®"*! — 0. We need to check that
the kernel of this is Q1. O

Remark (Remark): Note that dualizing the Euler sequence gives us another way to interpret
the splitting
TCP" @Q ~ (VV)GBH+1

that was done in K-theory and also Differential Geometry (see and also the subsection

on calculations of tangent bundles in K-theory).

If we assume some results from Dolbeault cohomology and the Kahler form on projective space

(all of this is included later), we can even prove:

Theorem 2.32 (Picard group of projective space):
Pic(CP") ~ Zw = H*(CP"; Z)

and moreover the isomorphism is given by the first Chern class c1(O(d)) = dw, where w is the

Fubini-Study form.

Proof. We have holomorphic local trivializations on L given by nowhere vanishing functions, i.e.

L looks like (x,{ef«(x))) on U,. In other words, this is a line bundle with cocycles given by g, =
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efa/efﬁ, as in a Cartier divisor, so we have that f, —fﬁ is holomorphic, i.e.

5fa = 5](/3

on the overlaps. Therefore, the J-closed (0,1) forms 5fa glue to a global J-closed (0,1) form £, but
since H*!(CP") = 0 (by the Hodge decomposition, or LES associated to the Euler sequence), we

must have that it is exact, i.e.

f=of

for some smooth function f on CP". Therefore, df — df, = 0 on the patches U,, hence f — f, is
holomorphic on U, and this provides a coboundary to turn ¢g, into the trivial cocycle: putting
W, = ef /efe we get that
Ts
Ppa = Fa
This then shows that any smoothly trivial line bundle is holomorphically trivial. Moreover, any

topological line bundle is approximated by a smooth line bundle. This shows that the groups of

holo, smooth and topological complex line bundles are all isomorphic!
L' ~popo L & L'OL =101 &= L'OL %y 1 & Ly, L

But now, complex line on any space X bundles are classified by H?(X;Z) since CP*™ is both BU
and K(Z,2):
{complex line bundles up to iso} = [X, CP*] =~ H%*(X;7Z)

Hence, in the case of CP", we have that the line bundles are isomorphic to HZ(X;Z) ~ wZ, with w

the Fubini-Study form, and the isomorphism is given by the Chern class!

Remark (Exponential sequence): A much quicker proof is to use the exponential sequence
and the fact that h%! = h%2 = 0 and hence the Chern class homomorphism is an isomor-

phism.
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2.6 Blowups

Let A ¢ C" be a polydisk about 0. We define:
A:={(zw)eAx (CIP’”_1|ziwj = zjw;}

In other words, z € (w). This comes equipped with a projection o : A — A, (z,w) — z and this is

the blowup of A at 0. It is a homeomorphism away from 0, i.e.
o:A\o71(0)~ A\ {0}

On the other hand, the preimage of 0 is the whole of CP"!, which is called the exceptional

divisor. This recovers the tautological line bundle when A = C".

A is a complex manifold, trivialized over the open cover A x uin A via (z,w) — (¢j(w), z;), where

¢j: U= CP"! is the standard trivialization of complex projective space.

To generalize to an arbitrary complex manifold X, consider x e U C X, ¢ : U ~ A a chart where x

corresponds to 0. Then we can define

X:=X\{xju A

p~loo
Away from x, A is glued to X via the identity, i.e. does not change anything to X. However, we

have replaced x by a copy of CP"~!. This defines the blowup o, : X — X, which is independent of
the choice of chart U. This is by the following lemma:

r

Lemma 2.33 (Naturality of blowup): Suppose A, A’ is the same polydisk with different coor-
dinates, i.e. we have a biholomorphism f : A — A’. Then this lifts naturally to a biholomorphism
F:A— A as in the diagram

F
—

f

—

Q
B> «—— D

A~/
|-
A

Proof. We define F(z,w) = (z/,w’) via z’ = f(z) and w]’- =) g—Z(O)u/i. First assume f is linear given

by a matrix A, in which case everything commutes as

I k ) kal kal k 1 ’/)
swj=) Az ) Ajwi=) A=) AfAzwe=) Afw) Ajn=uwiz

Now for general f can compose with a linear map so that df(0) = I. This then allows us to show

that dF, = I so by the inverse function theorem it is a biholomorphism. O

Let’s now define blowups more generally for an arbitrary submanifold Y ¢ X. They look locally

like the inclusion C™ c C" so we better deal with that case first.

Remark: Important! Here, I am following Huybrechts, who reverses the roles of CP and C, i.e.
here we have the line w first and then the element z, whereas in lectures we did it the opposite

way. Both are fine, just be wary of the swapping.
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Definition 2.34 (Blowup along a linear subspace):

Blem(C™) := {(w, z) € CP" ™! x C"|zyw; = zjw;,i,j =m+1,...,n}

Here, C™ is given by the vanishing of z,,,1 =... =z, =0 and [w;;41 : ... : w,;] are the coordinates on
projective space. In other words, this is the incidence variety of pairs of a vector and a line such
that z is in {C™, (w)}. This comes equipped with two projections, and the map o : Blgm(C") — C"
is a biholomorphism away from C™" and is P(Ngm/cn) over it, where the normal bundle is trivial
C™"xC" ™. I.e. over C" the last n —m coordinates of z are all 0 so we get all lines in C"™" which

is precisely the definition of the projective bundle of the trivial bundle.

More generally, let X = (JU;, @; : U; — @;(U;) c C", @;(U;NY) = @;(U;) NC™. We can restrict the
blowup of C" along C" to the subspaces ¢;(U;), i.e. get a pullback of blowups

Zi E— Bl(cm ((Cﬂ)

”’l l"

pi(Uj) —— C"

These glue together, via a similar naturality argument as before. The idea is that if U,V c C"
are the images of two charts, then we have a bihilomorphism preserving Y, in other words a map

¢:U=V,p(UNC™) =V NC™ This means that when the last n — m coordinates are zero, the

n

result is zero, and hence ¢ = Y i=m+12jPk,j for k> m. This allows us to define a map between the

blowups, i.e. the incidence varieties as follows:
rL-1 -1
¢:00U—>0V

b(x,2) = ((dr,}) - x, P (2))

This works, as if z € (C™,{x)), then z = (21, ..., 2, AXg, ..., AX;_u—1). Thus, ¢k(z) = }:j(/\xj)cj)kyj(z) for

k>m and hence ¢(z) € (C™,{((¢y,j)(2)) - x)), where - means matrix product.

In each chart we are blowing up the part that corresponds to C™ and we get gluing maps ¢, which
lift to maps between the blowups. Outside of the parts which correspond to the submanifold Y,
illustrated as the dotted set, these are uninteresting. However, over Y, qf)k,j becomes the cocycle

for the normal bundle (compare with|2.28) and hence ¢ the cocycle for P(Ny,x).

In other words, BIU — U is a biholomorphism outside of the bit corresponding to Y, and is a
projectivized normal bundle over Y, whence the matrix ¢y ; describes how the fibres transfor

between the trivializations for U and V. We thus get:

Proposition 2.35 (Blowup along a submanifold): Let Y be a complex submanifold of X.
Then there exists a complex manifold Bly(X) 2, X such that o : Bly(X)\ o~ (Y) ~ X\ Y and
0:07'Y — Y is equal to P(Ny,x) — Y. We call 0=} (Y) the exceptional divisor of the blowup.
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Figure 1: Blowups glue

We now calculate the canonical line bundle of the blowup at a point, where a point x gets replaced

by CP"~! and everything else stays the same:

Proposition 2.36 (Canonical line bundle of blowup): Let E be the exceptional divisor in the
blowup X — X. Then
K¢ =0"Kx®[(n-1)E]

Proof. Away from the exceptional divisor, everything is a bihilomorphism and [E] is trivial, so we
only need to check what happens on E. This is a local question, so we may as well assume X = C".
In local coordinates for the i—th patch, we have that (I,z) € BlyC" gets sent to (¢;(I),z;). O the
other hand, the map o sends (/,z) — z. Hence, in local coordinates o looks like a swapping of z;,

together with n — 1 multiplications by z;:
(wl,..., wn_l,z) — (Zwl,...,Z,...,an_l)

If w is a meromorphic (n,0) form on X, i.e. a section of Ky, it looks locally like f(z)dz; A ... Adz,.

Therefore,
o*w=(foo)d(zv))A.. AdzZ A ... Nd(zv,_1) = 2" (f o 0)dvy A ... Adv,_y

Hence, since Ky = (0*w) by and outside E we just get 0"Ky, whilst on E we pick up n -1
zeros, i.e. its order of vanishing along E is n—1, so (6*wg) = (n—1)[E]. Note that E is an irreducible

hypersurface, as it locally looks like the zero section CP"~! c O(-1)!

If the canonical bundle does not admit any sections, we can do a similar cocycle computation on
E that is a bit less neat. Basically, we compare the transition functions of projective space (first

line) and the transition functions for the trivialization of X (second line)

Wy Wi Wiy Wi 1w w,

(Wi, wy) > (—, ..y , b eees Sy ey —)
wi wi Wi wi wi wj wi
Uy A u
(111, .00 Uy) > (u—i,..., 1,...u—:’,u,~un+1)
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We thus see that we have an extra u; in the trivialization for projective space, and so when we take

determinants of Jacobians to get the cocycle for the canonical bundles, we get an extra u; giving

n+1
’

us a cocycle u; """, u; = z;/z; rather than u;", which was the cocycle for Kpn-1 ~ O(-n). Notice

also that O(E) has cocycles z;/z; as E is locally defined by z; = 0. O

Corollary 2.37 (Line bundle on exceptional divisor): For E = CP""! ¢ X, one has

O(E)[g =O(-1)

Proof. One approach is to use[2.28/and get
O(nE) = (Kg ® O(E))| = Kg = Kgpnt = O(—n)

and then cancel out the n since the Picard group of projective space is torsion-free. Another
approach is to do a cocycle computation, and yet another one is to realize O(E) ~ 7*O(-1) where

m:Bly C* — CP" 1. 0

68



2.7 Connections and characteristic classes using Chern-Weil theory

First Chern class of a line bundle, Kahler metrics and Levi-Civita connection, higher Chern

classes.

2.7.1 Introduction: the first Chern class of a line bundle using cocycles and the Fubini-Study

form

Let L be a holomorphic line bundle on X trivialized over U; via holomorphic sections ;. The

transition functions are just invertible holomorphic functions g;; such that

0i = 8ijoj

on the overlaps. Given a hermitian inner product & on L, i.e. a smooothly varying inner product

L, x L, — C, we can evaluate it on 0; and thus producing a positive function on U;:
hi = h(()'i,()'i) . Ui —C

We then have that h; = |gi]-|2h]- since h(Au, Au) = |A|?h(u, u). These functions now serve as the local

Kahler potentials of a global two form which can be expressed locally as

w; = Laélog h;
2im

These glue on the overlaps, as ddlog |g,<]-|2 = 0. Up to #, this is the curvature of the Chern
connection, which we will describe in the next section. Importantly, w is equal to ¢;(L) in co-
homology. We now describe a standard example, the Fubini-Study form, which turns out to be

exactly ¢;(O(1)) and hence is a generator of the cohomology of CP".

Example (The Fubini-study form): Consider O(—1) ¢ CP" x C"*!. Restricting the standard
metric h on the trivial bundle over CP” to O(-1) and then dualizing yields a Hermitian

metric h* on O(1). The 2-form then looks locally like
= —ddlog I
Y= %in &

where h? = h*(0?,07) = ——. On the standard opens U; which trivialize O(—1), we seek
i i’ h(o;,07) p

the sections o;. This section inputs a line with z; #= 0 and produces an element of the
line. The most obvious thing we could do is take its normalization, which is also the

triviaization, i.e. in local coordinates it looks like

C" =~ U; > O(-1)|y, = U; xC =~ C"*!

A

(21y0er Ly 2) > (20,000 1,000y 24)

Thus, we get an extra 1 and h(0;,0;) = 1 + Y |z;|> and hence

-1y -t 3 2
) = naalog(l+Z|z,| ) = 2n8810g(1+2|z,| )

1 —
991
@i 2i71aa o8 2i

1
1+ |22
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We have not proved that this definition of the Chern class coincides with the one given in K-
theory, where we defined x = ¢; (O(-1)) and showed that (x",[CP* [(= (-1)". Hence, we expect that
w = —x will evaluate the fundamental class to 1. We now give a detailed proof of this important

fact.

Proposition 2.38 (Fubini-Study form is normalized):

f " =1
CP"

Proof. We have in local coordinates in an affine patch U, which is all that matters for integration,

as it is dense and has complement a thin set which can be identified with CP"~!:

YdziAdzp  (XzZj Adzj) (X zj Adz))
27'([ ]

1+Z|Z]|2 (1+X1z1?)?

We can also write Z =1+)_ |zj|2 and hence

i1 z
:EﬁZ(éuz zizj)dz; Ndzj = I ZZ« ij = )dzl/\dz]

We describe the first two cases, to get an idea of what is happening:

e Casen=1:

The formula reduces to
i dzAdz
© 21 (1+]2?)2

In polar coordinates z = re’® we have that dz A dz = —2ridr Ad6 and hence

J w—ij —2ridr/\d6_f°° d(r?) j dt
CP! _27T C (1+T2)2 B 0 (1+7’2)2 1 t2

e Casen=2:

One gets the value
2 —_1dzl /\dEl /\de/\dzz
27 z3

Now we integrate and put polar coordinates again:

J wz _ —_l (—Zirldrl /\del)/\(—zil’zdrz/\dez)
CP?

- 2m? Je (L+ri+7r3)3
_ d?’l/\di’z/\del/\daz _
2 (1+r2+73)3

_ (—2)(271)2J’ﬂl(ﬁ)zf\d(rz)2

C o 4n? (L+7f+713)3 -
_2J J‘X’ _dxAdy
(1+x+7y)3
T+x+9)°
Z—ZI [(_—2yx:o]d}’
=0

_Joo d}/ _Jwﬂ_l
“Jo (I+y)2 )y 20
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The same thing in fact happens for all n. When we exponentiate, we get the following:

n l ZIZ] =L
W' = (5 ") (65 = =)z A dzj)
ij

We aim to show that we get (ﬁ)” dz, where dZ=dz; Adz; A... Adz, A dz,. This comes down

Zn+1
to showing that

. nto
[Z ij— dzl/\dz]] —Zdz

An arbitrary term of this look like
[]_[ Ogk,tk — z"kzﬂ]dzal ANAZy Ao Ndzgy ANdZey,

k=1

since we cannot have repetitions in any dz;, as dz; Adz; = 0.

We think of this as a polynomial in 1/Z, and get terms of the form

EYR Zik+lzjk+1 Zinzjrl

+9; ik 7 T

i dZi1 /\del A
Here, iy, j; are permutations, and we are picking up only one two form from every term in the

product.

Clearly, the term of Z° is given by multiplying all the 0 j, so we are summing over all things that

look like ;
l_[ le'k A dEik

for o = {i, ..., i,} some permutation of {1,2,...,n}. To convert this into the form dZ, an even number
of interchanges is done, so the sign doesnt change and all of these n! terms are equal to dZ. This

gives nldz.

Now, for the coefficient of %, we are summing over all terms where we are multiplying n — 1
0’s,together with a smgle . The ¢’s force every pair to be equal: iy = ji, otherwise we would get

0, and so iy = ji,..., 1,1 = ju_1, forces i, = j,. Hence, we get terms of the form

—Z5kZ _
%dzal A dzal A...

for any permutation o. Again, the form part is dZ, since we have an even number of interchanges,

and hence we get all in all:

! lel +...+ ann d7= _n!Z -1 iz
Z
When we add the Z% and Z~! terms we get precisely
-1 n!
z-mZtaz= "z
nldz—n 7=~ dz

This is what we want, and so we show that all the higher coefficients of Z,m > 1 vanish!

To do that, note that the odd and even permutations come in pairs and for any k, any transposition
T € Sy gives a bijection between the two sets, i.e. the odd and even permutations are two cosets
with the same size. Hence, for any k

Z(_l)sgna -0

o€eSy
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This combinatorial identity will show that all the terms for a higher power Z™", when we are not
forced to have all 4 = ji, come in pairs of opposite signs and cancel out. The crucial part is that

now m > 2 so we get terms where we are actually allowed transpositions!

These higher order terms will have the schematic form

(_1)%’! c < = = -
—— 0.0 Zz..22+dZ
Z ~—— ——
n—-m m

The sign + is important, as it will lead to cancellations. Let B be a subset of {1,...,n} such that

|B| = m. For this, we get terms

[]—[ 6cm,m I_Izobzrb] dzcrl A dzcrl A

aeBe¢ beB
For this to be nonzero, we must have that oa = ta,a ¢ B. We can ignore the forms dz,, A dz,, for

the purpose of determining the sign, for the same reason as before that the sign to convert a term

like this to dvol will be 1. The rest looks like this:

]_[ [zcbzrb dzsp A dz(rb]
beB

1

Since 0a = 7ta,a ¢ B, putting ¥ = to 0™ we can write this as

B, = l_[ [Eczyc dz. A dEyC]
ceoB
We know that yc = ¢ for ¢ € 0B, and we can thus think of it as a permutation of 0 B. Moreover,
the only other terms having the same zz coefficient will have to come from another permutation
of 0B like y. But now |B| = m > 1, hence we can apply a transposition! For any such o, t which
give us y, there is a transposed y” = T o  which gives the opposite sign, as if we transpose dz,,
and dz,,./, ¢’ > c we have to do a total of 2(c’~¢)+2(c’~c)— 1 moves to get back to the form that

gives. In other words,

Broy =B,

and hence everything cancels out.

For example, to get to

dzy Ndzy, ANdzy NdZ,, Ndz3 Ndz,,
from the transposed version
dzy Ndzy, ANdzy Ndz,, Ndzz NdzZ,,

we need to move the dz, 4 times to the left and the dz,, 3 times to the right, resulting in a
negative sign, since 2.(3-1)+2(3-1)-1 =7 is odd.
All in all, this shows that

1 n!

C()n = (ﬁ)nﬁ z
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We can integrate, do polar coordinates again and thus get an iterated integral using Fubini:

. i'n! az
w = —- —_—
cp 2r)" Jon ZmH

_ i"n!(—i)”f d(r))> AdO; A...Ad(r})AdO,, _

(2m)" (L4712 +.. 472t
_on f (1) () A Ad(r2) A O A AO,
— 2" Jen (L+ 78+ 1)t -

:(—1)”_111“[“’ dx; Adx,... Adx, _
’ x;=0 (1 +Xx1+... +xn)”+1

_(_1\n-1 ® ® dxl
=(-1) n![J; [Jo (1+x1+...+xn)”+1]/\dx2]mAdx"]

3 (-1)"1n! < dx,
- (—”)(—(”—1))---(—2).[0 (1+x,)2 '

This proves the normalization identity for all . O

2.7.2 The First Chern class using connections, i.e. baby Chern-Weil theory

Given a holomorphic line bundle L — X, we are interested in the connections on it, i.e. the maps
dA
I'(L)y—I(T°X®L)
satisfying the Leibniz rule. Recall the local expression of this:
dAasa =dsy, +AuSa
Here, A, is a complex one-form in Q'(U,)C. The transformation law, reads
A=Ay +Ppadipp,

since, in the 1-dimensional case, conjugating A, leaves it the same. The curvature F(A) is, as
usual, the square of this differential operator, which is an End(L)-valued 2-form on X and locally
is expressed as

F,=dA,
since A A A =0, since we’re working with line bundles. In other words,
Fs=(d+A)%s=d*s+d(As)+ A(ds)+ A A As

But d2 = AAA=0and d(As) = (dA)s — A(ds) by Leibniz, hence all we get is (dA)s. Recall that the
difference between any two connections is a one-form a4, and thus the difference between any two

curvature forms is an exact form da. Hence, we can associate to L the cohomology class
[Fle HX(X;C) = Hi,(X)®C

Recall that a connection is compatible with the metric if
d(s,s’y = (d"s,s") + (s, d"s")

In the case of a unitary i.p., any such connection is purely imaginary. Hence, this allows the

following definition.
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Definition 2.39 (First Chern class of a line bundle): Given a unitary connection A on a line
bundle L over X, we define
it 2
c1(L) = [5—F] € Hjp(X)

Proposition 2.40 (Chern class of tensor product):

Cq (L®L/) =C1 (L) +Cq (L/)

Proof. We define a tensor product connection A® A’ by the Leibniz rule and get
AN (s@s") = dts@s +s@d?s’
In our case of line bundles, we have that this is locally just
(ds+As)s’ +s(ds’ +A’s’) = d(ss’) + (A+ A')ss’
This shows that the curvature of this induced connection is just

F(A®A’) = F(A)+ F(A)

2.7.3 The Chern connection

Definition 2.41 (Chern connection on line bundles): There is a unique connection which is

compatible with any chosen Hermitian inner product and whose local 1-forms are holomorphic.

Proof. Locally, we have a Hermitian norm h: U — R* and a smooth section s of L is just a smooth

function A: U — C. We have that
d(s,s) =d(h(), ) = d(AAh) = () AR+ (dA) AR+ (dh)AA
We require that this is the same as
(d4s,s) +(s,d"s) = (ds + As,s) + (s,ds + As) = hAd A + hAd A + hAX(A + A)
For these to match up we must have that A+ A = k™! dh and hence the real part is
AV = 1719h = 9(log h)

This shows uniqueness. For existence, we define the connection locally by the above and show
it glues. Well, given holomorphic transition i we have that the Hermitian i.p. transforms as
W’ = piph, as it is a section of L&LY. As 1 is holomorphic, we have that dy» = 0 and di = di. Then
A’ = dlogh’ = dlog(piph) = dlog(h) + dlog(Ph) =
:A+8(L_lp) —as 2 =A+yldy
[z ¥

showing it transforms correctly. O
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Corollary 2.42 (Curvature of Chern connection): As a corollary, we have that the curvature

of the Chern connection is
F(A) = d(dlogh) = 9dlogh = %ddcloglslz
where s is any nonvanishing holo section. Moreover,

[ F(A)] = () € B (X)

Note that we insert ﬁ as a normalization factor so that, for example, holds.

2.7.4 Poincare duality and the first Chern class of a divisor

Recall that, for an analytic hypersurface Y C X in a compact complex manifold, the integration

pairing sets up a duality and there is a unique form ry € H;R(X) such that

j (PZJ- @ ANy
y X

for any closed test form ¢. We have the following:

Theorem 2.43 (Chern class of associated line bundle is Poincare dual to divisor): Given

a divisor D =} _a;Y;, we define its Poincare dual as p = }_a;1ny,. Then we have that

b = c1([D])

ie.

-1
pr XF(A)/\<P= Zuipr

Proof. We will prove this by first choosing our connection to be the Chern connection and reduce
to the case D = Y an analytic hypersurface. Let’s say we have local defining functions f, on an
open cover U,, which gives us a holomorphic section s of [Y] (recall that transition f-n’s for [Y]
are fg/fq, so the f; glue together). As a divisor, Y = (s). We have a little tubular neighbourhood of
Y given by all x € X such that |s(x)| < e. We denote its complement by X(€). Thus

JF(A)W:%Jddﬂoghm,;:hm%f dd°log|s|®> A g =
X X =02 Jx(e)

Stokes

- lim + dlogls|* A ¢
e—0 2 X (e)

On local neighbourhoods U,, we have that

dlogls|* = i(9 - 9)1og(fu faha) = i(d log f, — Ilog f, + (9 - ) log s )

However, the integral over logh, should tend to 0. Moreover, the integral over the conjugated f,

is just the conjugate of the integral over f,. We thus get that our integral is equal to

e—0

—lim% dcloglsleq):—limiImJ dlogfu A
IX(e)nU, €0 X (e)nU,
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Now let’s extend f, to a local coordinate system (z; = f,,25,...,2,), where (z,,...,z,) give local
coordinates for Y N U,. Moreover, let ¢ = ¢ + ¢ where ¢ collects all the dz; and dZ; terms. We

use the residue theorem to conclude that

d
f F(A)A ¢ = —iImlim 2\ gy = —2im 01(0,23,...,2,)
X =0 J|z, |:e/\/ﬁ Z1 21=0
By patching together, we are done. O

Remark (Relationship with Euler class): The reason all of this works out is that for a hyper-
surface Y, Ny/x ~ Ox(Y)|y. On the other hand, pd(Y) = j*(:*)"'u,, which should just give
soi Hoy(v) = e(Ox(Y)) = c1(Y).

Remark (Intersection pairing): By Poincare duality, on a complex surface S the intersection
pairing is given by

#M; NM;) = J; c1(My) A ¢ (M,)

Proposition 2.44 (Self-intersection of exceptional divisor): Let X be a compact complex

surface. Then the exceptional divisor in the blowup satisfies E - E = —1.

Proof. We know by that O(E)|g =~ O(-1). Now we use Poincare duality

E-E= J_ c1(O(E)) Ac1 (O(E)) :J

X E

AOE) = | aO-1)=-1

Example (Riemann surfaces): For a Riemann surface X, define the degree of a line bundle

to be
degL = j c1(L)
X

We thus have

deg[D] = (1 (ID]),[X]y = (1, [X]) = () _ainpy, [X])= ) a;=degD

On the right hand side we have the degree of D as a divisor. In other words, the first Chern
class of the associated line bundle corresponds to the integer degD. For example, on the
Riemann sphere, degO(k) = k. We want to show these are in fact all the holo line bundles

over CP!, i.e. Pic(CP!) = Z.

Proposition 2.45 (Chern class detects triviality): If L is a holo line bundle over CP! with
c1(L) = 0 then L is holomorphically trivial.

Proof. The first Chern class is given by the curvature of any connection on L. This means all

connections have an exact curvature form, so we can subtract such an exact form and choose a
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flat connection A on L, which means that locally dA, = 0. By the usual smooth Poincare lemma,

we know these are exact, hence A, = da,. Put i) = e7%; then
Ag+ldp =0

The Riemann sphere has the usual clutching trivialization Uy, U;. WLOG Ay = A; = 0, meaning
that the transition function (; is constant on the intersection Uy N U;. This means we can glue
the local trivs to a global C*® one, which we need to show is holomorphic as well. To do this, we
need to find a nonvanishing global holo section. We already know that L ~ CP! x C as smooth
manifolds. Choose a Hermitian i.p. and use the Chern connection A. A section s is holomorphic
if and only if

9As = 0,d4 = oA+ 0A

To find a holomorphic section we will try to find a function f : CP! — C such that e/ is a global

nonvanishing holo section. The equation becomes
0=0As=0s+A"s — §f =_A" s=¢f

We want to show this always has a solution. On the open cover Uy U Uy, the Poincare lemma tells

us that there exists solutions fy, f; agreeing on the intersection C*, i.e.

fi—fo)=0

Hence, we may Laurent expand:

fl _fO = chzn

nez
This allows us to define a holomorphic f by
fo+ chz” on Uy
f = n=0
fi— chz” on U;
n<0

Remark: this can also be seen from the Hodge decomposition, i.e. H!(5%) =0 = H%!(5?) = 0.

2.7.5 Connections on complex vector bundles
A connection on a vector bundle is a differential operator that takes a section of E and outputs an
E-valued 1-form, satisfying the Leibniz rule. It extends to a map

D: C®(X,E® AFQ) - C®(X,E® AF1Q)

that satisfies a graded Leibniz rule. If we trivialize E in a neighbourhood by sections ey, ..., e,, then
an E—valued k form has the form o = s; ®e; +... +s, ®¢, for some k-forms s;. The Leibniz rule then
shows that

Do = sti ®e; + (—1)ksi ® De;
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So all we need to know is what De; is, which can be expressed in terms of a matrix of one-forms

A = (ajj)
DEj = Zﬂi]' ®e;
Hence, we can rewrite D in a local trivialization where 0 = s = (s1,...,5;)

Do =ds+AS

The transformation rule is as follows: if g transforms from the second trivialization to the second,
then
s=gs’,D(s) = gD(s’)

then ds =dgs’+gds’ = g(g"'dgs’+ds’) and hence
D(s)=ds+As=g(g'dgs’ +ds’)+ Ags’ = g(ds’ + (g 'dg + g 1 Ag)s’) = gD(s') = g(ds’ + A’s")
and hence
A =gldg+g'Ag
Applying D twice we see that the curvature is given by

D%s=(dA+AAA)s

Definition 2.46 (Compatibility with Hermitian metric): We say a connection D is compat-

ible with a Hermitian metric on the complex vector bundle E if
d{o,t} ={Do,t} + (-1)’{o, D1}

forany o € C¥(X, wx c)’ ®E), T € C¥(X, wx ) ® E) where {0, T} is the hermitian product on

the E part and wedging on the form part.

Proposition 2.47 (Local matrix of a compatible connection): A connection D is compatible

with h if and only if in an isometric trivialization e; such that h(e;, e;) = 6;; we have

A =_A

Proof. We have {0,7} =0T AT. Now we can apply the Leibniz rule
dio,ty=doT AT+ (-1)PoT AdT
On the other hand, D =d + A so
(Do, 1} =(do+Ac)T AT=doT AT+ (-1)PoT AAT AT

and
{o,Dt} =0T A(dt+AT) =0T AdT+0T AAANT

Hence,

(Do, 1} + (-1)P{o, Dt} —d{o, 7} = (-1)Pa T A(AT + A) AT
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Note that if H denotes the matrixof the inner product, then for an arbitrary frame we have dH =

ATH + HA. If A is compatible, then this can be thought of as a commutator.

2.7.6 Connections on holomorphic vector bundles

Let now X be a complex manifold. By projecting Q}(,(C onto the (1,0) and (0,1) parts, we get

operators D!'%, D% which locally behave as

DY0s=09s+ A0 A5

D"'s=0ds+ A% As
They also satisfy a Leibniz rule. If E is a holomorphic vector bundle, then the transition matrices
are holomorphic and we can define dg locally by applying o to each entry in the trivialization,

and this will glue by the Leibniz rule as El applied to a holomorphic matric vanishes, i.e. Ig(s) =

§E(Ms) = 5(M)s + MéEs = +M§Es.

Definition 2.48 (Chern connection): There is a unique connection on any Hermitian holo-

morphic vector bundle (E, h) such that D! = 9.

Proof. If such a thing exists, it will kill off any holomorphic sections, and hence in the local
formula D%! = 9 + A%! we must have A%! = 0 and so A is a matrix of (1,0)-forms. Now, we have
by compatibility that

dH;; = d{e;, ej) =(Dej,e;) +e;, De;) = (akiex, €;) +{e;, axjex) = ax;Hyj + ax;Hix
where H is the matrix for the inner product. In other words,

dH=ATH+HA

Since A consists of only (1,0)-forms and H is a matrix of functions, we can compare the (0, 1) part
to conclude that

JH=HA — A=H 0H
Now, the Hermirian inner product is a section of Hom(E ®E — C) = Hom(E,EV) which should

transfrom as in the schematic diagram

L,)EV

Tgr

\%
E——E

<<

Le. H' = gT Hg. We now check that A transforms correctly, i.e. is coherent with the transformation

rule A’ = g"'dg + ¢! Ag. But g is holomorphic, so 0 = dg = dg. Hence,
__1 — T _ T T _ o — _ p— T
H' JH'=(g"Hg)'d(g"Hg)=(g"Hg) '[dg Hg+§ dHg +g Hog| =
T \—1r— — — 11, = — _ _ _ _ )
=(g"He) '[g"(JHg+HJg)|=¢ 'H (dHg+HIg)=g 'Ag+g 'dg=g"Ag+g 'dg=A
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Corollary 2.49 (Corollary): For the Chern connection D we have that dA = —A A A and hence
the curvature dA+ A A A = A is of type (1,1), and moreover d—exact.

Proof. Expand the equation IM~! = ~M~1dMM™! for M = H and use the defining identity for
A. O

2.7.7 Revisiting line bundles

When L is a line bundle, the Hermitian matrix is given by {e;,e;) = |le;]|* for some trivializing
. . . . —1 = .
section e;. Hence, we hacn write this as a function H = ¢™¥ and then A = H JH = —d¢ which

shows that the curvature is simply A = dd¢. Hence,

S—F(A) = 5—3Jdlogss]

Definition 2.50 (Positivity): L is positive if it admits a metric h whose Chern curvature form
defines a Hermitian product on Tx. In other words, if h is given by a weight @, this is equivalent

to
2

F=39¢(z) = Za—_“”dzj AdZ,

dz;dz

having (%) positive definite. An example is O(1) on CP" which products the Fubini-Study

metric.

2.7.8 The relationship between the Chern and Levi-Civita connection

Flatness of J

Note that, by definition of an induced connection, we should get the Leibniz rule to define V]

implicitly as a section of End(T X):
V(J,v)=(V],v)+(J,Vv)

Hence, V] = 0 precisely when J(Vv) = V(Jv), i.e. ] commutes with V. Assuming this holds, let’s

see what happens:

Now, we apply this to the fundamental form w = g(J—,—) and see that the induced connection

must satisfy
d(g(JX,Y))=V((JX,Y)) =V(w(X,Y)) =

=" (Vo)(X,Y)+ (VX Y) + 0(X,VY) =
= (Vo)(X,Y)+g(JVX,Y)+ g(JX,VY) =
= (Vo)(X,Y)+g(VJX,Y) + g(JX,VY) =

_Levi-Civita compatible with g (Va))(X Y)+ d(g(]X Y))
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Hence, if VJ = 0 for the Levi-Civita connection, we must have that Vw = 0. In fact, this is an if

and only if, since this computation tells us that

(Vo)(X,Y)=g(VIX-]VX,Y)
So for the Levi-Civita connection, V] =0 <= Vw = 0.
Expressing d using V

Now consider an arbitrary connection V and the formula for the exterior derivative
(do)(X,Y,Z)=X-w(Y,2)-Y - w(X,Z)+Z -w(X,Y)-
w([X, Y], Z)-w([Y,Z],X)+w([X,Z],Y)
We use the torsion
T(A,B) = V4B —VpA-[A,B]
The previous calculation showed that
(Vw)(A,B) = d(w(A, B)) - w(VA, B) — w(A, VB)
Contracting, we get
1c(Vw)(A,B) = C - (w(A,B)) - w(VcA,B) - w(A, V¢ B)

We can now replace each [A, B] with V4B —-VgA - T(A, B) to get:

do)(X,Y,Z2)=X-w(Y,Z2)-Y - w(X,Z2)+Z -w(X,Y)-
w(VxY-VyX-T(X,Y),Z)-w(VyZ-VzY-T(Y,Z), X)+
w(VxZ-VzX-T(X,Z),Y)
Using the above formula for Vw, this converts to

dw(X,Y,2)=[X -w(Y,Z)-w(VxY,Z)-w(Y,VxZ)]
Y- w(X,Z) - (VyX,Z) - (X, Vy Z)]
+HZ 0(X,Y)-w(VZX,Y) - w(X,VzY)]

+o(T(X,Y),Z)+w(T(Y,Z),X)-w(T(X,Z),Y) =
=1xVw(Y,Z) - 1iyVu(X,Z)+1;Vw(X,Y)
+torsion

In particular, for the Levi-Civita connection, the torsion term is 0 and hence Vw =0 = dw = 0.
Relating the connectons

We would like to relate the Chern connection € on T'°X and the Levi-Civita connection V on

TX, which are isomorphic as real bundles.

If € =V, identified using the isomorphism, then since € is C-linear and the isomorphism iden-
tifies i with J, then V would be J-linear, i.e. i(C—) = C(i—) gets converted to J(V-) = V(J-), and

hence V] = 0 which then implies that Vw = 0 and finally dw = 0, since V is torsion-free.
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Conversely, supposing that w is Kdhleri.e. dw = 0, then we can check this locally? The Levi-Civita
and Chern connections coincide on C" and since any Kahler metric osculates to the standard one
up to second order, then the connections would have to coincide, since the matrices of these

connections depend only on the metrics up to first order (hmm...why?)
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2.8 Kaihler geometry, del del bar lemma, Fubini-study metric

In this section we introduce a large class of complex manifolds for which we will prove the Hodge

decomposition, namely the Kdhler manifolds.

2.8.1 Hermitian structures and Kihler forms - linear algebra

Let V be a complex vector space and Vg be the underlying real vector space and Vg = Vg ® C its
complexification. Further, let W = Hom(V,R) be the dual of V and define Wg and W similarly.

These vector spaces have an almost complex structure and split as before:

V(C — VI,O ® VO,I’ W(C — WI,O ® WO,l

The second exterior power splits as

A we= \Woem 0 awthe A wo

We denote the middle part as W!! and by Wﬂél its real part.

A Hermitian form on V is a map V x V — C that is C-linear in the first variable, C-antilinear in
the second and satisfies h(u,v) = h(v,u). There is a correspondence between real (1,1)-forms and

Hermitian forms, as the following proposition shows.

Proposition 2.51 (Hermitian forms and 1-1 forms): There is a bijection between Hermitian
forms on V and real (1,1) forms on V given by h+— —Im(h) and w v h with h(u,v) = w(u, Jv)—

iw(u,v)

Proof. Since h is Hermitian, we see that w = —Im(h) is alternating. It is of type (1,1) since w(u —
iJu,v—iJv) = 0 (since h is Hermitian) i.e. it vanishes on pairs of elements of V1" and similarly

with V01,

To show the converse, put h(u,v) = w(u,Jv) — iw(u,v). Then h(u,Jv) = w(u,—v) —iw(u,Jv) =
—w(u,v)—iw(u,Jv) = —ih(u,v). Since w is of type (1,1), we have that w(u,Jv) = —w(Ju,v) using
the fact that 0 = w(u —iJu,v —iJv) = [w(u,v) — w(Ju,Jv)] — i[w(u,Jv) + @(Ju,v)] and looking at the

imaginary part. Now, using the fact that w is alternating, we have

h(v,u) = w(v,Ju)—iwv,u) = w(u,Jv) +io(u,v) = h(u,v)
In other words, h is Hermitian, as desired. O

In coordinates, fixing a basis zi,..,z, of V, denote h(zi,zj) = hz’j- Then if u = (uy,...,u,),v =

(v1,...,vy), we have h(u,v) = }_h;;u;v; and can thus write

h= ZhﬁZ?@Z_j*
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Now,

w(u,v)=-Im(h(u,v)) = — (h(u,v) —h(u,v)) = =(h(u,v) — h(v,u))

i.e.
i _ —_
w(u,v):z E hij(uivj—viuj)

which means we can identify
i * —%
w=g > hijzi AZ

since [z} /\E’]*-](u,v) = UiV —vilj.

2.8.2 Hermitian forms and Kdhler forms on complex manifolds

Now, on a general complex manifold, we always need to bear in mind the identification TR®X ~
T10X given by v > (v —iJv). We see that there are three types of equivalent structures on the
linearization: the J-invariant Riemannian metrics g on the real tangent bundle, the Hermitian
metrics on the holomorphic tangent spaces and the real (1,1)-forms. Moreover, any 2 of these
determine the third via the equality

h=g-iw

Definition 2.52 (Hermitian metric and Kahler forms): A Hermitian metric on a complex
manifold X is a collection h, of Hermitian forms on the holomorphic tangent space T°X. To
such a collection of metrics we can associate the real 2-form of type w = —Im(h) € Q%}R N Q;(’l,
called the fundamental form. This form is called Kahler if it is closed, and this is equivalent
to the matrix h;; defining h being positive definite, by the fact that dw = 0 is equivalent to
the osculating of h to the standard metric in some coordinate system. Finally, we can also
associate g = Re(h), the associated Riemannian metric, again identifying the holomorphic and

real tangent spaces. The inverse identification is given by g = w(—,]-).

Remark: In the lectures, we divided by 2 - this comes down to the fact that we put the half when

we identified the real and holo tangent bundles, i.e. we put v — %(v —iJv).

The canonical example of a Kéhler form is the 2-form associated to the standard inner product

on C", namely the form w = %Zdzi Adz;.

The fundamental form is related to the volume form of a complex manifold. Given a complex
manifold X with a Hermitian metric k, let eq,...,e,, € T, X be an orthonormal basis for h, over C.
Then ey, ]ey,...,e,, Je, is orthonormal for g, = Re(h,), the Riemannian metric. Denote the dual

basis for Qx ,r to be dx;,dyy,...,dx,,dy, and put dz; = dx; +idy;. We have

Wy = % Zdzl- Adz;

and hence
n :
% - (%)”dzl AdZy... Adzy AdZ, = dxy Ady, ... Adx, Ady,
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and so w"/n! is a volume form. In particular,

Vol(X J—>O

If w is Kahler, then w* is closed for all k, so it defines a nontrivial De Rham cohomology class
in H?*(X,R) for the following reason: if w* = d#, then w" = d(w" ¥ A 1) and by Stokes’ theorem
we will get that Vol(X) = 0, which is impossible. Hence, if a manifold is Kéhler, it has to have

nontrivial de Rham cohomology groups in all even dimensions.

2.8.3 Projective space and the Fubini-Study metric

In this section, we show that any projective manifold is Kahler, using the Fubini-Study metricﬂ

Recall that complex projective space P" has an open cover consisting of U; = {(wg : ... : w,)|z; #
0} ~ C" sending (wg : ... : wy) > (7:}—?,..., Z—']‘) (omitting the i-th component which is just 1). On this

patch, define
o i — w] >
w; = b ddlog( E |wi| )

Under the trivialization ¢; : U; — C", this corresponds to
éaélog(l + lek|2)
We want to show that these glue to a global closed form on P". But
log() 1= = 10g(12 )| %) = log(1 ) + og()_ =L
So to show w; and wy agree on Uy N U;, we need to show that

5 Wk2y _
9310g<|wi| )=0

When i < k, on U; the function wy/w; corresponds to the k—th coordinate on C" under ¢;. But

datog(eP) = ol - 31=2) = 9 %) = o) =0

Hence the w; glue together to a global form w. Moreover, it is clear that dw = dw = dw =0, using
-2 — —

the fact that 9> = 9 = 0 and dd = —dd, so w is closed. Moreover, w; = w; using the fact that

90 = 99 = —d9, hence w is real.

To show that w arises from a metric, we need to show that its matrix is positive semidefinite.

However,

> 2y Ldzidz (L zidz) A (L zidz;) _
0+ Y ) = T T (e Esr T AT R L

3Note that the Fubini-Study metric can also be defined as the Chern form associated to the tautological line bundle

over projective space - see Voisin 3.3.1
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Now h;; =(1+) |zl-|2)6i]- —Z;zj which is positive by using the Cauchy-Schwarz inequality:

x(hij)% = x' T2 +x'2'2x - x'22' % = (x,%) + (x,%)(2,2) = |(x,2)] > 0

This completes the demonstration that projective space admits a Kédhler metric.

Remark: The 9 is not coincidental: after showing the Hodge decomposition for Kahler manifolds,

one can prove the so-called dd-lemma, which says that any d-closed form is locally dd-exact.

Remark: Any complex submanifold of a Kdhler manifold inherits the Hermitian metric and more-
over inherits a Kahler form, and hence is Kahler. We have thus shown that any projective manifold

is Kdhler.

2.9 Hodge theory of Kihler manifolds

We conclude with a section proving the Hodge decomposition for compact Kahler manifolds. To
do this, we first define the Hodge star operator, which will allow us to construct duals, or adjoints,
of the operators d,d and d. We then define Laplacians and harmonic forms, and show that any
cohomology class can be represented uniquely by an element of the vector space of harmonic
forms. Then, we prove the Kéhler identities, which allow us to show that the harmonic k-forms
split into a sum of the harmonic (p,q)—forms, and then we conclude by using the isomorphism

between k-th cohomology and the k-th harmonic forms.

2.9.1 The Hodge star and adjoints on smooth manifolds

Let X be a compact smooth manifold with a Riemannian metric. This induces a metric on the
differential forms as follows: if ¢y, ..., ¢, is an orthonormal basis for T ,, then the e; Ao A e;fk form

an orthonormal basis for Q])‘( o

Definition 2.53 (Hodge star): The Hodge = operator is the unique operator Q]}‘( — Q;’{k such
that
a A=p ={a, p}Vol

where a, p € A¥(X) are sections of Q')‘( and * is induced from the operator on bundles given by

composing a section with .

The existence of the Hodge star operator is guaranteed by the following reasoning:
Firstly, we have the isomorphism
Q% ¥ ~ Hom(Q% ,, Q% ,)

given by the right wedge product. This is an isomorphism, as the map is clearly injective and

also the two vector spaces have the same dimension. Note that when the manifold is Riemannian,
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it has a volume form so QY _ is canonically isomorphic to R. Moreover, the metric gives us an
isomorphism

Q]}‘(’x = Hom(Ql}‘(’x,R)

given by w — (—, w). Composing these isomorphism we have:
Q% . ~ Hom(Q% ,,R) ~ Hom(Qf ,, Q% ) ~ Q% ¥
X,x — om( X,x’ ) - om( X,x’ X,x) - X x
Denoting this composite map * and unraveling the definitions, we see that for a section § € A*(X),
+B is the element in A" ¥ (X) such that wedging with it produces the same map as using the metric:

~ Axf =, p}Vol

Definition 2.54 (L? metric): On elements a, ff € AK(X) we have the L* metric defined by

(a,B)p2 = L{a,ﬁ}VoL

where x = {ay, By}x is a function of x.

Immediately from the definition we see that («, f);2 = fx a A=p.

[ Proposition 2.55: The Hodge star operator satisfies > = (—1)kK(=k),

Proof. * preserves metrics, so we have
Ay A *ﬁx = (aw ﬁx)xVOIX = (*axr *ﬁx)xVOIX = *ﬂx ANxxory = (_1)k(n7k) *x0y A *ﬁx
O

Let d : AX(X) — AF*1(X) be the exterior derivative and define d* = (—1)f+ ! od o+ = (—1)k+1)+1

od o +. This is called the adjoint to d for the following reason:

Proposition 2.56 (Adjoint property): If X is compact or only compactly supported integra-

tion is allowed, then

(0(, d*‘B)LZ = (da,ﬁ)LZ

Proof. Let a € A*1(X),p € AX(X). Then (da, )2 = dea A=B. However, d(a A*f) =da A+p +

(=1)*1a Ad + . Integrating over X and using Stokes’ theorem, we get

(dapls = (1) | andep

But (a,d*B)2 = IX a Ax(=1)k <1 d« p= (1) IX a Ad=p and so the two quantities are equal. [
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Remark (Local expression for the Hodge star and the adjoint): Locally, for a form u = ugdz;

we have that

k9
du=— ﬂl dx
- Jx; Ix| AT

2.9.2 The operators 0 and d on complex manifolds

The Hodge star operator was defined for smooth manifolds in the previous section. Now let X
be a compact complex manifold. We can extend the Riemannian metric to a Hermitian metric
on the complexified cotangent bundle and extend * C-linearly to complex-valued forms. In local

coordinates, if
a = ZOC]JdZI A dZ],/i = Z/}I’]dzl A dZI

are in Q’;(’q, then their Hermitian product at x is equal to

(o e = ) _ary(x)ry(x)

We define the complex Hodge star by the identity

{axl ﬁx}hVOIx =ay A %

and the Hodge star takes a (p,q) form to an (n—g,n — p) form - note the swapping of p and ¢! It
gives an isometry

QPAa _, Q191

Recall that d = 9+ d on complex manifolds and since a complex manifold has underlying even
dimension, then (-1)"**1)*1 = _1 and we can define the duals of d and d to be 9" = —+d*, 9 = —x0x.

These satisfy the same adjoint property as d:

Proposition 2.57: J* and J are formal adjoints of d and J* respectively.

2 7
~— ~— A
) L : ,q+1
r(QF r(Qy ™7 r(Qy Q&™)
7’\8_/ ~_
' 7

Proof. We show this for d, the other case being analogous. Firstly, if a is of type (p—1,9) and B of

type (p,q) with n = p + q beng the dimension of X as a complex manifold, then

(da, B)2 = L&a /\@

However, a A @ is of type (n—1,n) and hence d(a A *g) = d(a A *B). Now by Stokes’ theorem,
0= J d(a A*p) = J a A*B) = (da, )2 + (~1)PFa1 f N (2.1)
X X X
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But note that

(o, 0" B);2 ZLOC/\*WZLaA*—*E*ﬂz(—l)LaAwa*ﬁ

The last equality comes from the fact that * is a real operator. But d+ 8 is a form of type (1n—p +

1,1 —q) on which #+ acts as (~1)?""P~9*1 = (=1)P*4*! and hence

(@,dB)p2 :(—1)P+qj and*P (2.2)

X

Combining (6.1) and (6.2) gives the result. O

Remark: The preceding constructions can also be extended to the case of holomorphic vector

bundles with the operator Jp as in the Dolbeault complex of a holomorphic vector bundle.

Remark (Local expressions): Locally, for v = v; xdz; A dzg we have
*P = 5]’KV],KdZC] A dECK

where C denotes the complement and e€;x is the sign of the permutation
(=1)3=P)sign(J, CJ)sign(K, CK). Using this, we can find a local expression
n

—* Bv K _
av:—*a*V:—Z a;l léZ’dZ]/\dZK
=1

In other words, we are differentiating the functions and contracting the form part with the

conjugate.

2.9.3 Laplacians, harmonic forms and cohomology

For any differential operator 6, e.g. d,d or d define its associated Laplacian as
Ag=60"+0"0

As a corollary of the adjunction properties and we have:

Corollary 2.58: (o, AgB)r2 = (0a,0B)2 + (0%a, 0°B);2. In particular, (a, Aga)r2 = ||0al|® +
6" all®.

Definition 2.59 (Harmonic forms): A 8-harmonic form is a form « such that Aga = 0

.

Hence, by applying we see that a form is 8-harmonic if and only if it is 8 and 6*-closed:

[ Corollary 2.60: ker Ag = ker 6 Nker 6*
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Definition 2.61 (Vector space of harmonic forms): Define H'{; (resp. H%) to be the space of
all d (resp. 5)—harmonic forms, and Hs’q (resp. Hg’q) the d (resp. 5)—harmonic forms of type
(p.9)-

Now we show that the De Rham cohomology groups are isomorphic to these harmonic vector

spaces, using a big theorem about elliptic differential operators which we quote without proof:

r

Theorem 2.62 (Big theorem on elliptic differential operators): Let P : E — F be an EDO
on a compact manifold. If E and F are of the same rank and are equipped with metrics, then

ker P is of finite dimension and there is an L* orthogonal decomposition
C*(E) =kerP&®P*(C*(F),

where P* is the formal adjoint of P.

We will apply this to the Laplacian A, which is an elliptic differential operator of degree 2, which

is also self-adjoint: A = A*. In particular, we have
AK(X) = HF @ A(AK (X))

Now let’s see what happens when we pass to cohomology: let g be a closed form, g = a + Ay
with a harmonic, i.e. p =a+dd*y +d*dy. But now ,a and dd*y are all closed, hence d*dy is
closed, d*dy e kerdNimd*. But 0 < (d*dy,d*dy) = (dy,dd*dy) = 0 and hence d*dy = 0. Hence f is
represented by a harmonic form modulo some exact form, and the map H* — H¥(X) is surjective.
Conversely, to show injectivity, assume f is harmonic and exact. Then § € kerd* Nimd and again

it must be 0. We conclude that:

Theorem 2.63: Let X be a compact oriented Riemannian manifold. Then the map
HE > HA(X)

is an isomorphism

Remark: Note that this statement applies to the real-valued De Rham cohomology when dealing
with the usual exterior derivative, but also works when we extend it C-linearly with complex-

valued De Rham cohomology.
We can apply the same idea to the Laplacian associated to d to get the decomposition
Co(X, 087 = HP1 @ A5(C™ (X, 0)

Using the exact same reasoning, we get the following:
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2.9.4 The case of Kihler manifolds

Our aim now is to use the isomorphism between the harmonic and ordinary cohomology groups,
together with the decomposition H* = @) HP7 to prove the Hodge decomposition theorem, the

final theorem in this note.

To do this, we will work entirely with compact Kdhler manifolds (the decomposition theorem
does not necessarily hold for non-Kéhler manifolds) and prove the so-called Kédhler identities to

establish the equality between the different Laplacians acting on X.

The construction of the adjoint can be verified by seeing that
aA*AB =(a,AB)Vol =(La,B)Vol =La A+ =a AwA=p

ie. *xA =L% or A=+ 1Lx.

Proof. Let’s use[2.9.2

n

— av]'K _
dvV=—%x0x%v = —Za—alézle]/\dZK



We can now compute and use that contraction is a derivation.

—x% a’l}]yK

[0, Lv=0 WAw)-d vAw=1i|d (vjxdz AdZx Adz; AdZ;) + 3

d
- i[— YK

(910dz; A dzg)dz; A dzi] =

v e —
YLK (G adzy A dzg)dz: A dZ;
(921

éz_l(dZ] ANdzg Ndz; ANdz;) +
(92[

d
= i[(—1)P+q+2;—;fdz, ANdzZg Adz

d —
= i[(_l)p+q+l ;/—;leZ] ANdzZgd;a(dz; Adz;)

d
WAS dzy Ndzy Ndzg = idv
aZl

=i

Proposition 2.67 (Kidhler identities):

[0,L]=id,[d" L] =—id
(A, 9] =—id",[A, 9] =id

Proof. Since w is real, the Lefschetz operator and its adjoint are as well, i.e. L = L and hence the

identities come in conjugate pairs. Also, the first one on the first row implies the first one on the

second row by adjointness:

(IA, ), v) 2 = (u, [5*,L]V)L2 =(u,idv)2 = (—id"u,v);2

However, the first one follows by the fact that the Kdhler metric is the standard metric up to order

two in a nice set of coordinates, in which case we just invoke the local computation from [2.66}

which only uses terms up to order 1. O
Corollary 2.68 (Comparing the Laplacians): We have Ay = Az = %Ad
Proof.
Ag=dd*+d*d =0+ ) +9 )+(9"+J )(I+0) (2.3)

Notice that by the Kdhler identities,
99 =i[A,0]d = —idAd

and similarly

00" =idAd
i.e.

9'd=-39"
Also, note that we have 90 = —da.
Expanding (6.3) we get

Ay = 0 +00 +00"+9D +3* 9+ I+d I+d 9
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Now, the gray bits are both 0 and we are left with
Ag =247y +9d +9 0
Butd = —i[A, d] so we get
Ag=A0y+0(-iAd+idA)+(=iAd+idA)d = Ay +id[A,d]+i[A,d]d = 2A,
The other case is proved in exactly the same way. O
Now, since Ay is bihomogenous, i.e. keeps the bigrading the same, the same will apply to A,.

Hence, if we have a d-harmonic form a = )_ aP9, we deduce that each a” is d-harmonic. In other

words,

Theorem 2.69:

H* = P HPA

p+q=k

Notice that HP1 = H%P since if § is harmonic of type (p,q), then § is of type (g, p) and
AT = A= Agp =0
i.e. B is harmonic as well.
Now recall that by theorem [2.63| we have that
HPA ~ HPA(X)

and

HE ~ H*(X)

This allows us to conclude:

r

Theorem 2.70 (Hodge decomposition): We have the decomposition

HK(X,0)~ € HP(X)

p+a=k

Example (Hodge numbers of projective space): We have that HPP(CP") ~ CwP, HP1(CP") = 0.

Corollary 2.71 (Holomorphic forms are closed): Given a € H(X,QP) = HP*(X), i.e. @ =
0, we also have that, for degree reasons, 9 a =0 and hence Aza = 0 and hence Ayja = 0 and so

da =0.

Corollary 2.72 (Del del bar lemma): Suppose v is a d-closed, d—exact (p,q)—form. Then it is
of the form dd¢
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Proof. Put v = d1. We have, by the decomposition, 1§ = a + df + 9*y with a harmonic for each of

the three operators, since we are on a Kédhler manifold. We get
v=0dp+3dy =-0dp - Iy

But now since dv = 0, we must have that 88*5)/ =0, i.e. 5)/ € ker(d) Nim d* = 0. This follows,
since if d*x is in the kernel of d, then 0 = (x,dd*x) = ||9*x||* so d*x = 0. O
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3 Algebraic Geometry

3.1 Affine algebraic geometry basics

An affine variety is a zero locus V = V(S) where S C k[xy,...,x,] is some set of polynomials.

3.1.1 The Zariski topology

Definition 3.1 (Zariski topology): The topology on an affine variety can be defined either as
the one induced by the Zariski topology on A" or by using coordinate rings: W C V is closed iff
W =V(J) with J an ideal in k[V] = k[x1,...,%,)/1(S).

These turn out to be equivalent definitions: suppose W is closed in the intrinsic topology. Then
the preimage of J via k[xy,...,x,] = k[V]is an ideal ] which contains I = I(S). Hence W = V(J) =
V()N V is closed in the induced Zariski topology, i.e. the extrinsic topology - this is because I C ]
implies V(J) € V(I).

Conversely, if W =V(J)NV =V(J)NV(I) = V(I +]) this immediately means that it is of the form
W =V({T+)).

3.1.2 The Nullstellensatz

To any affine variety, using the Nullstellensatz, we can first associate its coordinate ring and then
look at MaxSpec(k[V]) with the Zariski topology - this recovers the points of V! To prove this,
one basically sees that any point in V naturally gives a maximal ideal (the kernel of the evaluation
map). Conversely, a maximal ideal m C k[x,...,x,] gives us a field extension k C k[x]/m = K - this
is a finite algebraic extension by prop. 7.9 in Atyiah-Macdonald. But k is algebraically closed,
hence k = K, and the images of x; must be in k, i.e. m C (x; —4y,...,x, —a,) and this must be an

equality by maximality of m.

From this we deduce that since any ideal is contained in a maximal ideal, by taking V, any nonunit
ideal contains some V(m), which is a point, i.e. is nonempty. This also allows us to prove the
strong Nullstellensatz, by using the Rabinowitsch trick: consider an affine variety V defined by
an ideal I. Then, for some f € I(V), consider the ideal of k[x,...,x,, T] generated by the image of
I and also 1 — fT and call this J. We can see that the zero set of this is empty, since if all things
in I vanish on some point 4, then a € V and hence f(a) = 0, contradicting the fact that we need
1 - fT to vanish as well. Therefore V(J) = 0 which by the weak Nullstellensatz implies that J is
the unitideal,i.e. 1 =) T"h, + (1 - fT)g where h, € [ and g € k[xy,...,x,, T]. Setting T = 1/f then
shows that some power of f isin I, i.e. I(V(I)) C VI. The other inclusion is easy.
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Another way to see this is to apply the Zariski lemma again: take an f that is not in V1. In other
words, it is not in the intersection of all primes containing I and hence there must be some prime

p containing I but not f. Form the composition
k[x1,...,x,] = R— R/p = (R/p)[f '] = (R/p)[f ' Y/m =k

m is a maximal ideal of the localization ring, and the quotient by it is a finite extension of k, which
must be k itself since k = k. Since I C p we have that the image of the coordinates x; produce a
point (ay,...,a,) € k" which is in V(I) and also we must have f(ay,...,a,) # 0. This means that if

f is not in the radical of I, then it is not in V(I).

Schemes are introduced to take into account double points - for instance, when we look at the
intersection of y — x> and v, this gives a single point using the maximal ideal interpretation, but

really the coordinate ring is k[x]/(x?) - this has only one maximal ideal but two prime ideals!

3.1.3 The main correspondence

Proposition 3.2 (Main correspondence): Affine varieties correspond precisely to the finitely

generated reduced k-algebras, by taking their coordinate rings.
{Affine algebraic varieties} <> {F.g. reduced k-algebras)

In fact, this is an equivalence of categories, where one has to be taken with opposite arrows.

On one hand, the association is easy: given a map V — W between affine varieties, we can just
form the pullback k[W] — k[V]. The association on the other side works as follows: given a
map ¢ : k[X]/I — k[Y]/], where X = {x1,...,x,}Y ={y1,..., 9.} we first create f; = ¢(x;) and pick
representatives of f; in k[Y]. Now we want to produce a map V(J) — V(I). We do this by sending
aeV(])to (fi(a),..., fu(a)) € k". The choice of representatives of f; doesn’t matter since we are in
V(J) i.e. two different choices will have a difference that vanishes on it and we get the same result.

We have to show that the image is contained in V(I).

To see this, let g € I. Then g(fi(a),..., f.(a)) = @(g(x1,....x,))(a) = O (we use the fact that ¢ is a

k-algebra homomorphism). More precisely, we have the diagram:

k[X] kY]

| L

KXV —2 k[Y)] -2 k

For any a € V(J), we have that ] C m, and hence we get an induced evaluation map k[Y]/] — k.
What we are really doing is taking the images of x; in k and bunching them up into one element
of k", i.e. to a € V(J) we associate an element w = (ev, o @(x7),...,ev, o @(x,,)) € k™. To see this is in

V(I) we check g(w) =ev, o @(g(xy,...,x,)) =0when gel.
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3.2 Schemes

3.2.1 Affine Schemes

The moral of the whole story is that coordinate rings are nice and are more of an intrinsic in-
variant of an affine variety, i.e. independent of how it is embedded in affine space. However,
the association V +— MaxSpeck[V] is not functorial - what we actually need is Spec! As already

mentioned, this takes care of double points and is functorial, so is much better.

Definition 3.3 (Affine schemes): An affine scheme is a topological space of the form Spec(A).
We should think of A as the ring of global functions on this space. In particular, evaluating a € A
at a prime ideal p is done via the sequence of maps A — A/p — x(p). we then define the closed

sets of the Zariski topology as “vanishing sets”:

V(f) = {plevy(f) = 0} = {plf € p}

In general, V(I) = {p|I C p} = Spec(A/I). Also, the basic open sets are the complements of V(f):

D(f) = {plf € p} ~ Spec(A[1/f])

In this way, closed subsets of affine schemes are naturally affine schemes, and also basic opens
have the structure of affine schemes. This will allow us to define a sheaf on this topological space.
Note that V(I)UV(]) = V(IN]) precisely because we are dealing with prime ideals,i.e. IJ CINJ Cp

implies that p contains one of I or J, and vice versa.

Remark: maximal ideals are closed in this topology, since V(m) = {m}. Also, the generic point (0))
is dense: its closure is the whole space. Remark: An element f € A is nilpotent precisely when

D(f) is empty, as in that case f € Np, the nilradical.
To prove that D(f) =~ Spec(A[1/f]), we need to recall some results (from Atyiah-Macdonald).

Firstly, localization is exact, and moreover the map A — S™! A has the property that any ideal on
the right is an extended ideal. In particular, we have a bijection between prime ideals of S™'A
and prime ideals of A not meeting S: this is because if p C A, then A/p is an integral domain and
we have S71A/S71p = §71(A/p), where S is the image of S mod p. The right hand side sits inside
the field of fractions of the integral domain, so is an integral domain, hence S~!p is either prime

in S71A or the unit ideal, which happens precisely when p meets S.

Hence we have a bijection between primes in A[1/f] and primes in A not containing f given by

extending and contracting respectively.

Now, given any map of rings f : A — B, the map f* : Spec(B) — Spec(A) is continous with
respect to the Zariski topology. This is because we have (f*)_l(DA(g)) = DB(f(g)). Moreover,
(F)"Y(VA(I) = VB((fI)*). Furthermore, the closure f*(VB(I)) = VA(f~!I). To see this, note that
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from the previous property, we have that

VAT ) =V )
The thing on the right contains V3(I) so by applying f* we get that f*(VB(I)) c VA(f~I). For the
other inclusion, assume that f*(VB(I)) c VA(J) for some ideal ] C A, so f*(VB(I)) c VA(J). Then by
just chasing definitions, this means that

Je( V==

Icy

Hence, VA(f~1I) = VA(y/f~1I) c VA(J) and we are done.

In particular, applying this to the zero ideal in B, we get that if f is injective, then f*(Spec(B)) =
Spec(A), so the image under f* of Spec B is dense in Spec A (since the inverse image of 0 is 0 for

an injective map).

Now let’s get back to the case of localizations. Since every ideal in S~'A is an extended ideal, the
map f* is injective. Hence f* gives a continous bijective map from Spec(S~'A) onto its image in
Spec(A). If we put the subspace topology on this image, we only need to show that the inverse
map (the extension map) e : im(f*) — Spec(S~!(A)) is continous. But e~}(D(g)) = im(f*) N {I|g ¢

I} =im(f*) N D(gp), where g = go/s. Hence the map is a homeomorphism onto its image.

In particular, Spec(A[1/f]) — Spec(A) is a homeomorphism onto the basic open set D(f).

Example (Fibers given by maps of affine schemes):

Whenever we have A — B, then the fiber of p C A in the induced map f* : Spec(B) —
Spec(A) can be identified with Spec(x(p) ®4 B). This is the fiber product of Spec(B) with
the immersion Spec(x(p)) — Spec(A) representing the point p, and hence is the fiber of that

point in Spec(B).

3.2.2 Sheaves, stalks and other constructions

We went over the definition of presheaves, sheaves, morphisms of sheaves, stalks. In the exercises,

we proved that injectivity and surjectivity are stalk-local.

r

Definition 3.4 (Sheafification): The universal free construction on a presheaf to give a sheaf:
.FSh(U) ={(fp) € l_[]-;,lfor every, p € Uthere is some open neighbourhood
peU

V,, and a section s € F (U) such that s, = f,,Vq € Vp}
This both creates new sections that could have been created and deletes incoherent sections.

While the kernel of a sheaf is a sheaf, one needs to sheafify the image and cokernel to get sheaves!
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Definition 3.5 (Direct and inverse image sheaves):
fF(V)=F(f'V) is a sheaf whenever F is .

For the inverse image, we first introduce the inverse image presheaf and then sheafify:

f716(U) = lim G(V)
fucv

Note that f*g,, = gf(p). Also, the two are adjoint functors.

3.2.3 The structure sheaf on affine schemes

Consider the basic opens D(f) - we want to think of the ring of functions on these as the rings
A[1/f], since we are away from the vanishing set of f and A is our global ring of functions. So we
associate rings to basic open sets in this way, which (almost) constitutes a sheaf of rings, which we
denote by O. Note that if D(g) C D(f), then for all primes, g ¢ p = f & p. The contrapositive says
that g € (\()cpp = \/(f_) Hence, we must have a relation g" = uf. So we can easily check that if
D(g) = D(f) which means we have two relations g" = uf, f™ = u’g, then the rings A[1/f] = A[1/g].

This relation also allows us to define restriction maps, by sending 1/f + u/g". In other words,
for any inclusion D(g) C D(f) we get induced maps O(D(f)) — O(D(g)). By an easy calculation,
this is functorial, i.e. respects inclusions (composition of inclusions corresponds to compositon
of restriction maps). Note that for a point p € Spec(A), the taking the direct limit over all opens

around it results in the stalk and we can calculate it:

Example (Stalks on the structure sheaf):

lim O(D) = lim O(D(f)) = lim A[1/f] = Ay = Ospec(a)s
peD fep fep

Let X = Spec(A). Define a base sheaf on X as Ox(Dy) = Ay, which makes sense, as D = Spec(Ay).
This defines a sheaf on a base and can be extended uniquely to a sheaf on X, called the structure

sheaf. For this sheaf, we have that Ox,p = Ap.
Now, recall that D;NDy =Dfoand Dy C D, < f € y/(g), i.e. f" =ag. Also note that Dy =Dyn.

Given such an inclusion, we should have a restriction map in the sheaf, i.e. a map A, - A;. But
this is okay, as this is simply an “inclusion” 1/g +— a/f". We need a key result in order to prove

this construction makes sense:

[ Proposition 3.6 ( Quasicompactness of Spec A): Affine schemes are quasicompact.

Proof. If we have an open cover of Spec A by distinguished opens SpecA = UDy, then for all

primes p, there is some f; ¢ p. But in particular, this holds for the maximal ideals as well, hence
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the ideal generated by the f; is not contained in any maximal ideal and is the full ring A. But then

1 =} f;a;j for a finite number of f; and we have quasicompactness. O

To show that the sheaf on a basis satisfies the sheaf properties, we need to verify SB1 (0) and SB2

(gluing).

SB1) Suppose s = 0 on all Df. This means that s = 0 in the localization ring A, so we must have
that fiNs =0 in A for some sufficiently big N independent of j, since we have quasicompactness.
Now replace fiN by f; - this doesn’t change the associated rings of the neighbourhoods. Now,
fis = 0 for all i. But by quasicompactness, we have that }_ f;a; = 1, for some a; € A. This implies

that s = 0.

SB2) This time, we have sections which agree on the intersections of a cover by distinguished
opens. Let s; = t;/f; (again, replacing powers of f; by f; if necessary). Agreement means that

(ﬁfj)N(tij} —t;fi)=0foralli,j. In other words,

N rN+1 N fN+1
T =T

Now find b; with ZbifiN” =1 and set s = Zf,N b;t;. Notice that f]-N tj = f]-N“si when restricting

to Dy. Hence, restricting s to D, gives us

Zf;Nt]b] = Zf}‘N+15ibj =5s;

So we’ve glued the sections s; to a global section s.
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3.2.4 Examples of schemes

Example (Polynomial ring over a field): The scheme Spec k[x,y] has three types of prime
ideals of heights 2,1, 0 respectively. They are the the generic point (0) which we can think
of as containing everything, the height one ideals generated by irreducible f, which we
can think of as hypersurfaces in affine 2-space, whose closures in turn contain the closed
points given by the maximal ideals (x — a,y — ). The local ring at the point (x —a,y — )
is given by all rational functions whose denominators are regular, i.e. don’t have a pole at
(a, B) - in other words, we’ve inverted anything that doesn’t vanish at (a, ). Similarly, for
the point (f) we have rational functions g/h where f does not divide h - this is DVR with
maximal ideal generated by all those functions where f|g. Finally, for the generic point we
just get the rational functions k(x, ).

The spectra of these local rings should be thought of as zoomed in versions of the scheme
at the point. Note that the Spec of a DVR has two points, one closed point given by the
maximal ideal (f) and one other point which should be thought of as a curve passing
through it, given by the generic point.

There is an important difference between spectra of quotients and spectra of local rings,
i.e. localizations - Spec A/p is a closed affine subscheme, whereas Spec A, is an open affine
subscheme! The first looks like looking only at the algebraic set defined by p, whereas
the second looks like the outside of that algebraic set, and moreover the first one makes p

minimal, whereas the second makes p maximal.

Let’s look at some simple affine schemes, and calculate them by thinking of them as fibrations.
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Example (Integer polynomial ring): Let Spec Z[x] be thought of as a scheme over Spec Z.
We can think of this as a fibration and use the formula[3.2.1]to see that over a prime (p) €
Spec Z, we should get the affine scheme Spec (x(p) ® Z[x]) = Spec (F,[x]). More directly, we
can see that the primes lying over (p) are the primes which contain p and hence correspond
to primes of Z[x]/pZ|[x]. Each of these fibers is a closed affine subscheme which has its own
generic point (p) together with other primes e.g. (2,x> +x+ 1) etc.

For the generic point, we get Spec Q[x] as the residue field x(0) is equal to Z[x](g) = Q(x).
This contains the generic point (0) as well as the irreducible rational polynomials f.

In terms of the topology, a lot more is going on. Take x> + 1 which lies over the generic
point (0). Its closure consists of all the ideals which contain it, which for example includes
(2,x+1)as x>+ 1 = (x+1)> = 2x. It also includes for example (5,x + 2),(5,x + 3) and we can
think of this closure as a branched curve going through these points.

We can think of this as the fibration having both horizontal and vertical directions. In the
vertical one, we have the affine schemes Spec Fp [x], Spec Q[x], whereas in the horizontal,
we have the closures given by the closed affine subschemes which look for example like
Spec, Z[x]/(x* + 1) =~ Spec Z[i]. In fact, this affine scheme has three different points and
is also fibered over Spec Z - these are the ramifications points 2 = (1 +i)?(~i), the primes
which stay irreducible (the 3 mod 4 primes) and the primes which split (1 mod 4). Note
also that PicSpec Z[i] is the ideal class group!

Example (Segre embedding): The set of 2 x 2 matrices over a field k with rank less than 2 are
given by the vanishing of the determinant, i.e. the affine scheme Speck([x, v,z w]/(xy —zw).

When we projectivize, we get P! x P! using the Segre embedding!

3.2.5 Schemes and their basic properties

Definition 3.7 (Schemes): Schemes are defined as locally ringed spaces (X,Ox) such that each
point has a neighbourhood Uand an isomorphism (U,Oy) = (Spec A, Ospec(a)) as locally ringed

spaces.

Note that for a scheme (X,Ox)and a point p € X, the stalk Ox , is a local ring, since p has an affine

neighbourhood Spec A where we are identifying it with a prime p and the stalk is A,,.

This motivates the definition of a morphism of schemes as morphisms of locally ringed spaces:
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Definition 3.8 (Morphisms in Sch):

A morphism of schemes consists of the data of a continous map f : X — Y and a morphism
of sheaves f* : Oy — f.Ox (equivalently, a morphism f~'Oy — Ox by adjointness), which
induces maps on stalks: f,: Oy () — Ox,p

In this category, the spectrum of the zero ring is initial, and SpecZ is terminal.

Remark: note that the induced map on stalks follows immediately from the definition using the
inverse image sheaf, as (f‘lOy)lJ = Oylfp. However, if we use the direct image, we first get an
induced map on direct limits: h_)m(’)y(V) - h_r)n(’)x (f~1V), where the limit ranges over all open
subsets V of fp. This means that f~!V ranges over only a subset of the opens around p and we

. _1 . _
must further use a map li)nOX(f V)— h_I)nOX(U) =0x,p.
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Example (Projective line): We are gluing the two affine rings along their affine open subsets
U = Speck[t] - V(t) = D; ~ Speck[t,t '], V = Speck[u] — V(u) = D,, ~ Speck[u,u!] along
t+— u~! (think of plane minus origin). In other words, we are forming a pushout, obtained

from the maps u — v 1t vof rings.

Spec k[v,v~!'] —— Spec k[t]

1 l

Spec k[u] —— P!

Passing to global sections, we obtain a pullback of rings:

k[v,v71] «—— K[t]

T T

k[u] «—— T(PY

Hence, the global sections of P! must be the constant functions, being the intersection of
these two rings inside k[v,v"!].

Now, let’s consider the same thing, but with Z and think about the Z-valued points IP%(Z)
given by morphisms Spec Z — P}. The problem is that the image of such a morphism
might not land in any open affine, so we can consider the preimages of the open cover
of projective space. This will consists of two opens in Spec Z, which generally look like

Spec Z[1/n]. To create a morphism, we glue two morphism as in the diagram

Spec Z[1/n,1/m] —— Spec Z[1/m]

| |

Spec Z[1/n] ——— > SpecZ Spec Z[x,x"'] — Spec Z[x!]

| !

Spec Z[x] — Plz

Supposing that nm = 0, since the two opens cover Spec Z, we must have that (n,m) =

1. We have induced morphisms Z[x] — Z[1/n],Z[x~'] — Z[1/m] given by sending x >

a/n',x ! + b/m* and hence this means that ab = n'm*.
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Example (Continued): From Patrick Da Silva’s comment on a youtube video: "You can
replace D(m) by D(m*) and assume WLOG that k = I = 1 because it doesn’t affect the
map, just how you look at it. Using the fact that Z is a UFD, you can assume that
(a,m) = gcd(b,n) = 1 (because again, this doesn’t affect your map. So the equality ab/mn =1
means ab = mn and since (a,m) = 1, a divides n, and since (b,n) =1, b divides m. So in any
case a/b and b/a are units. Since ab/mn = 1, we can write m = bu and n = av where u, v are
units, and ab/mn =1 gives 1/uv =1, i.e. uv = 1. Writing a/m = a/bu and b/n = b/av = bu/a,
we see that the map Spec(Z) — ]P’% corresponds to the pair (a/bu,bu/a), i.e. an arbitrary
non-zero rational number. It is a crucial theorem for morphisms to projective space that
for a Y-scheme X, a Y-morphism X- > ]P’i, is determined by an invertible sheaf L on X
and an invertible global section of L. Invertible sheaves over UFD correspond to rational
numbers, and a global section of the invertible sheaf corresponding to a/b is just a/b times
a unit of Z! All in all, we such morphisms are in bijection with pairs [i : j] of coprime
integers up to a unit scaling. This same procedure works for all UFD’s, where the Picard
group (i.e. the ideal class group) is trivial. However, for non-UFD’s it does not necessarily

work.

Definition 3.9 (Reducibility and integrality): X is reduced if all its open affines correspond
to reduced rings, and similarly X is integral if the rings are integral domains. It is a fact that X

is integral if it is reduced and irreducible.

Definition 3.10 (Function field): For an integral scheme, the local ring at the generic point is
called the function field and is denoted K(X). For every affine open Spec A, the fraction field of
A is the function field.

Proposition 3.11 (Reduced morphisms factor through closed image): A morphism f :
X — Y with X reduced factors through a closed Z C Y if and only if f(X) C Z set theoreti-
cally.

Proof. Seelhttps://stacks.math.columbia.edu/tag/0356.

Definition 3.12 (Noetherian schemes): A scheme is locally Noetherian if there is a cover by
open affines with global sections noetherian rings. A scheme is Noetherian if it is quasicompact
and locally Noetherian. As is usual, this is a local property and we have that X is Noetherian if

every open affine is Noetherian.
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Definition 3.13 (Finite type and finite morphisms): A morphism of schemes f : X — Y is
of locally finite type if there is an open affine cover {Spec B;} of Y such that the preimage is
covered by open affines f~'SpecB; = USpec Ajj with each ring A;; being finitely generated as
an algebra over B;. It is of finite type if this cover Spec A;; can be taken to be finite.

f is finite if there exists a cover such that f ' Spec B; = Spec A; and A; is finitely generated as a

B;-module. This means that the fibers form finite discrete sets.

Note that Noetherianness and locally finite type, as well as quasicompactness, are local properties
on the codomain. Hence, since finite type = quasicompact + locally finite type, that is also a local
property (i.e. every open affine in Y can be covered by a finite number of open affines whose

preimages have a cover by algebras which are f.g.).

Definition 3.14 (Immersions and dominant maps):
f : X > Y is called an open immersion if it induces an isomorphism onto an open subscheme
(U,Oyly) §: X — Y is a closed immersion if topologically it is a homeomorphism onto a closed

subset of Y and g* is a surjective map on sheaves. f : X — Y is dominant if f(X) is dense in Y.

Remark: Surjective ring homomorphisms induce closed immersions on affine schemes, since they
look like R — A = R/I, and V(I) is closed. Note that surjectivity for sheaves is stalk local, so to
check map on sheaves is surjective, we just need to show the maps R, — A, are surjective, where

p = f~!g. But this is true by surjectivity of f.

Proposition 3.15 (Closed immersons are stable under base change): Closed immersions

are stable under base change:

l

XxgY — Y
X —>S

In particular, they are universally closed.

Proof. We will have to use the fact that closed immersions are defined by the property that for
any affine Spec A C S, its preimage is an affine Spec A/I (since this is what all closed subschemes
of affines look like. Need quasicoherent sheaves to do this, or Hartshorne’s affineness criterion).
In particular, closed immersions are affine! Then this reduces to a local computation, and the fact

that p;1(U) = U xs Y, as well as that B — B/IB is surjective. O

Corollary 3.16 (Closed immersions are proper): We have just seen that closed immersions
are universally closed. Moreover, the diagonal map X — X xg X is just the identity, which is a
closed immersion, which means they are separated as well. Finally, for any affine Spec A C S,
the preimage is the affine Spec A/I which is finitely generated, so it is also finite type. All in all,

closed immersions are proper.
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We have the following properties of finite type morphisms:

* Closed immersions are finite type, and moreover finite

* Quasicompact open immersions are finite type

* Finite type compositions are finite type

* Finite type morphisms are stable under base change

* if X — Y is finite type with Y Noetherian, then X is Noetherian

* Finite type morphisms are proper (this will be proved later). So we could also have just said:

closed immersions are finite, and hence proper.

Remark: Injective maps on rings induce dominant maps on the associated affine schemes, since

the image will contain the generic point. The opposite is also true:

Proposition 3.17 (Dominant maps between affine schemes): Spec A — Spec B is a domi-

nant map of affine schemes if and only if the associated ring map is injective.

Proof. One side was just mentioned. Conversely, assume the generic point of B is contained in the
image, i.e. there is some prime p of A such that f(p) = (0) or in other words ¢~!(p) = (0) where
¢ is the associated ring map B — A. Then we get maps of local rings B(g) — A,, where the left is
Frac(B). Assume @(b) = 0. Then, either b = 0, which is okay, or b = 0, in which case ¢(b) € p and
then the induced map on the local rings will be nonzero, as when we pass to fraction fields we get

an injection (maps between fields are always injective). Hence, ¢ is injective. O

A closed subscheme X of Y is an equivalence class of closed immersions X — Y, where two closed

immersions are equivalent if there is a commutative triangle:

X —— X

NS

Y

Note that closed immersions are monic (in fact, the proper monomorphisms are precisely the

closed immersions), so this gives a notion of a subobject in the category of schemes.

In fact, using the criterion for affineness one can show that any closed subscheme of an affine

scheme is affine (note that the same statement about open subschemes is false) (Hartshorne, 3.11)

3.2.6 The Proj construction

Given a graded ring A = @D A;, we want to associate a schematic object to it. We are using the
convention that the grading is in nonnegative integers and that A, = .., A; is the irrelevant

ideal.
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Definition 3.18 (Proj):

Proj A = {homogenous prime ideals not containing A, }
V(I) ={P € ProjA|I c P}

Now, if f € Ay and A is generated by degree one elements, then we can define a basic open

D < Homogenous nonirrelevant primes of A[1/f] <> All primes in A[1/f]o

(Refer to Vakil for some of this stuff.)

Basically, for a homogenous prime not containing f, associate its localization as usual, and then
intersect with degree 0 part to get a prime in A[1/f];. Conversely, given a prime pin A[1/f ]y, one
can clear all the f denominators to get a prime in A which does not contain f, i.e. g={ala/f" €

p} C A. This allows us to identify Dy =~ SpecA[1/f ]o.

Now, note that in this case, we still have Df al Dg = ng. Under the identifications, we see firstly
that SpecA[1/fglo ~ Dy,, which is an open subset of Df ~ SpecA[1/f]o. In fact, this identifies
SpecA[1/fg]p as an open subset of SpecA[1/f ]y, sending a prime in the first to a prime in the

second by clearing out all the g’s in the denominators.

SpecA[1/fgly «—— Dfe=D;ND,

l l

SpecA[1/f]y «— Dy
This also realizes Spec A[1/fg]o as D(g/f) C SpecA[1/f]o, since A[1/fglo =~ A[1/f]ol(g/f)7"], so
primes in the first correspond to primes in the second not containing g/f, and this allows us to
define a scheme structure on the basis of distinguished opens, i.e. ProjA is affine in the distin-

guished open neighbourhoods, and the isomorphism are coherent.

Remark: To get coordinates on P/, consider a point in usual projective space with homogenous
coords a =[ag: ... : @,]. We get a homogenous ideal p(a) generated by the elements (a;x; —a;x;),
and it is prime because the quotient is k[xg,...,x,]/p(a) = k[xo]. In fact, this gives us precisely
the rational points of P}, i.e. ones with residue field k. To see this, note that since p(a) is not
the irrelevant ideal and contains each x; — xoaoai’l, then p(«) € Dy, . This corresponds to an ideal
in k[x1/xg,.., x,/%xg] generated by x;/xy — aoai_l and hence has x(p(«a)) = k. To show surjectivity, if
we have some rational point ¥, it is in some distinguished open, WLOG D, . Hence, we can take
xi/xo € O(Dy,) and look at its image in the stalk at x, which is an element a; € x(x) = k. Then

[ag:...:a,]is an element with p(a) = x. (see Liu for more on this)
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3.2.7 A few words on irreducible components and integral schemes

Any Noetherian scheme X decomposes into a union of finitely many irreducible components,
each of which corresponds to a generic point. On affine schemes, generics correspond to minimal

prime ideals.

Definition 3.19 (Specialization): A point x specializes to v if y € {x}

We have a bijection between irreducible components of X and generic points, by taking a generic
point and looking at its closure. Moreover, this induces a bijection between irreducibles passing
through a point x and the irreducible components of SpecOx .. This is because these correspond
to minimal primes of the local ring, which affine locally looks like A, i.e. correspond to minimal
primes in A containing a prime p, which in turn corresponds to generics specializing to p, since

y « g specializes to x <> p if and only if g C p.

A scheme is integral if every ring of sections is an integral domain. One can show that a scheme
is integral iff it is reduced and irreducible, and hence integral schemes have a unique generic
point. Moreover, the field of fractions of any ring of sections is equal to the residue field of the
generic point, which is called the field of rational functions on X and denoted K(X). We can think
of any ring of sections and stalk as sitting inside of this field of fractions and then we have the

identification Ox(U) = NyeyOx -

Remark: the generic point of a closed subscheme Y C X is not the same as the generic point of
X! Example: X = A" = Speck[xy,...,x,], Y = V(x1) = Speck[x,,...,x,], then the generic point in
Y will be the ideal (x;) in X. However, it is true for open subschemes. More generally, a closed
subscheme of an affine scheme SpecA is given by Spec A/I and its generic point will correspond

to the ideal I.

3.2.8 Adjointness of global sections and Spec

We have two contravariant functors going in two directions: Spec : Rings — Locally Ringed Spaces

and I' : LocallyRinged Spaces — Rings. In fact, they are adjoint!
Homg;gs0r (I'S, R) ~ Hom s (S, SpecR)
To show this, given a ring homomorphism f : R — I'S, we construct f : S — SpecR as follows:
f(s)={reRIf(r)em; cOs )

In other words, we collect all elements of R, the germs of whose images lie in the unique maximal
hence prime ideal of the local ring Og ;. This is easily seen to be a prime ideal. Moreover, this is
a continous map: if ¢ € R, then f‘ng ={s € S|f(g) ¢ m,}. This means that f(g) is invertible in

the local ring of s, i.e. there is a f such that f(g)f = 1. But this holds in the stalk, hence holds in a

small neighbourhood of s by definition, hence f(g) is invertible around s, showing continuity.
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On stalks, the map f : R — I'S induces a map Rgy — Og,;, since anything whose image does
not land in my can be inverted and the image would still be defined, as everything not in m; is
invertible. It is also a local ring map: it sends the maximal ideal f(s)Rf(s) into m; by definition!

To have a map of sheaves, we want a map:

Ospecr(Df) = Os(f'Dy)

The open set ! D, =V consists of the s where f(g) becomes a unit in the stalks. But we have
ring homomorphisms R — Os(S) =, Og(V) and this basically lifts to a map R[1/g] — Os(V) by
the property of V (g becomes a unit in the sections over V). But R[1/g] is precisely Ospecr(Dy), s0

it works out.

To check that the compositions are natural isomorphisms, one side is easy, but the other uses in
an essential way that the maps are maps of locally ringed spaces, i.e. if ¢ : S — SpecR, then we

have a commutative diagram:

#

¢
OSpec R(SPeC R) — OS(S)

l l

#
¢
OSpec R,¢(s) E— OS,s

In other words, we get a map of rings ¢* : R — I'S and we want to check it induces ¢.

But (;;#(s) ={r e Rl¢#(r) e mg C Os ¢}, so if we denote @(s) = p, we see that p C (pA#(s). Conversely, if

r € Risin (pA#(s), then7e (p#_lms =pR, and hence r € p. So ¢(s) = p = (pA#(s).

Now note the following category theoretic fact: any adjunction induces an equivalence on a cer-

tain subcategory:
[Exercise 3.14, 3.16](https://www.notion.so/Exercise-3-14-3-16-4a8910d7cb3e4f4c8271f5e41c2d3f29)

Hence, we get an equivalence between the opposite of the category of rings and the category of

affine schemes!

Proposition 3.20 (Corollary): Hom(X,A!) ~ Hom(Z[t],Ox(X)) ~ Ox(X), i.e. affine space
represents the global sections functor! Similarly, affine n-space represents the functor of n func-

tions, and invertible functions are represented by SpecZ[t,t~'], i.e. the global sections of O%.

3.2.9 A criterion for affineness

Similar to how we defined a map of locally ringed spaces from maps of rings, we can define,
for any scheme, a generalized open subset. This generalizes the distinguished opens in affine

schemes. Take f € Ox(X) a global section and define:

Xf ={xe X|fx € M}
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Then this is an open subset of X and in fact its intersection with any affine open U C X is precisely
a distinguished open in the classical sense, i.e. X, NU = D(f), where f is the image of f under
the restriction map. One can in fact show more: Ox(Xy) = [Ox(X)], just like in the usual case

when X = Spec A we have Ox(Xy) = Ay. This also implies a criterion of affineness:

Proposition 3.21 (Affineness criterion): A morphism between schemes is an isomorphism if
and only if it restricts to an isomorphisms on all opens. X is affine iff there are finitely many
global sections fi,.., f, which generate the whole ring of global sections, and furthermore each

Xfi is affine. (This is all in Hartshorne, 2.16, 2.17).

We define a morphism of schemes to be affine if there is an open affine cover of the target such

that the preimages are affine. This property is local.

Corollary 3.22 (Affine morphisms are local): A morphism between schemes is affine if, for

all open affine V. C Y, the preimage f~1 (V) is affine.

Proof. We can reduce to the case Y = Spec A in which case we want to show X is also affine. Affine
schemes are quasicompact, so there is a cover Spec A = | JD(q;) for a finite set of a; which generate

the unit ideal such that the preimages are affine in X. But then we can cover X by these affines
X;:={x € X|f(x) € D(a;)} = f~ (D(a;)) = {x € X|(f*(a;))x & m,}

which impies that X is affine, by the affineness criterion. O

Proposition 3.23 (Affine maps preserve cohomology): Affine maps between separated
schemes have the property that H'(X,F) = H (Y, f.F). This can be seen by using Cech co-
homology, since the map will preserve Cech covers. An important example is the inclusion map,

which can be applied for example to subvarieties in P".

3.2.10 The functor of points

Definition 3.24 (Functor of points): A k-valued point in a scheme X is a map Speck — X.
We denote the set of these points as X(k) := Hom(Speck, X). More generally, this defines a

functor of points:

Rings — Set
R — X(R)

This is the composition of Spec with Hom(—, X).

This idea of thinking of a scheme as the functor it represents is the core of the Yoneda philosophy.
We will see that projective space represents the functor which to a scheme X associates the set

of line bundles with #n + 1 sections with empty common zero locus. More generally, one can also
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define the Grassmanian as the functor which sends X to the set of equivalence class of surjections

Oy — D. Refer to Vakil 16.7.

3.2.11 Fibre products

Recall that Spec is right adjoint to global sections, so it preserves limits. This means that Spec(A®¢
B) = Spec A Xgpecc Spec B, since tensor products are pushouts in the category of rings, but pull-
backs in the opposite of the category of rings, which is the domain of Spec. This shows that fibre
products of affine schemes exist and are also affine schemes. This will be enough, using some
combinatorial reasoning, that fibre products exist for all schemes, and this is the “correct” no-
tion of product (It is the product in the category Schemes | S). For the full argument, consult
Hartshorne. The idea is the following: for open subschemes U of affine schemes X, we can take
px'(U) = U xs Y, since it satisfies the universal mapping property, where px : X x5 Y — X. For
the general case, we have to basically glue schemes together. Note that is S is covered by affines

S; and if their preimages are opens X;, Y;, then X; xg. Y; exists and is equal to X; xg Y;.

Example (Examples): if X1, X, are closed subschemes of Y, then their fibre product is their

“intersection”. The fibre of y € Y is a subscheme of X.

XinX, — X, wl(y) — X Spec(x(B®p)) — SpecB
Xy ——>Y vy} —— Y Spec(x(p)) —— SpecA

To see why {y} is a closed subscheme of Y, note that we are identifying it with the affine
scheme Spec«(p) (recall that a map from the spectrum of a field K to a scheme Y is given
precisely by an element y whose residue field is included in K and apply this to K = x())
In the affine case, this corresponds to having Y = SpecA,X = SpecB,y = p and then we
have the pushout tensor product of rings B®y x(p), which on the ring level corresponds to

the fiber over p which is exactly Spec(B®, k(p)).

\.

Note the important magic square (Vakil’s terminology), which realizes the fiber product as a

pullback along the diagonal, i.e. we’re intersecting with the diagonal.

(XXY)Xgg S —— X xY

l [

S AL sk

Remark: similarly to the case of affines, the fibred product of two projective schemes defined

using Proj over A algebras is as follows:

Proj(B® C) = Proj B Xspec 4 Proj C
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Example (Intersection of two affines): Take the parabola Spec C[x,y]/(y — x?) and the x-
axis Spec C[x,y]/(y). Their fibre product is given by the Spec of the tensor product
Spec C[x]/(x?) and is given by the double point where they intersect. If we perurb the x-
axis a bit to Spec C[x, y]/(y—¢), we instead get Spec C[x]/(x*—€) = Spec C[ve][ [Spec C[-+/fe]

which is two single points.
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3.3 Morphisms between schemes

3.3.1 Separated morphisms

Since schemes are never Hausdorff, we need a replacement for that notion, which is separated-

ness.

Definition 3.25 (Separated morphisms): A map f : X — S is separated if the diagonal map

is a closed immersion. This is the map induced from (X,1x,1x) to (X x5 X, f, f):

Ax

X —2L5 XxgX —— X

l I

X — S

Example (Example): If X, S are affine, then X = SpecA, S = SpecR and the map is induced

by a map of rings R — A. Hence, the fiber product is just Spec (A ®g A) and the diagonal
1

map is the one induced by multiplication. But AQzr A T Ads surjective, so gives a closed

immersion when we take Spec.

\

Remark: a map is separated if and only if the weaker condition that the image of the diagonal
map is closed is satisfied. Moreover, an image of a quasicompact map is closed iff it is stable

under specialization. Furthermore, separated morphisms are stable under base change.

Proposition 3.26 (Epi-monic factorization of diagonal map): The map Ax/s can be fac-

tored through a closed immersion y and open immersion v:

x5 US xxgX

Note that open and closed immersions are separated, since then the fibre product is just X itself,
and so is the image of the diagonal map. Furthermore, separated morphisms are stable under

pullback (base change).

Proposition 3.27 (Intersections of affines in separated schemes): In a separated scheme,

intersections of affine subschemes are affine.

Proof. Consider the diagram
UnvV —— UxgV

l l

A
X —2 s XxgX

By assumption, A is a closed immersion and hence the top arrow is a closed immersion, since they

are stable under base change. But U xg V is affine and closed subschemes of affines are also affine.
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(I don’t remember where we proved this - it is in the exercises in Hartshorne, or can be proved

using ideal sheaves). O

Proposition 3.28 (Morphisms agreeing on dense opens): Let X — S be reduced, Y — S be

separated, f,g: X — Y two S-morphisms agreeing on a dense open subset. Then f = g.

Proof. Consider the diagram:
f

X
\(f,g)

YxsY — Y

ot

Yy —— S
We see that (f, g)|U lands inside of A(Y). By we only need to show that (f, g) lands inside
A(Y) set theoretically, which is true, since U is dense and A(Y) is a closed subset, since Y is

separated. 0

3.3.2 Separatedness of projective space

We want to show that P’} — Spec A is separated, i.e. that the diagonal map induced by the identity

maps is a closed immersion.

A
P —2 s P Xgpeep P' ——  P”

l l

" — SpecA

Let’s use the affine open cover U; = D(x;) = SpecAlxy,...,x,][1/x;]p and see what happens on
U; x Uj. We claim that AN U; XspecA Uj) = Ui N U;. But this is clear, as if something in P" were
to map via the identity to both U; and U; then it must be in U; N U;. But now we are dealing
only with affine things, and to show something is a closed immersion one only needs to check a
ring homomorphism is surjective. In our case, U; N U; =~ SpecA[xo/x;,...,x,/x;][xi/x;]o, whereas
U; Xspeca Uj = Spec(A[xo/x;,..., Xu/xi]o ®a Alxo/Xj,...,x,/Xj]p) and the associated map on rings
Alxo/xi,. o, Xu/Xi]o ®a Alxo/x), ., X0/} ]0 — Alxo/xi,. .., x4/ X;][xi/x]]o is obviously surjective, and

we are done.

3.3.3 Proper maps

This notion is an analogue of compactness.
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Definition 3.29 (Proper maps): f : X — Y is of finite type if for any open affine SpecA in
Y, the pre-image under f can be covered by finitely many affine opens Spec B with B a finitely
generated A-algebra. A morphism is universally closed if any pullback of f is closed (as a topo-

logical map) - note that this includes f itself. f is proper if it is separated + universally closed +

finite type

Example (Example): A! is closed but not universally closed! The base change with itself
gives the affine plane, and the projection of the hyperbola xy = 1 gives the affine line minus

the origin, which is not closed. Projective space is proper, as are all its closed subschemes.

Here is the analogy with compactness and sequences converging: we would like, given a curve
C and point P and a morphism C — P — X, to be able to extend this in at most one way if the
scheme is separated. Locally, we can replace the curve by its local ring at P, a DVR (which is just
a local PID). We can think of this as a thickening of Spec Kand this scenario is represented in the

valuative criterion:

r

Proposition 3.30 (Valuative criteria): Assume X is Noetherian.
SpecKk —— X
l s
SpecR —— Y

f is separated if and only if, for any DVR R and K = FF(R) and a commuting diagram of the
type above, there is at most one way of lifting the map SpecR — Y to X. f is universaly closed
if and only if there is at least one way of lifting the map SpecR — Y to X. f is proper if there is

exactly one lift and it is of finite type.

\.

We need to think of what SpecK and SpecR represent, which comes in the following lemma:

Lemma 3.31 (Field and DVR valued points):

X(K) = Hom(Spec K, X) = {points x € X, x(x) C K}
X(R) = Hom(Spec R, X) = {points x,y € X, x specializes to y, k(x) C K,

R dominates the local ring at y}

Proof. SpecK is a one-point scheme, whose image is a point x. Moreover, we have a map on
sheaves Ox — f.Ospeck and on stalks Ox , — K, which is the same as an inclusion «x(x) C K,

proving the first bit.

For the second, SpecR has two points, the closed maximal ideal m and the generic point. These
have images v, x € X, and in fact the morphism lands in the closed subscheme m (by Lemmam

since R is reduced), which vy is a member of, i.e y is a specialization of x . We have a local map
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from Oy to R compatible with x(x) C K, which means that R dominates the local ring. O

We also need another lemma:

Lemma 3.32 (Closed images of quasicompact maps): f : X — Y quasicompact has f(X)

closed in Y if and only if it is closed under specialization.

Proof. One side is obvious, so need to show that if it is closed under specialization, then it is
closed. Reduce to the case that Y = m and Y affine. Given y € Y, it must be in some Y; = m,
where UX; = X is a finite affine open cover of X, by quasicompactness of f. Put X; = SpecA,Y; =
SpecB (it is affine as it is a closed subset of an affine). The map f restricted to X; and Y; is
dominant (denseness of image), hence it is injective on sheaves, i.e. B — A is injective, by
Now, p is given by some prime p C B, which moreover contains a minimal prime p’, given by a
point v’ which specializes to y, i.e. p € V(p') = {¢}. We will show p’ is in the image of f and

conclude that y is also in the image of f, as by assumption it is closed under specialization.

But the fibre of y” is given by the affine scheme Spec(A® x(p’)) = Spec (A® By) since B, is a field,
and any prime ideal in the inverse image of the localization map A — A® B,y will give us an

element x” with f(x’) = y’. This completes the proof. O
We now prove the valuative criterion of separatedness.

Proof. Valuative criterion of separatedness Assume that f, hence that A(X) is closed inside X xy
X. Consider two h,h" : SpecR — X that make the diagram commute. This induces a map h” :
SpecR — X xy X and moreover, since /1 and h’ are the same on SpecK, they send the generic point
to the same thing, hence its image lies in A(X). By assumption, this is closed, hence contains its

closure, i.e. the other point of SpecR, implying that h = I’

Conversely, we want to show that A(X) is closed. By the fact that X is Noetherian and the diagonal
map is quasicompact, we reduce to showing that it is closed under specialization by using the
previouse lemma. Let  ~» {’ be a specialization with ¢ € A(X). Hence, ¢’ € {C}. Then the local ring
at ¢’ is contained in k(C), thinking inside the subscheme {C}. We can replace this local ring by some
local ring R which dominates it and then by Lemma [3.31] we get a morphism SpecR — X xy X
sending the generic point to  and the closed point to {’. Since C € A(X), composing with the
projections gives two morphisms SpecR — X giving the same morphism to Y and agreeing on
SpecK, since ¢ € A(X). By the assumed condition of at most one lift, these two morphisms are the

same and hence SpecR — X xy X factors through the diagonal A(X), implying that {’ € A(X). O
Proof. Valuative criterion of properness The proof for properness follows along similar lines. The

idea is as follows: if f is proper, we have at most one lift, so we need to show existence, which

is done by doing base change of the morphism f : X — Y along Spec R — Y, resulting in an
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induced map Spec K — X Xy Spec R = Xg. The base change projection f” is closed by universal
closedness and hence one can show that f’ sends the closed subscheme given by the closure
Z = {C}, where C is the image of the unique point of Spec K in Xg, to the whole of Spec R. This
gives a local homomorphism from R to the local ring at another point of Z, which in fact must be

an isomorphism and then we conclude again by invoking

Conversely, if there exists a unique lift, we know it is separated, and we only need to show it
is universally closed. Given Y’ — Y with base change X’, we need to show that f': X’ — Y’
is closed and hence that it sends closeds to closeds. The Noetherian hypothesis implies f” is
quasicompact when restricted to Z, so by we reduce to showing that f’(Z) is stable under
specialization. Take z; € Z’ with image ;. Consider a specialization y, € {y1}. By we have
that x(y;) C k(z;) and moreover FF(O,,) = k(y1). Take K = k(z;) and R a DVR replacement of O
which dominates it. Again, by[3.31} we get morphisms Spec K — Z,Spec R — Y’ which make the

diagram commute:
SpecK —— Z ——= X

I

SpecR/—> Y — Y

By the assumption of unique lifting, we get a map Spec R — X and hence this factors through
the fiber product X’. The generic point of Spec R goes to z; and Z is closed, so it in fact factors
through Z c X’. Then the image of the closed point in Spec R will produce a point z, € Z with

image vy in Y’, and hence we are done. O

Proposition 3.33 (Corollary):
* Open and closed immersions are separated, and closed immersions are proper.
» Compositions of separated/proper morphisms are separated/proper

* Separated/proper morphisms are stable under base change. Moreover, products of sepa-

rated/proper morphisms are separated/proper

» A morphism is separated iff the target can be covered by opens such that f restricts to a

separated morphism on the preimages of these.

* Properness is local on the codomain.

Proposition 3.34 (Finite morphisms are proper): Finite morphisms are proper. (assuming

X is Noetherian)

Proof. Properness is local in the codomain, so we can reduce to the case Y = Spec A. But then, we
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can use the valuative criteria:
Spec K —— X

[

Spec R — Spec A

Recall that a finite morphism is affine, in the sense that f ! Spec A is an affine Spec B such
that B if finitely generated as an A-module. So we are reduced to showing that there is a lift in

the dual diagram:

K<+—B

R<+—A
But the generators of B over A will map to elements of K integral over R, but DVR’s are inte-
grally closed, so in fact those generators must land in R and hence a lift exists and is unique by

construction.

Proposition 3.35 (Images of proper schemes are proper): Suppose f : X — Y is a mor-
phisms of separated S-schemes of finite type, with S Noetherian. Let Z be a closed subscheme of
X which is proper over S. Then f(Z) is closed in Y and is proper over S

Proof. The following is a Cartesian square:

Ty
X —— XxgY

fl iz

Y —25 YxgY
I guess formally, one has to chase a lot of diagrams like

(f1)

/\

XXSY—)Y(—YXSY

Iy Q | y A

to verify that it is indeed a pullback square (given W — Y,W — X x5 Y, define W — X by

composing with the projection and it all works out).

In any case, since Y is separated, A is a closed immersion and hence so is Ff. This shows the first
part, since the projection map p, preserves closed sets. Now, Z — f(Z) is a surjective morphism
with Z proper over S, hence universally closed. This implies that f(Z) is universally closed over
S by just considering any base change S’ — S. But in addition Y is separated and locally finite

type, so so is f(Z) and hence combining all the definitiones we see that f(Z) is proper over S. [
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Corollary 3.36 (Global sections of proper schemes): Let k be algebraically closed and X
proper over k. Then I'(X,Oyx) = k.

Proof. The global sections are precisely given by morphisms of schemes f : X — A}(. We can apply
the previous proposition with Z = X and get that f(X) is a closed, proper subscheme of A}( and
hence consists of a single point (it cannot be the whole of A}( since it is not proper, by virtue of not
being universally closed for instance). But the closed points of Spec k[x] are precisely in bijection

with a € k. 0O

3.3.4 Projective schemes and the properness of projective morphisms

Definition 3.37 (Projective schemes): Recall that for rings A — B, we have the following
pullback square:

P, —— Pt

l l

SpecB —— SpecA
This motivates the definition Py, = Py Xspec7 Y. A projective morphism X — Y is a map which

factors through a closed immersion i:

X5P >y

We are now ready to prove the following important theorem:

Proposition 3.38 (Projective morphisms of noetherian schemes are proper): Projective

morphisms of noetherian schemes are proper

Proof. Reduce to the case P}, over SpecZ, using stability under base change.. Then, take the point
C which is the image of SpecK in P7. By induction, can assume that C is not in any complement
of basic opens V(x;), since they are isomorphic to IP’%’I. In other words, we can assume that
C € (\D(x;). Hence, the functions x;/x; are invertible in the local ring O;. But we know that
x(C) C K, since a K-valued point is given precisely by this data (Lemma [3.31), so we can look at
the images of these elements in K, denoted by f;;. These satisfy a cocycle condition. Put g; = v(fo),
where v is the valuation on K, which is integer-valued (it extends the valuation on R). This has
a minimal element g, and hence v(f;x) = g — g = 0 and so f;x € R. This allows us to define a
homomorphism
@ Zxo/xp, . X/ Xk ] = R
Xi/Xp = fik
This defines a map Spec R — D(x;), showing the existence of a lift in the criterion. This morphism

is furthermore unique by construction. O
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Proof. Check affine localy I suppose. O
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3.4 Sheaves of modules

Definition 3.40 (Sheaves of modules): An Ox-module is a sheaf F such that F(U) is an

Ox(U) module coherently with the restriction maps.

Can define all the usual algebraic operations: tensor, hom sheaves; ideal sheaves; locally free

sheaves. May have to sheafify!

These have built in functoriality: given F an Ox-module and f : X — Y, then f,.F is an f,Ox-

module. Moreover, we have a map f*: Oy — £,0x, which then gives f,F an Oy-module structure.

Conversely, given G on Y, then f~'G is an f~!Oy-module and f*G = f~1G ®r-10, Ox is an Ox-
module, where we equip Ox with a f~!Oy-module structure via the map f~!Oy — Ox. We thus

have two adjoint functors, f, and f*.

Note that
frOy =O0x @10, f'Oy = O

i.e. pullback sends structure sheaves to structure sheaves.

Definition 3.41 (Sheaf associated to a module): Given an A-module M, can produce a sheaf

M such that M(Dy) = My and M, = M,,.

The global sections of such a sheaf are unsurprisingly given by M. Importantly, for maps between
affine schemes we have f*(M) ~ Z\Z&SA/B and f,N = AN, for an A-module M and B-module N,
where 4N is N considered as an A-module using A — B. Hence, this generalizes the induction-
restriction adjunction. In fact, the functor from modules to quasicoherent sheaves is fully faith-
ful, and preserves tensor products and direct sums (since these can be checked stalk-locally and

localization commutes with both operations).

Definition 3.42 (Quasicoherent sheaf): A quasicoherent sheaf is a sheaf that is locally asso-
ciated to a module, in other words there is an affine cover where this is true. It is coherent if all

of these modules are finitely generated.

As with a lot of these definitions, this is local, so in fact every open affine is associated to a module.

To prove this we need a lemma.

Lemma 3.43 (Lemma): Let F be quasicoherent over an affine X = Spec A. Given s € T(F)
restricting to 0 on D(f), then there is an integer n such that f"s = 0. Conversely, if t € F (D(f)),
then for a large enough n, f*t € T(F).

Proof. Cover X by open affines where F is associated to modules, i.e. V = Spec B where F|, = M

for a B-module M. Furthermore, cover V by open sets of the form D(g;). An inclusion D(g;) C
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V is equivalent to a ring homomorphism B — A,. If we call this inclusion 1, then Flp,) =

'Fy=1"M=M®g Ag = M; for some module M;. By quasicompactness, a finite number of i’s are

needed.

For the first part, suppose s restricts to 0 on D(f). It moreover restricts to sections over the D(g;)
and D(f)ND(g;) = D(f g;), and here s is zero, so by definition of localization i.e. s; being 0 in the
module (M;)f, we have that f"is; = 0. By quasicompactness, choose N >> n;, hence fNs; = 0 and

since D(g;) cover X, we get fNs = 0.

For the second part, given an element t € F(D(f)), we restrict for each i to get an element in
F(D(fgi)) = (M;)s. By definition of localization, there is a t; € 7 (D(g;)) restricting to "t (again,
take n big enough). Now, these t;’s glue for the following reason: on intersections D(g;g;), we
have sections #; and f; agreeing on D(fg;g;), where they are equal to f"t. Hence, t; —t; restricts to
0, and by the first part, there must be an m such that f™(t; —t;) = 0 on D(g;g;). By taking m big

enough, we glue the local sections f™t; to a global section s which restricts to f™*"¢ on D(f). O

As a corollary, we see that coherence is local, and we can take any affine open cover, given the

existence of one such.

r

Corollary 3.44 (Coherence is local): If F is quasicoherent on X, then for every affine open

U = Spec A, we have that the sheaf restricts to the associated module of its sections: F; = I'(Fy).
If X is Noetherian, then F is coherent if and only if on every affine open it restricts to a finitely-

generated sheaf-module.

Proof. We can reduce to the case X affine, since X has a base for its topology on which F restricts
to an associated module, and hence F; is quasicoherent. Put M =I'(Fy). We would like to show
JFy = M. Similarly to the adjunction between global sections and Spec for schemes, there is an
adjunction between global sections and the associated sheaf of a module. In other words, we
get a map of sheaves M — F given on the opens D¢ by m/f" rest(m)/f”. X can be covered
by opens D(g;) on which F restricts to a module-sheaf M; and the previous lemma tells us that
F(D(gi)) = M, and so M; = M,. Thus the map is an isomorphism on this open cover, and hence

glues to an isomorphism M ~ F;. O

Proposition 3.45 (Equivalence of categories): For X = Spec A, the functor M + M gives an

equivalence between two categories:
A —modules <> Quasicoherent Ox — modules

In fact, this is also an adjunction.

The next proposition is a down-to-earth proof that for quasicoherent sheaves F” we have H! (X, F’) =

0.
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Proposition 3.46 (Quasicoherent sheaves are acyclic over affine schemes): Let X =

SpecA be affine, F’ quasicoherent and
0->F ->F->F"—>0

exact. Then the associated sequence on global sections is also exact.

Proof. Let s be a global section of F”. We first look at neighbourhoods D(f) where F — F” is
surjective, in other words s lifts to a section t € F(D(f)). We will show that on these bits, fVs
lifts to a global section of F for some N. Then, we glue all this data using a partition of unity

argument.

Cover X by D(g;) where s lifts to a section t; € F(D(g;)). On the overlap D(f)ND(g;), we have that
both ¢; and ¢ lift s, so by exactness, we can identify t —t; € F'(D(fg;)). By the lemma, for some n,
f"(t—t;) lifts to a section u; of F'(D(g;)). Pick large enough n and put t; = f"t; + u;, a section in
F. Then t] lifts f"s on D(g;), and also t; and f"t agree on D(fg;). Thus, t/ and t]’- lift f"s on the
overlap and agree on D(fg;¢g;) and so by the lemma, f™(t] - t]') = 0 for big enough m. Then ™t/

glue to give a global section of F which lift f™**"s.

Now, cover X by a bunch of these D(f;) where fNs lift to t;. The ideal (fI”,...,ka) = A, since
SpecA = |UD(f;), and so, using a partition of unity argument, 1 = ZaifiN and we can put t =
Y a;t;, which is a global section lifting s. O

In fact, Serre’s criterion shows that this holds in the converse: if Hi(X,}") = 0 for all quasicoherent

sheaves, then X must be affine!

Proposition 3.47 (Operations on quasicoherent sheaves): Let f : X — Y be a morphism
of schemes. Then: the kernel, cokernel and image of a morphism of quasicoherent sheaves, as
well as extension of quasicoherent sheaves is quasicoherent. f*G is quasicoherent on X if G is
quasicoherent on Y. The same holds for coherent sheaves, if X and Y are Noetherian. If X

Noetherian, or f is quasicompact and separated, then f.F is quasicoherent on Y whenever F is

quasicoherent on X. If F is quasicoherent and U C X is affine, then F(U) = Fy.
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Proposition 3.48 (Corollary): For a closed subscheme Y C X, the ideal sheaf
Ty :=ker(:* : Ox — 1,0y)

is quasicoherent, since closed immersions are separated and 1,Oy is quasicoherent by the proposi-
tion. Importantly, there is a correspondence between closed subschemes and ideal i.e. subsheaves,
given by Y v Iy and T v suppZ. In particular, the reverse association sends I to the support
Y with sheaf Ox/I. Applying this to the affine case, we see that any subscheme of Spec A cor-
responds to some quasicoherent sheaf of ideals &, where a C A is an ideal, and this gives us the

affine scheme Spec A/a.

Let’s see more carefully why this is true. If x ¢ Z, then near x, all functions vanishing on Z become
invertible, and so Ox x = Z .. This shows that SuppOx/Z; C Z. Conversely, if Ox , = Iz, then
since Z locally looks like V(I), we can put x = p € Spec A and get A, = I,,. If this were the case,
then for all t € p, 1/t € I, and hence there is some i € I such that t”(i —tt') = 0, where all the t’s are
not in p. This implies that i cannot be in p, which is prime, so p € V(I), which is Z locally. This

shows the other side of the inclusion, so Z = SuppOx/Z;.

The other isomorphism goes as follows: taking Z on X, which on local bits is given by I, the same
argument as above tells us that on those affine bits we get a closed subscheme V(I) = Spec A/I.
This then associates an ideal sheaf which is locally the kernel of the morphism Ospec 4 = 1.O0spec A1

which we directly verify is again the quasicoherent sheaf Z given locally by I.

Proposition 3.49 (Annihilators and supports): Define Supp(s) = {x € X|s, = 0}. Then if
X = Spec A and M is an A-module, F = M is a quasicoherent sheaf, we have Supp(m) =
V(Ann(m)). Moreover, when A is Noetherian, M is finitely generated and Supp(F) = {x| F #
0} = V(Ann(m)). In particular, when M = I is an ideal, we recover that Supp(Ox/I) =
V(Ann(A/I)) = V(I).

Proof. For the first, the complement of the support of 7 consists of all primes p such that m, =0¢€
M,. This means that m = 0 near p as well, i.e. in some basic open D with f & p. In other words,
m =0 € A[1/f] and hence by definition, fNm = 0 € A. But since f € p and p is prime, f~ ¢ p and
hence fN € Ann(m) but not in p. Therefore, p is in the complement of V(Ann(m)). The converse

follows the same steps in reverse, and by taking complements we get what we want.

For the second part, suppose m; generate M. Then M, =0 < (m;), = 0 for all i and hence

Supp(F)° = {p|M, = 0} = J{pl(m;), = 0} = (| Supp(m;)° =
- ﬂV(Ann(mi))f - UV(Ann(mi)) = V(Ann(M))
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Proposition 3.50 (Projection formula): Let f : (X,0x) — (Y,Oy) be a morphism of ringed
spaces, F an (X,Ox)-module and € a locally free (Y,Oy)-module of finite rank. Then

J(F ®oy fE) = fF ®0, €

Looking locally, we also get the fact that the support of a coherent sheaf on a Noetherian scheme

is closed!

Proof. We create first create a map using the adjunction and then verify locally that it is an iso-
morphism. Firstly, the identity map f,.F — f.F creates a map f*f,F — F via the adjunction.
Then, we get

ffFRE)=ffLFRfESFRfE

since f* respects tensor products. Finally, we apply the adjunction again to get a morphism
fFQE—- f(FRfE)

which can be verified to be an isomorphism locally, by taking £ = Oy (the rank doesn’t matter)

and using the fact that f* sends structure sheaves to structure sheaves. O

3.4.1 Sheaves of modules on projective space and line bundles

For a graded module M we can again associate a sheaf defined by

(M)(D(f)) = M[1/f]o
Hence, M|Df = M/[—l\/_j/']o
For example, we can define O(d) to be the sheaf we get from applying Proj to the same graded
ring, but with shifted grading, which is a graded A[xy,...,x;] module. Locally, Ox(d) for X =
Proj S looks like the degree d elements in S[1/f] which, if f € Sy, is isomorphic to Ox locally via

multiplication by f%. Hence, this is a locally free sheaf of rank 1.

Example : For P!, we can take an open cover D(x;), D(x;). In the first, we have sections of
the form xl,xf/xo, ..., and on the second we have things like x;, x%/xl, .... To glue, we cannot

have denominators, so we get the linear homogenous polynomials. More generally,

O(d)(P') = degree d homogenous polynomials

Definition 3.51 (Associated graded module of a sheaf of modules): Given X = Proj S and
F a sheaf of modules, we define a graded S-module via I(F) = @I'(X, F(n)), where F(n) =
F ®o, Ox(n).
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Proposition 3.52 (Coherence is local, v2): For a graded ring S which is generated by Sy as an
algebra over Sy. If X = Proj S and F is a quasicoherent sheaf on X, then F =~ IT(\}'/). Moreover,
we still have a correspondence of ideal sheaves given by I C A[xy, ..., x,]| and closed subschemes
of P. A scheme over Spec A is projective if and only if it is Proj S where Sy = A and S is f.g.
over Sy by S;.

Definition 3.53 (Ample line bundles): £ is a basepoint-free line bundle on X is it arises by
pulling back the twisted sheaf O(1) along f : X — P". L is very ample if f can be taken to be a

closed immersion. It is ample if L2 is very ample for some n.

3.5 Relative Spec and Proj

Given an A-algebra B, we can associate to it Spec B — Spec A. This satisfies the universal property

that, since Spec and global section are adjoint:
Homgchemesovera(W, SPeC B) ~ Homy (B, r( W))

This corresponds to taking global sections in the following diagram:

w > Spec B (W) &— B

N N

SpecA A

We want to globalize this construction, in the sense that if we’re given a quasicoherent sheaf of
Ox-algebras B, we associate to it a universal object Spec B. We would like that on affine patches
where X is given by SpecA and B = B for some A-module B, then SpecB = Spec B over SpecA.

The universal property is the following:

Definition 3.54 (Universal property of global Spec): For any map of X-schemes there cor-

responds a map of Ox-algebras:

W—9% 3 SpecB pOy «—— B

N NS

Put differently,
Homy (W, Spec B) ~ Homg, (B, 1.Ow)

Now, by Yoneda nonsense or by considering affine opens, we can conclude that B ~ 8,Spec B. This

follows, since the diagram on the left induces the following diagram on sheaves:
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1Oy —— B.SpecB

N,

The maps are *, y*, B.a*. We can see that on affine opens they both give the same answer.

The idea is that on affine bits of X given by U = SpecA, then A(U) is an A-algebra of which we
can take Spec. Global Spec glues these together:

Spec A(U) —— Spec A

| |7

U —_—

These local schemes glue. If p € U, with residue field «(p), we thus have the fiber 7! (p) by the

Cartesian diagram:

Spec(A(U)®x(p)) —— Spec A(U)

l l

Speck(p) e U

The point is that p belongs to many U'’s, so the fiber in the total Global Spec should correspond to
taking a limit over all U containing p. One can draw a big diagram and see that there are coherent
maps 77 (p) — n_Ul (p), which should build to an isomorphism
n(p) = limny (p) = LmU Spec(A(U)®«(p)) =
)4S]

= Spec(lim A(U) ® k(p)) = Spec (4, ® x(p))
peU

(Spec sends limits to colimits as it is right adjoint... or sth.)

I suppose A = SpecOg[xy,...,x,]. Then we can pull back along the structure map f : X — S to
get a quasicoherent sheaf of Ox-algebras on X given by f*Og[xy,...,x,]. The global Spec of this

should fit into a diagram:
Spec f*Os[x1,..., x,] —— X

l l

SpecOs[xy,..,x,] —— S
showing that this sheaf of algebras produces X xs Ag. But f*Os = Oy, consistent with the fact

that we have a Cartesian diagram:

Xxs Al —— X

l l

Al —— S
Al ——— SpecZ
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Example (Blowups): See https://math.mit.edu/~mckernan/Teaching/09-10/Spring/
18.726/1_10.pdf for more. Take A = k[xy,...,x,] producing the affine scheme A}. We
have an ideal I = (xy, ..., x,,) corresponding to the point 0. Thiis creates a graded ideal

D

a=0
which we can think of as a quasicoherent sheaf of algebras on A}’. We can take global Proj
of this, which is just normal Proj, since we’re working over an affine scheme, to get the

blowup:
Bl; A/! = Proj (@ 1)

d>0

Now, note that we have a surjective map

YiXxi
Ay, 0¥l — @Id
da>0

which has kernel generated by (x;y;—x;y;). The induced map on Proj is a closed immersion
g Yy (XiY; =Xy P ]
BL,A} — P!

which realizes the blowup as the subscheme given by the vanishing locus of the homoge-

nous polynomials (x;y; — x;3;), which are the usual equations of the blowup.
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3.6 Divisors

3.6.1 Weil divisors

Assume X is integral, Noetherian, separated and regular in codimension 1, i.e. Ap is a DVR for

height 1 primes p. Examples are affine and projective space.

Recall that the dimension of X is the length of the longest chain of nonempty irreducible closed

subsets Zy C Z; C ... C X. Can define codimension similarly.

Definition 3.55 (Prime and Weil divisors): A prime divisor is a closed integral subscheme of

codimension 1. A Weil divisor is a formal sum of such prime divisors:

W= ZnD[D]

It is effective if np > 0 for all D.

Note that since X is integral, it has a unique generic point 7: see the section on irreducible com-
ponents. Put x(X) = Ox , the function field of X which contains all of the rings of sections and

local rings. Given f € k(X)*, we define:

Definition 3.56 (Principal divisors):

div(f)= Y ny(f)Y]

YcX, prime

ny(f) is the valuation of f in the DVR Oy ,,

The local ring is a DVR with fraction field x(X) since we are assuming Y is integral of codimension
1. The point is that any open containing #y actually contains # as well, since it specializes to it,

being the generic point, so this valuation makes sense, by looking at direct limits.

Compare with the complex setting: if Y is cut out by g, then the local ring has a maximal ideal
generated by g and the valuation of a meromorphic f is the power of g that divides it. Note that
div(fg) = div(f)+div(g). The sum is finite for the following reason:

[ Proposition 3.57 (Well-definedness): ny(f) = 0 for all but finitely many Y

Proof. Find an affine open U = SpecA where f, a rational function on X, is regular. In other
words, f € A C k(X). Then X — U is a closed proper subscheme of the Noetherian X, so contains
only finitely many prime divisors. On U with Y meeting it, ny(f) > 0 and is greater than 0
precisley when Y is contained in the proper closed subset defined by the ideal Af i.e. V(f), which

contains finitely many closed irreducible subsets of codimension one. O
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Definition 3.58 (Class group): The class group of X is defined to be the Weil divisors modulo

the principal divisors:
__ Div(X)
Cl(X):= Prin(X)

Fact: For A noetherian, A is a UFD if and only if ClSpecA = 0 and Spec A is normal. In particular,

the class group of affine space is trivial.

Proposition 3.59 (Class group of projective space): For X = P", there is a map Div(X) — Z
given by ) n;Y; — ) n;degY; which is zero on principal divisors and induces an isomorphism

Cl(X) =~ Z, generated by the hypersurface H = {xy = 0}.

Proof. The map is well defined, since degdiv(f) = 0. This is since the function field is given by
rational functions of total degree 0 - just look at an affine open, where the functinos are given by
Z[xg,...,x,][1/x;]9 and then take the field of fractions, which is precisely the rational functions of

total degree 0. Moreover, it is surjective, by looking at the image of H. Injectivity follows, since if

Z”i(dngi) =0

with Y; =V(g;),deg(g;) = degY;, then can put f = ]_[gfi producing a principal divisor. O

Proposition 3.60 (Excision sequence): Let Z C X be a proper closed subset of X, U =X — Z.
We have a restriction map

Cl(X) > Cl(U),D—DnU

When the codimension of Z in X is greater than 1, this is an isomorphism. If the codimension is

equal to 1 and Z is irreducible, there is an exact sequence
7Z — Cl(X) » Cl(U) - 0

where the kernel is generated by the image of Z.
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Example (Computations of class groups): Immediately, we see by the excision sequence that
if Y is a hypersurface of degree d in P”, then CI(P" —Y) ~ Z/dZ. As a second example, take
the affine variety A = k[x, v, z]/(xy — z%) with spectrum X. Consider the subscheme Z given
by the vanishing of x,z. Thinking inside X, this is cut out by a single equation Z = Vx(x),
since x = 0 implies z2 = 0. Hence, it is of codimension 1 in X (and codimension 2 in affine
three-space). We see that X —Z = Dy(x) = Spec k[x, v, z]/(xy —z%)[1/x] = k[x,x™!, z] which is

a UFD, so the class group vanishes. We also see that the divisor of x is given by
div(x) = vz(x)Z

where vz is the valuation of x in the DVR Oy ,,,. This local ring is the localization at the
prime ideal (xy — z2,x,z), if we think inside affine space, and hence in it, we have inverted
yand x = %22 has valuation 2, since z generates the local ring. Therefore, 2Z is principal.
We only need to verify that Z is not principal, from which it will follow that Cl(X) ~ Z/2Z
by the excision sequence. To verify it is not principal, we put p = (x,z) C m = (x,9,2). Then
m/m? is a three dimensional vector space over k generated by the images of x,y,z and the

image of p contains y,z, hence cannot be principal.

Theorem 3.61 (Class group of product with affine space):

Cl(X xAl) ~ CI(X)

Proposition 3.62 (Class group of product with projective space):

CI(X xP") ~ CI(X)®Z

Proof. Use excision for the closed set Z = X x V(x;) to get
Z—Cl(Xx P") - CI(XxA")~Cl(X)—0
The right map has a splitting given by the projection 7" : C1(X) — CI(X x A"). We need to show

that the left map is injective. We have a commutative diagram:

7{Z} —— CI(X xP")
:l lﬁ

Z{H} ——— CI(P")

This provides a retraction for the map, showing it is injective. O

Remark: On projective subvarieties, there is a well-defined restriction map Cl(P") — Cl(V) which

is moreover injective.
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Theorem 3.63 (Class group of affine scheme): If A is a noetherian domain, then A is a UFD
precisely when Spec A is normal (i.e. A is integrally closed) and Cl(Spec A) = 0.

Example (Quadric hypersurfaces): Let A = Spec k[xo,...,xn]/(xg +...+x2), k has characteristic
not equal to 2. Then, when n > 1, this ring is integrally closed, as we can rewrite it as
k[xl,...,xn][xo]/(xg + x% +..+x2). But now, f = x% +...+x2 is square free as an element of

k[x1,...,x,] and we can just appeal to the fact that k[xy, ..., x,][z]/(z?

— f) is integrally closed
for such situations - this is done by looking at the field of fractions, which is Galois of order
2 over k(xy, ..., x,,) and h+gz has minimal polynomial X?>-2g¢X+(g?—h?f), whose coefficients
lie in k[xq,...,x,,] precisely when g,h € I[xy,...,x,,] since we assume the characteristic is not
2.

For 1 = 2, we can rewrite the equation as yyy; = 5 for vy = X —ix1,; = Xo +ix; and this is

the example from so the class group is Z/2Z.

For n > 3, we can consider excision for the closed set Z = Vx(xg):
Z—Cl(X) > Cl(X-Z)—0

The complement X—Z has coordinate ring with x, inverted, hence is k[x, x1, ..., x,[/(xox; =
x% +... +x,%) = k[xg,xz, ..., X, | by eliminating x;, and this is a UFD. It thus has vanishing class
group. We would like to show that C1(X) = 0 and this will be done by showing that the Z is
principal i.e. Z = div(x). All that we need is to find the valuation of x; in the local ring at
the generic point of Z. This is the localization at (xg, xox; —x% —...—x2). Init x; is a unit and
x§+...+xf is a generator, as is xg, which follows from the fact that x§+...+x% is irreducible in
k[xy,...,x,] for n > 3 (this follows by just expanding out any linear product and comparing

coefficients). In other words, we are dealing with a localization k[xz,...,xn]( ) where

X2t 2
the principal ideal we are localizing at is prime and hence generates the mzaximal ideal.
All in all, in this case the valuation is 1 and Z is principal. As a corollary, we get that
k[xo,...,xn]/(x(z) +...+x2)is a UFD for n > 3.

The remaning case n = 3 is the affine hypersurface given by the equation xyx; = x,x3. This
is the affine cone X lying above the projective quadric Q, which is just P! x P! with class
group Z @ Z. There is, however, an excision sequence for situations like this (Harthosrne

exercise 6.6.2):

0->7Z—-—Cl(Q) —>Cl(A)—0

The first map sends 1 — Q-H = (1,1) and hence CI(X) = Z.
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Definition 3.64 (Sheaf associated to a Weil divisor):
Ox(D)(U) :={t € K(X)* : divyyt + Dy > 0} U {0}

In other words, the rational functions on U where we allow poles of the order of a positive

coefficient in D and demand zeros of order negative coefficients.

Example (Hypersurface in projective space): H in P” produces a sheaf whose sections are
rational functions allowing a pole at t = 0. By multiplying with #, we get a homogenous

degree 1 polynomial, i.e. a section of O(1). In fact, the two are the same!

3.6.2 Cartier divisors

Firstly, we define the sheaves of rational and invertible functions on a scheme X.

Definition 3.65 (Sheaves of rational functions): For an affine open U = SpecA in X, we

can associate

U S7A,

where S is the multiplicative subset of nonzero divisors. Sheafifying, this gives us the additive
sheaf K of rational functions. By taking only the nonzero elements, we get another sheaf K*, but

this time the groups have a multiplicative structure. Finally, sheafifying
U A

gives us the sheaf O.

Definition 3.66 (Cartier divisors): A Cartier divisor is a global section of the quotient sheaf
K*/0%

It is effective if the f; defined below can be taken to be in I'(U;,Oy.). An effective Cartier di-
visor defines a sheaf of ideals locally generated by the f; which corresponds to a subscheme of

codimension 1.

Practically, we are given rational function f; on an open cover U; such that they agree, mod O%,
on the overlaps, i.e. ﬁ/f] € O)X(. For exampe, when X = Speck|[xy, ..., x,,], a Cartier divisor is a ratio
of polynomials up to scaling. In this case, this coincides with the Weil divisors, but this is not

true in general.

Given a Cartier divisor D given by such data, we can get a Weil divisor by the following rule:
given Y C X codimension 1, integral, find a U; containing the generic point #y. Now put ny (D) =

vy(f;). This is independent of the choices: since f;/f; € O)x(U; N Uj), we have that vy(fi/f;) =
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vy (fi) —vy(fj) = 0.

Proposition 3.67 ( Cartier and Weil divisors sometime coincide): When X is Noetherian,
integral, separated and all its local rings are UFD’s, then the association D +— ) ny(D)Y respects

principal divisors and is a bijection between the Cartier and Weil divisors.

Proof. We give a converse construction: start with a Weil divisor D. This induces Weil divisors D,
on the local schemes SpecO,. By the Fact, the class group of a UFD is trivial, so D, is principal,
D, =div f,, f, € K (note that K is the constant sheaf on the function field K of X, as X is integral).
Hence, D and div f, restrict to the same thing on the local scheme, so they must differ only at
prime divisors not passing through x. But there are only finitely many of these occuring in D or
div f,, hence they must actually agree on an open U,. We can now cover X with such opens, and

the f,’s produce a Cartier divisor O

Note: the short exact sequence
00y =K - K/0% =0
Using this, we get a LES
0 — H°(X,0%) — H(X,K*) - H*(K*/O%) — H' (X, 0%) ~ Pic(X)

This is a map from the Cartier divisors to Pic(X) whose kernel consists of the principal divisors.

3.6.3 The Picard group

Definition 3.68 (Picard group): The group of invertible (locally free rank 1) sheaves is denoted

Pic X and is isomorphic to H' (X, 0%), by associating a line bundle its cocycle.

Given a Cartier divisor given by a system {f;, U;}, we can create a subsheaf of K by taking £(D)(U;)
to be the submodule generated by fi_l. An example is X = P" and D = H, whence £(D) gives us

the linear homogenous polynomials.

Proposition 3.69 (Cartier divisors and the Picard group): The association D — L(D) gives
a 1-1 correspondence between Cartier divisors and invertible sheaves such that L(D; — D,) =~
L(D;)® L(D,)™! and Dy ~ D, if and only if L(D;) ~ L(D;). This gives an injective homomor-
phism from the group of Cartier divisors modulo principal Cartier divisors CaCl into the Picard

group, which is an isomorphism when X is integral.

As a corollary, we get:
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Proposition 3.70 (Corollary): When X is Noetherian, integral, irreducible and separated, then
ClX ~CaCl X = PicX

In particular, for X = P", we have that the class group is Z, generated by the hypersurface
corresponding to the invertible sheaf O(1), implying that any line bundle over projective space

is of the form O(1).

Proposition 3.71 (Ideal sheaves and Cartier sheaves): Given an effective cartier divisor D
with associated locally principal closed subscheme (i.e. associated to the sheaf of ideals that D

generates) Y, we have

Iy ~ £(-D)

Proof. Recall that £(D) is locally generated by fi’1 and hence £(-D) is locally generated by f; ,
which is precisely the ideal sheaf generated by D. O

Hence, the ideal sheaf of D and its associated divisor sheaf are dual.

Example (Example): we saw that the associated Weil divisor sheaf of the prime divisor of a
hyperplane H in projective space produces O(1). On the other hand, using this definition,
we see that £L(—H) ~Zy ~O(-1).

3.6.4 Summary of the relation between Weil and Cartier divisors and invertible sheaves

We saw how to get from Cartier divisors given by a system D = {Uj, f;} to line bundles £ whose
value on U; is %OX(U,-). Moreover, we can also associate a Weil divisor D =) y vy (f;)[Y], where i
is such that 1y € U;. In favorable cases, there is a more complicated inverse association, given by
the dotted line. Finally, given a Weil divisor D, we also can associate to it a sheaf Ox (D) whose
values on open sets are rational functions constrained by D. We get the following diagram, which

we show is commutative:

Cartier > Weil

\

Line bundles (invertible sheaves)

We compare:
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D={U, f}} > D =Y vy(fi)[Y]

Lp(U)) = L0 (U)) == 0x(D)(U))

By definition,
Ox(D)(Uj) = {t e K(X)X|diV|th+D|U]. > 0}

In other words, we are seeking rational functions constrained by D. However, on Uj, for any Y

such that Y N U; is nonempty, we can just take i = j in the formula for the D, hence the restriction

becomes:
Dly, = ) _vy(f)lY nU;] = div(f))
Hence, on these opens, the restriction of D is principal and the condition becomes:

div (1) +div(f;) = div(fj) 2 0 & te %OX(U]-) = Lp(U))

We have shown these sheaves agree on an open cover of X.

e

Proposition 3.72 ( Line bundles and sections): Given a nonzero s € H(X, L), it gives us a

zero-set hypersurface Z(s) whose associated line bundle recovers L:

O(Z(s)) ~ L

3.7 Line bundles and projective space as a moduli space

3.8 Sheaf cohomology

We study the derived functors of the global sections functor I'(X, ). They are functorial: given

f:X — Y, we get an induced map

f O H(Y,F)—>H(X,f1F)

Moreover, for the constant sheaf Z, this cohomology will agree with the usual Betti cohomology.

As with any derived functor, it turns SES’s into LES’s.

H{(X;F) —— H/(X;F) —— H'(X;F”)

H*YX;F) —— HY(X;F) —— HTY(XGF)
To compute sheaf cohomology, one can find an injective resolution of it:

05F 515 ..
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Then, by replacing F by the complex I, we calculate the homology of the complex obtained by
taking global sections:

Hi(X, F) = % of the i -th bit in T(I,)

As usual, can replace the injectives by any acyclic resolution, examples of which are flasque, soft

and fine sheaves.

Theorem 3.73 ( Grothendieck vanishing): If X is a Noetherian scheme of dimension n, then

H(X,F)=0fori>n.

3.8.1 Cech cohomology

A more convenient way to calculate sheaf cohomology is using Cech cohomology. Given a "nice"

cover U; of X, we can consider the complex of Cech p-cochains:

crx)= [ 7i.,)

i0<...<ip

d:CP— P!

k+1 )
(da)iy.iy,, = Z(—l)]res Ay fymipr
=0

In other words, we are taking a section in all p—fold intersections and then the differential, evalu-
ated on some p + 1-fold intersection, is going to be given by an alternating sum of the restrictions

of a on the different bits. By the usual combinatorial argument, d? = 0.

In the case of schemes, if all U; are affine, as well as their intersections and F is quasicoherent,
then this will compute the sheaf cohomology! In particular, if X is separated, intersections of

affines are affine, so we only need the U; to be affine.

3.8.2 Cohomology of projective space

We will calculate the cohomology of projective space. Let

F= @O(d)

deZ

be the sum of all line bundles on P”. Recall that the global sections of O(d) was given by degree

d homogenous polynomials. Hence, H’(X, F) = k[xg, ..., X,,].

Take the affine open cover U; = D(x;) = Speck|[xg, ..., x,,][1/x;]9- The p-fold intersection Uig...i, will

then correspond to just localizing at all the x; . Hence,

]:(Uio.‘.ip) = k[xOl---rxn]xi()‘..x,-p
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Hence,

Cn71 = @ k[xo, e} xn]xo...ﬁf...xn

Cc" = @ k[x(), o xn]xo-.-xn

To calculate H" we need to calculate the image of d : C"~! — C". But this is taking the k span
of all monomials with integer powers modulo those where at least one of the monomials has a
nonnegative power. The resulting thing is going to be spanned over k by all monomials where all

the powers are negative, hence

1
H"(P", F) ~ o k[xgh, 1]

For the other degrees 0 < r < n, we claim that the cohomology is 0 and we proceed by induction.

We can embed P"~! — P" as the vanishing set of xy and get an exact sequence:
XX .
0— Opu(-1) — Opn — i,0pn-1 — 0

This is exact as the multiplication my xy, map lands in the ideal sheaf Zps-1, since a function
vanishing on V(x,) is divisible by x, (by the Nullstellensatz). In other words, this is the ideal sheaf
sequence. We can also think of it as coming from the exact sequence 0 — S(-1) - S — S/(xy) — 0.

We can tensor with Opn(d) and still get an exact sequence:
0= Opi(d 1) 22 Opu(d) — i.0pr1(d) — 0

Summing over all d, we get

0> F(-1) > F = Fpn1 =0

Now, by the long exact sequence and induction, we can easily show that H"(P",F)=0,0 <r < n.

3.9 Differentials

The sheaf of differentials is the algebrogeometric analogue of the cotangent bundle.

3.9.1 Affine case

In the affine case, given a B-algebra A given by a map B — A and hence a morphism of affine
schemes Spec A — Spec B, we define the Kahler differentials to be the free A-module generated by

symbols da satisfying the Leibniz rule and vanishing on B:

Qv e {dala € A}
AB= db=0,d(a+a)=da+da,d(aa’) = a.da’ + da.a

Here, d is thought of as a B-linear derivation d : A — Q,/g. In fact, the differentials are the
universal such derivation, in the sense that any other such object factors through an A-module

map.

For example, if A = B[xy, ..., x,,] then this is just ®Adx;, which should be thought of as the differen-
tial forms on affine space. More generally, if A = B[xy,...,x,]/(f1,.... ;) then Q4,5 =} Adx;/(df; =
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0) and this is precisely the cokernel of the Jacobian matrix

JiAT A"

3.9.2 Global case

In order to globalize, we can look affine-locally and glue all the pieces together.

However, another approach is also possible. For this, we need the notion of a conormal sheaf.

r

Definition 3.74 (Conormal sheaf): Let Y C X be a subscheme cut out by the ideal sheaf Ty.
Then we define the conormal sheaf by

L 2
Nyjx =Tyl Ty

This should echo the fact that the two are isomorphic in the complex setting.

Now, given a morphism 7 : X — Y of schemes, we consider the diagonal map A : X — X xy X

which was used to define separated morphisms. We then define

Qxy = Ny/xuyx

We need to equip this with a derivation. Consider the diagram

Xxy X -1y X
1 P2 lﬂ
X —— Y

T

Then we define for a section f of Ox df = p]f —p5f. Notice that this is in the ideal sheaf Zx of
sections vanishing on X since A*(p]f —p5f) = f — f = 0. Hence, we can consider it modulo the

square of the ideal sheaf and hence obtain a map

d
Ox — Qxyy

Note that this is not a morphism of quasicoherent sheaves on X.
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Example (Affine case again): Let’s see what happens in the affine case. We have a map

Spec A — Spec B of schemes, and hence on the level of rings the diagram looks like

(N

AQzA +—— A

1

A<—8B
The map « is given by multiplication. We see that the ideal sheaf is given by

I=T(Zp)={s€ 1-‘(OSpecA@JBA)lA*S =0} =kera

This is generated by elements of the type 1 ®a—a® 1. We now see that the derivation
takes the formd: A —> I/I%,a+— 1®a—a® 1. One needs to check that this is well-defined,
i.e. d(aa’)—ad(a’)—a'(da) = (1®a-a®1)(1®a’ —a’®1) € I?. One then has to verify that

Qg = I/1%. The isomorphism is given by da > 1 ®a—a®1 and inversely x®y + xdy.

\

Thus we see that the global construction reduces to the situation from the previous section and

naturally glues the affine local situation together.

3.9.3 Smoothness

We briefly mention a definition/criterion for smoothness of a scheme.

Definition 3.75 (Smoothness using differentials): A k-scheme X is smooth if it is of finite
type, pure dimension n and the sheaf of differentials Qx ;. is locally free of rank n. This cor-
responds to the nonsingularity of the Jacobians that are used to define regularity in differential

geometry.

3.9.4 The Euler sequence

Theorem 3.76 (Euler sequence): We have the following exact sequence:

&n+1

0—>QP;/A—>O]}»2(—1) —>OP2—>0

Proof. This has something to do with differentials on A"*!\ 0 and Euler vector fields, but am not

sure how it works exactly.

We begin with the local situation over the affine cover U;. We put ¢(sg,...,S;) = XgSg + ... + X;Sy,
which sends a homogenous degree —1 tuple to a degree 0 tuple, so it makes sense as a map

O(_1)€9n+1 0.
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On the other hand, over this open affine cover, the sheaf of differentials is generated by

fod ()5 v faly = Y gy
! ! k#i !

We seek a way to make a differential form of this type into a tuple of sections of O(—1). However,

if we actually think of the x; as coordinates (this is where that comment about pulled back forms
comes in) then

X]' 1 .X]' 1 —X;

d(—=)= —dxy——dx; = xj—+xi—

X Xi

X; X :
1 1 i i

This motivates the definition

Qpr/a(U;) = Opn (-1)*(U))
xj fO xj fn
kad(x_l) = ((x_,’,_ZP)f},l —)

— —_ X X
VE e

We need to check that these glue, which is routine using the Leibniz rule, and that the image
is precisely the kernel of ¢. Given (go,...,g,) with }_x;g; = 0 we put f; = x;g; when j # i. Then
Zf]d(i—j) — (g0,--»9n), SO the map surjects onto the kernel. Furthermore, it is clearly injective,

and this gives us the desired isomorphism.

3.10 The Hodge numbers of projective space

Following Arupura - use cohomology of invertible sheaves on projective space, Euler sequence

etc. to show that h?P =1, otherwise 0.

3.11 Blowups
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4 Algebraic Topology

4.1 Homology

4.1.1 Singular homology and the LES of a pair

Define n simplices as A" ={(tg,..., ;)| t; =1,¢; > 0}. For any I € {0, 1,...,n} we can associate the
I-th face of A" and furthermore a homeomorphism F; : A" — f; C A", This allows us to define
a canonical chain complex S,(A") with trivial homology except in degree 0, such that Sy consists
of the free abelian group on the k-faces. The boundary of a face is given by df; = Z(—l)jfl/l]-],
the alternating sum of the faces of f;. Moreover, this chain complex can be augmented by adding
a face corresponding to the empty set and an augmentation map € : } a;f; — ) a;, giving the

reduced homology groups which are all 0.

This canonical chain complex can be used to define the singular homology groups of any topo-

logical space X as follows:

r

Definition 4.1 (Singular chain complex): Define Ci(X) to be the free abelian group on the
set of continous maps o : A€ — X. Given any k — 1 dimensional face of A* given by some map
F: A1 — AKX we can compose with o to get a “face” of . Then the differential of o can be

defined once again as the alternating sum

do = Z(—l)ja oF;

This is chosen so that o actually induces a chain map @ : S(A%) - C(X). The homology of this

chain complex is denoted Hy(X).

If we have a subspace A C X the short exact sequence of chain complexes
00— Co(A) » Co(X) = Co(X)/Co(A) — 0

induces the LES of a pair (X,A). The snake lemma tells us that the boundary map H,(X,A) —

H,_1(A) takes a relative chain o with boundary in A to the class do which is a cycle.

4.1.2 Homotopy invariance of homology

We first describe a universal chain homotopy.

Firstly, note that for any o : Ak — X, we have a map ¢, : S,(A¥) — C,(X) given by ¢, (f;) = 0 o F;.
Now take two maps ig,11 : A” — A” x I which represent the bottom and top embeddings, i.e.
x = (x,0) or (x,1). These give maps @, , @, : So(A") — C,(A" xI). We want to show these are

homotopic.
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Some more definitions are due: for vectors vy,..., vk in a convex set X, we define [v,,...,v¢]: A —
X by (t;) = Y t;v;. This is the k-simplex spanned by these vectors, thought of as a map. Now

[vo,...,vk]oF]f: [vo,---, V..., vk] and d[vy, ..., vi] :Z(—l)j[vo,...,v”j,...,vk].

Now let’s write i for the vertices of the bottom A" in A” x I and i’ for the vertices on the top. The

idea is to triangulate A” x I and exhibit a chain homotopy operator.

The universal chain homotopy operator is a tool that interpolates between faces on the bot-
tom to faces on the top. It is defined as follows: U, : S,(A") — C,,1(A" xI) given by U,(f;) =
Z(—l)j’[io,...,ij',i]f,,..., i¢], where basically f; is defined by [iy,...,i]. This interpolates using sim-

plices of 1 higher dimension than f;, as we’re adding a point and climbing up (see picture).

Proposition 4.2 (Proposition): dU, + U,d = ¢, —¢,,.

This comes down to showing that (dU, + U,d)(f1) = [iy,- -, 1i]) = [io,-- - k] = @i, (f1) — @, (f1), and
is done by a combinatorial argument (by looking at where we are splitting and what we are

deleting).

It is good to note that this procedure is natural, i.e. doesn’t depend unnaturaly on n. Formally,
one can say that there is a commuting diagram of this type:

SJAF) T s,am

o | o

Co(AF xI) —— C (A" x1)
Fr,

Where ¢(fy) = f%"'ijz with J = {jo,..., ji}, I = {ig,. .., i} and F(x, t) = (F;(x), t) so that F1,[jo,...,ji] =
lij,---1j,]-

We can now use the universal chain homotopy to show that for any spaces X,Y and a homotopy
H : X xI — Y then the maps fy ~ f; induce the same maps on homology. One does this by

defining for each o : A" — X a corresponding H,, : A" xI — Y sending (x,t) — H(o(x),t). We have
the following compositions, where H,;, is the composition of the second two maps:
Fr
AT S Arx T 2 x w1 Ly
But note that (6 x 1) o F; = (0 0 F;) x 1, i.e. this is the same as
oFy)x1
A T v By
With this notation, we can transport the universal chain homotopy:
ox1

U?l
Su(A") =5 Cy (A" x 1) 25 € (X x 1) D €y Y

Now we can define a map h: C,(X) —» C,;1(Y) by o — Hg(Un(ft’Ulp)). It is now straightforward to
verify that dh+ hd = f1. - fo.:

hd(U) = Z(_l)jHUoFfUn—lfn_l = Z(_l)jHaF_fUn—lfn_l =H, Undfn
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dh(c) = dH,U,f" = H,dU, f"

So
(dh+hd)(0) = Hy (AU, + U,d)(f") = Ho (@, = @, )(f") = Hy 011 = Hy 015 = f1.(0) = fo.(0)

Hence homotopy equivalent spaces have the same homology groups etc.

4.1.3 Excision and subdivision

If we consider an open cover I/ and the chains CY(X) which are sums of chains landing in one
of the open sets in the cover, then repeated barycentric subdivision can be used to show the

following:

Lemma 4.3 (Barycentric subdivision): The inclusion 1 : CY(X) — C,(X) is a homotopy

equivalence and induces an isomorphism on homology.

This allows us to prove many things, beggining with excision, but also later on Mayer-Vietoris.

Firstly, one can show that if 2/ = {U} is an open cover of X and U* is its restriction to A, then by
the five lemma and the LES of a pair, we see that if we put C* = CY(X)/CY(A), then HY(X,A) ~
H,(X,A).

Proposition 4.4 (Excision): B C A C X with B C A°. Then the inclusion j : (X - B,A—B) —

(X, A) induces an isomorphism on homology.

Proof. Note that U = {A°, X/B} is an open cover of X. Now,

CY(X) = (o subordinate to U) = (o|imoNB = 0)&(c|imoNB = B) = CY(X-B)&(c|imo C A,imoNB = 0).

Similarly,

CY(A) = (o subordinate to 44, imo C A) = (¢]|imoNB = 0)&(c|imoNB = 0) = C¥ (A-B)®(c|imo C A,imaNB = 0).
So, CY(X,A) ~ CY(X - B, A— B). Hence, we get the following commutative diagram:

HY(X -B,A—B) —— HU(X,A)

l l

H X -B,A-B) —— H,(X,A)
I«

The vertical arrows are isos by barycentric subdivision, and the upper one is an iso by what we

just did, so the lower one is iso as well. O

We can now use exision to prove the following:
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Proposition 4.5 (Collapsing a pair): If A is a deformation retract of a neighbourhood U in X
(i.e. they form a good pair), then H,(X,A) ~ Hy(X/A, A, A) ~ H,(X/A).

Proof. Now let’s get back to collapsing a pair. Note that in the case of a good pair, we have
H,(X,A) =~ H,(X, U) by the LES of a triple and the LES of a pair (U, A). Now we have the following:

H, (X-A,U-A) s H(XU) ——  H(XA)

l l l

H.(X/A—A/A, U/A - AJA) H,(X/A, U/A) «—— H,(X/A,A/A)

]

The j arrows are isos by excision, and the i ones are isos by the what we just said. However, the
quotient map (X -A,U—-A) ~ (X/A-A/A, U/A-A/A) is a homeomorphism, hence the vertical left

arrow is an iso, and so are all the other ones. O

Definition 4.6 (Local homology): By excision, Ho(M,M — m) ~ H,(U,U — m) where U is
some local, Euclidean neighbourhood of m. But then this is the same as H,(D",D" — 0) =
H,(D",dD") = H,(S") by collapsing a pair, or equivalently by LES of a pair. Hence, it is Z
in dimension n. This can be shown that two manifolds of unequal dimension cannot be homeo-

morphic.

4.1.4 Mayer-Vietoris

As another application of subdivision, we have the Mayer-Vietoris sequence. Given A, B covering

X, we have that C,(A + B) ~ C,(X) by subdivision. Hence, the SES of chain complexes
(x,—x)

0— Co(ANB) ——5 Cy(A)® Cy(B) - Co(A+B) — 0

produces an LES.

4.1.5 Degrees

The homology H,(S") is, by Mayer-Vietoris for example, equal to Z and is generated by a cycle
A, — A_ where we think of S" as the CW complex with two n-cells D, attached along an equator.
Hence, any map f : S” — S” induces multiplication by an integer deg(f) on homology. This has

the following properties:

* deg(f) =0if f is not surjective.
* The degree is homotopy invariant and multiplicative

* The degree of reflection along S”~! transposes D, and so has degree —1
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n+1

* The degree of the antipodal map is (—1)"*" as it is obtained from # + 1 reflections.

* If f has no fixed points, then it can be homotoped to the antipodal map via f;(x) = m%

To compute degree, we can use the tool of local degrees.

o N

Definition 4.7 (Local degree): By LES of pair (S",S" — p), we see that H,(S") ~ H,(S",S" —
p),[S™] > [S", S"—p]. Similarly, for any open U C S", we have, by excision, that H,(U, U—p) ~
H,(S",S" — p) and we denote its fundamental class as [U,U — p]. Note that this is compatible

with inclusions of opens U’ C U.

Suppose that f~!(p) consists of a finite number of points {q,...,q,}. Then we want to show that
the degree of f is the sum of the local degrees at each g; - note that this is independent of the

point p chosen, only on the fact that its preimage is finite!

Firstly, find separating neighbourhoods U; of g; and put f.[U;, U; - ¢;] = (deg, f)[S",S" - p], the
local degree of f at g;. Again, note that this is not really dependent on the choice of U; as we can

always restrict further and get the same result.

Now put V =] U;. By excision, all the groups in the diagram are isomorphic:

H,(V,V-fp) —— Hy(S",S"-fp))

l l

H,(LU;,11U; -9;) —— DH.(U;,U;-q:)
We want to show that the map g : H,(S") — H,(S",S" - f~1(p)) is given by [S"] — ¥ [U;, U; — g;].
However, we have the following diagram:

H,(S")

i

H,(S", 8"~ f~Y(p)) —— H,(S",S"—q;)

~ |

Hn(viv_fil(p)) - Hn(VIV_Qj)

.

@Hn(U,‘, Ui_CIi) - Hn(Uj: Uj_qj)

If we follow the diagram around the left down and then right, we get [S"] - 7;[S"]. On the
other hand, if we follow the right, we get that this is simply [U}, U; — q;]. But 7 is the projection,

so we get the desired result.

[ Corollary 4.8 (Local degree formula): deg f = ) deg, f.
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Proof. We inspect the following diagram:

fe
Hn(Uil Ui —%‘) — Hn(V’V_p)

/ ; [

Hn(snlsn_qi) — Hn(sn'sn_fil(p)) —*> Hn(Sn:S"—P)

\ T f

H,(S") : > Hy(S")

The top isos are from excision, the bottom ones from LES of pairs and all the unnamed maps
come from inclusions. By excision, H, *S",S" — f~(p)) ~ ®H,,(U;, U; - g;). The map j : H,(S") —
H,(S",S™— f~1(p)) takes a generator and projects it to a generator on the summands. Moreover,

f. acts by local degree on each of these separate generators, and hence we get the result. O

4.1.6 Cellular homology

Cell complexes are built from the basic cells (D¥,dD¥) by gluing along maps f : dDF — X;_;.
Their k-skeleta provide a filtration Xy € X; C X;..., which can be used to calculate homology
groups. Note, firstly, that (X, X¢_;) is a good pair and X;/X;_; ~ VS* is a wedge sum of spheres,
precisely because D¥/dDF ~ S,

Example (Cell structure on real and complex projective spaces): Note that S” can be built
from 2 cells in each dimension (2 points, then 2 lines, then two disks for upper and lower
hemisphere etc.). But RP" ~ S"/Z/2, so we can get a cell structure on RP” by identifying
the cells in pairs, getting one cell in each dimension. Another way to think about this is
RP" = RP"! U, D", where p : $"~1 — RP"! is the projection map.

For complex projective space CP" = C"*! — 0/C*, note that C* ~ Ry x S!, C"*! - 0/R;( =~
§21+l 5o CP" ~ §2t1/S1. Let q: "1 — CP" be the Hopf quotient map. Then, we claim
that CP" = CP"! Uy D?". To see this, note that CP"~! embeds in CP" using [z] — [z : 0].
Furthermore, we have a map D" — CP", z > [z: m] such that the boundary oD

maps into exactly the bit we are identifying with CP"~!. In fact, we get the following:
$211 = 9D?" € D*n — CP"z +> [2: 0]

In particular, if we identify the image of $?"~! with CP"~!, we get precisely z — [z], which
is the Hopf map. Hence our two maps glue to give CP"~! Uy D?n — CP". This is an
isomorphism, as if [zy : ... : z,] € CP", then if z, # 0, it corresponds to a normalized
(20,...,24-1) € D*n, and if z, = 0, we just get [y : ... : z,_;] € CP""L,

Now we know that CP"/CP"~! ~ $2" and using the LES in homology, we can calculate that
H,(CP") = Z if e is even and 0 otherwise.
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Definition 4.9 (The cellular complex): Given a fcc X, we can combine LES’s of pairs to get a
composition

) j
Hi(Xg, Xi—1) = Hy—1 (Xi—1) = Hi—1 (Xg—1, Xi—2)

The first comes from the long exact sequence of the pair (X, Xyx_1) and the second from the
long exact sequence of the other pair. In other words, we are taking a relative cycle, taking its
boundary so it lies in Xy_; and then quotienting to get a relative cycle again. The resulting
map is called dy, the boundary map in the cellular chain complex. Note that it is indeed a chain
complex, as a composition of two differentials is really 4 maps in 2 long exact sequences and the

middle two compose to 0.

A few remarks: X is a fcc with 1 0-cell and all other cells of dimension € [m, M], then the only
nontrivial reduced homology occurs in those dimensions. H(X,Xy) = 0 and hence Hy(Xy,1) =

Hi(X)
We can use this to show that cellular homology is isomorphic to our usual homology, using the
following big double complex:

0 = Hy(Xg41, Xi)

/

0 = Hy(Xk_1) /Hk(Xk+1)
Hi(Xy)
d e
/ d )\) d
e —> Hk+1(Xk+1JXk) ? Hk(Xlekfl)
~—— /
/Hkl(xkl)
0 = Hi_1(Xy—2)

We can identify kerd; = kerd = immn =~ Hi(Xj). On the other hand, imdy,; = imd = ker:. But 1 is

surjective and finally

H(X) = kerdy/imdy | = Hy(Xg)/kert = imi = Hy(Xg41) = Hi(X)

Now we turn to the question of calculating the homology of the cellular complex. As mentioned
before, X;/Xy_1 is just a wedge sum of circles, so each Hy(Xy.Xy_;) is free abelian on the set of
k-cells. If e, denote the k-cells and eg the k — 1-cells, then the attaching map of e, gives us the

following information:

a - a P -
apk 2, Xt 25 X1 /Xy ~ vsk 2 gkt

We want to show that the matrix for dj with respect to the bases e, and eg is given by the degrees

of the maps pg7y_1 fo = fap. Note that pg quotients out all of the other irrelevant spheres.
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Denote 1, : (DK, 8k 1) — (X, X;_;) the result of attaching e, to Xj;_;. By the LES of a pair and
collapsing a pair, the class e, that generates a piece of X;/X;_; we are interested in is the same as
the image ta*[Dk,Sk‘l] € Hy (X, Xx_1)- Also, 1, is a map of pairs, so induces a map on their long

exact sequences, meaning that it commutes with the boundary map as follows:
k gk-1y _ % k-1
Hi (D%, §77) —— Hg1(S"7)
I
Hi (X Xg-1) —— Hp-1(Xi1)

Hence:
dk(ea) = Tck—l*akla*[Dk’Sk_l] = nk—l*la*ak[Dk’Sk_l] = nk—l*la*[sk_l] = T[k—l*fa*[sk_l]

Now, this lives in Hy_;(Xy_1, Xx_»), which is a direct sum of Z’s, so to get the integer corresponding
to B, we must project using pg, getting pﬁ*nk_l*fm[sk‘l] = faﬁ*[Sk‘l] = degfaﬁ[Sk‘l], and this
implies that dy(e,) = )_degfages.

Example (Cellular homology of projective space): As mentioned, RP" has 1 cell in each di-
mension, so we get a complex Z — Z — ... We need to calculate di(ey) in terms of e;_q,

which requires calculating the degree of the composite map
sk L RPEL  RPEI/RPR2 & 551,

But picking x € RP¥"! — RP*=2, it has two distinct preimages in S¥~!, namely a point g
and its antipode Aq. However, p = p o A, hence deg,,(p) = deg,(p)deg(A) = degq(p)(—l)k.
However, p is a local homeomorphism, so deg,(p) = 1. All in all, the total degree is the

sum of the local degrees, which is 0 or 2, depending on whether k is odd or even.

Remark (CW pairs): Note that a map of CW complexes f induces maps on cellular homol-
ogy and it coincides with the one given in singular homology. Moreover, if A C X isa CW

pair, then we have a short exact sequence of complexes
0 — Hi (A, Ak-1) = Hy(Xp, Xi—1) = Hye(Xie, X1 U Ag) = 0

This follows by just observing that if ey,...,e, is the set of k-cells of A and ey, ...,e,, is the
set of k-cells of X then X;/X; 1 UAr =e,41 V... Ve, Hence, we have a relative cellular
homology complex which just recovers the relative singular homology. We can check the

inclusions form chain maps by looking at the diagram

Hi(Xp, Xg—1) ———— Hp(Xy, Xi—1 U Ag)

o] I

Hi_1(Xg—1) ———— Hp_1(Xj—1 U Ag)

n| |7

Hy 1 (Xk-1, Xg—2) — > Hg1(Xp—1, Xk U A1)
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4.1.7 Examples and calculations of homology

Example (LES of cone): Suppose f : X — Y is a map of spaces with cone Cy. We will show
that upon applying homology, we get an exact triangle. One way to do this is to consider
M the mapping cylinder, which is homotopy equivalent to Y and the LES of pairs (Y, My)
gives the desired LES, since My/Y ~ X. Another way to do this is directly use the LES of
(Y,Cy) and the fact that C¢/Y ~ £X. What we need to verify is that the boundary map
H,1(Cy,Y) — H,(Y) corresponds to f, : Hy(X) — H,(Y) under the suspension degree shift

isomorphism. In other words, we would like the following to commute:

Hout(Cp, Y) = Hoa(Cp/Y, Y/Y) —= ot (5X) — Ao (CX/X) — Hoi(CX,X

. —7

But note that we have a commuting diagram

H.(Cf,Y) —— H,(C{/Y)

(crofi] |=

H.(CX,X) —= H,(CX/X)

Hence, Cf, provides the inverse isomorphism and we are reduced to showing the following

commutes:
Hqiq (CX’

(Cy

Ho+l (Cf' Y)
x
H,(

But this is true by definition of the boundary maps.

Example (Even dimensional projective space): Suppose f : S?" — S is a map. Then, if
f(x) = +x for all x, then we would be able to homotope f into both the identity and an-
tipodal maps, which have different degrees, by normalizing the formula #f (x) + (1 — ) + x.
This is impossible, hence any such map has some x with f(x) = +x. This also shows that

any map RP?>" — RP?" has a fixed point.
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Example (Cellular homology of some projective-like spaces): Let X be obtained from S" by
collapsing x ~ —x for x € S"~! on the equator. This can also be described as the CW com-
plex with a 0-cell, one n—1 cell and two n-cells attached along the identity and antipodal

map respectively. Clearly Hy(X) ~ Z and the reduced cellular complex is then
o d
052 ">7Z—0

Let the n-cells be e,,e_ and the n—1-cell be e. Thus, de, = e,de_ = deg(A)e = (~1)"*!e.
When n is even, the map is thus (1,—1) and hence H,(X) ~ Z(e, +e_) and H,_1(X) = 0. On
the other hand, when #n is odd, we have that H,,(X) = 0 and H,,_;(X) = 0. This has to do
with the fact that only the even-dimensional projective space is Z-orientable. If we use Z,
coefficients, we see that in both cases H,(X;Z,) = Z,, which is consistent with the fact that

all manifolds are Z,-orientable.

Example (Even maps): The degree of the quotient map S" — RP>" is 2 when 7 is odd and
0 when # is even, which can be used to show that an even map has even degree, since it

factors through RP”".

Example (Complements of embeddings in spheres): We have that H;(S" — h(D¥)) = 0 for all i
and any embedding h : D¥ — Sk, Moreover, if k < n then H;(S" — h(S¥)) is zero, except for
i=n—k—1 whereitis Z.

To show the first bit, one does a Mayer-Vietoris inductive argument on the sets A = S" —
h(I*1 x[0,1/2]),A = S" — h(I*"! x[1/2,1]) replacing D* by I¥ as it is more convenient. The
details can be found in Hatcher.

For the second part, one again does Mayer-Vietoris for the decomposition of S¥ into two
hemispheres and hence has A, B = $" — h(D¥) with trivial reduced homology by the first
part and hence Mayer-Vietoris gives H;(S" — h(S¥)) ~ H;,1(S" — h(Sk1)).

4.1.8 Universal coefficient theorem for homology

We have a short exact sequence of chain complexes as follows:

0 > Z, > C,, s B,_1 > 0

The differentials on Z,, B, are trivial. The rows split, as B,,_; is free, so the sequence remains exact
after tensoring with G, i.e. we get a SES of chain complexes 0 —» Z,98G — C,®G — B,[-1]®G — 0.
The LES of this SES of chain complexes is given by

i — Z,®G — H,(Cs;G) — B, 1®G —23 Z, 1®G —> ...

since the differentials on Z, ® G,B, ® G are 0. The boundary map ¢ is precisely given by the

inclusion maps :® 1. Hence, we can break up this LES into a SES:

0 — coker(,®1) - H,(C,;G) — ker(1,_.1®1) > 0
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Since tensor product is right exact, we have that coker(:, ® 1) ~ H,(C,) ® G, so we only need to
understand the kernel. To do this, we consider a different short exact sequence, which interprets

it as a Tor group.

In other words,

0 — B, =5 Z, — Hy(C,) = 0

is a free resolution of H,,(C) and hence we get a long exact sequence after tensoring with G, since

Tor measures the failure of exactness:
0 — Tory(H,(C),G) > B,®G —>Z,8G —> H,(C,)®G — 0

The first zero comes from the fact that Tor;(Z,,G) = 0, as Z,, is free, and similarly with B,,. Hence,

ker(s, ® 1) ~ Tory (H,C,, G) and the SES above produces:

Theorem 4.10 (Universal coefficient theorem for homology): We have a short exact se-
quence

0 — Hy(C,)®G — Hy(C,;G) — Tory (Hy—1(C,), G) = 0

These split, but not naturally, however we can still describe the above as
H,(C,;G) = Toro(H,(C,), G) & Tor; (H,-1(C,), G)
Remark: Importantly, Tor is symmetric, commutes with direct sums, is zero for free modules.

Moreover, Tor,(Z,,A) ~ A/nA. For finitely generated A, B, we have that Tor; (A4, B) is the tensor

product of the torsion subgroups of A and B.

Corollary 4.11 (Corollary): H,(X;Z) = 0 for all n if and only if H,(X;Q) = H,(X;Zy,) = 0 for
all prime p. Hence, by using the mappinc cone, a map f : X — Y induces an isomorphism on

integral homology if and only if it induces isomorphisms on rational and mod p homology.

Proof. The UCT gives the only if half. For the if part, suppose we have a group A with A®Q =
0, Torq (A, Zp) = 0. Then, use the short exact sequences 0 > Z — Z — Zp —»0and 0 >Z—->Q—
Q/Z — 0 and tensor with A to get Tor LES’s. O
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4.2 Cohomology

Formal dual of homology, need to include Universal Coefficient theorem.

Definition 4.12 (Pairing between homology and cohomology): Hom(C, (X), G)®C,(X) —

G given by a,c — a(c). This descends to cohomology:

(a+d*B)(c+db) = a(c) + a(db) + (d*B)(c) + (d*B)(db) = a(c) + (d*a)(b) + p(dc) + B(d°b) = a(c)

4.2.1 Universal Coefficient theorem for cohomology

Similarly as in the UCT for homology, we will utilize two different short exact sequences and do

some homological yoga.
Again, let’s take the SES

0 ” Zn ” Cn g ” Bn—l > 0

Homming into G gives a SES and an associated LES in homology:

A

o~}
%

A

Zy 4 H"(C,;G) < By | <

The boundary map is the dual of the inclusion map (by chasing the definitions) and hence we can

break this up into a short exact sequence
0 « kers;, « H"(C,;G) « cokers, | <0

However, ker;, ~ Hom(H,(C,), G) and hence we ony need to understand the cokernel. Take the
free resolution

0—->B,1—>Z2Z,.1—>H,1(C,)—>0

After homming into G, the Ext LES gives us:

0 - Hom(H,_(C,),G) » Hom(Z,,_;,G) - Hom(B,,_;,G) — Ext! (H,-1(C,),G)— 0

This describes the cokernel as an Ext group and hence:

Theorem 4.13 (Universal coefficient theorem for cohomology): We have a short exact se-
quence

0 — Ext!(H,_,(C,),G) —» H"(C,; G) — Hom(H,(C,),G) — 0
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4.2.2 Cup product

Definition 4.14 (Cup product): If the coefficient group is actually a ring, then the cup product

on cochains is defined as

(@UB)(o)=a(ooFy x)B(ooFk k1)

The map Fy i : AF — AR (%, x0) > (X0, 000r X5, 0, ..., 0) and similarly Fy jy; Al 5 Ak,

(x0y-rx1) (0, ..., 0, X0, ..., X7).

\

Note that this operation is associative and distributive, but not commutative! Furthermore, it
obeys the Leibniz rule

d(aUp)=daup+(-1)laudp

The proof of this goes by unravelling the definitions and doing some combinatorics with the
indices. As a corollary to the Leibniz rule, we see that the cup product descends to cohomology,
and it also commutes with pullback. the main property which separates the cup product on

cochains and cohomology is that it is actually graded commutative on cohomology:

Proposition 4.15 (Associativity of cup product on cohomology): On the level of cohomol-

08y,
aup=(-1)lblgya

Proof. Proceed by constructing a map on chains r : C,(X) — C,(X) which swaps things around,
i.e. from the linear map p, : A" — A", ¢; > ¢,_j, get 1 : Cj(X) — Cj(X),0 (~1)ii+/25 o pj- By
showing that this map is chain homotopic to the identity, we will be able to show the result, since
r[a U B] = £[B]U[a] on the one hand, since r swaps things around, but also by compatibility with
the cup product, rla U ] =rla]Ur[B] = [a] U [B].

Hence, what we need to show is that r is a chain map and is chain homotopic to the identity. This
can be done by induction on cell complexes, as in the lecture notes. Another way is to construct
an explicit chain homotopy, as Hatcher does. The reversal map takes a n-simplex [vy, ..., v,] and

spits out the reversed n-simplex [v,,,...,vg]. In other words,

(r'eUryp)(o) = p(exol[vk, ... vo)P(erol[vy, ..., vo])
(YU @)(o)=(PpUe)(oor)=erp(olvy...vol)p(ol[vi... vo])

Since r* is chain homotopic to the identity, and the ring is commutative, we get the desired graded

commutativity on cohomology. To take care of the chain map property, note that

dr(o) =€, Z(—l)i0|[vn,...,1?n_i,...,v0]
rd(c) = r(Z(—l)iaHvo,...,ﬁi,...,vn]) -
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Using the subdivision of A" xI using [vy,...,v,,] on A" x{0} and the opposite orientation [w,, ..., wq]

on A" x {1}, we can define a map P : C,(X) — C,,1(X) as

P(o) = Z(—l)ie,l_i(crn)[vo,...,vi,wn,...,wi],

where 7t : A" xI — A" is the projection. Really, we have an element E,, in C,,,;(A" xI) and we are

pushing it forward using 7w and 0 : A" — X, i.e. this is

(0070).() (1) €[V, v Vis Wy ;)

Now,
dP = (0 o %).dE, = Z(—l)’(—1)]en,i[vo,...,ﬁj,...,vi,wn,...,wi]

j<i
+ Z(—l Y (=1)* e i [vos viowy, or Wiy, Wi |

When j =i, we get precisely (o) — o, corresponding to i = j = 0 and i = j = n, with the other ones
canceling in pairs and totalling to 0. Moreover, when j # i we get —Pd, hence Pd+dP =r—1. This

is since

P(do) = (doom).E, ;= P(Z(—l)j[vo,...,ﬁ]-,...,vn]) =

= Z(—l)’_1(—l)]en_i[vo,...,ﬁj,..,vi,.wn,...,wi]

j<i

+ Z(—l)’(—l Y €ni1[V0s e Vi Wy ey W)y ooy Wi ]

j>i
The (-1)"~! comes up since we have i — 1 elements Vo, ..., Vj,...,v; before the w, shows up, and

similarly for the €,,_;_;. This cancels with the j # i terms of 4P, and we are done. O

Remark: using subdivision, one can show that relative cup product gives a map H*(X,A) x
H*(X,B) — H*(X,A U B). Note also that the cohomology ring of a disjoint union is the direct
sum of the cohomology rings. Furthermore, H*(X,p) = @bo H(X). Moreover, H(X VY) =
H (X)®H!(Y),i>0and Z,i = 0.

4.2.3 The exterior product and the Kiinneth formula

Given two spaces X, Y we have projection maps py : XxY — X,py : XxY — Y. Hence, by pulling

back, we get a bilinear map, i.e. a map
H*(X)®H*(Y) —> H* (X x Y)
given by a®b > a x b := pya U p}b. More generally, we have a map
H*(X,A)@ H*(Y) 55 H* (X x Y, Ax Y)

for a subspace A C X. If we equip the tensor product with a multiplication (a ® b) U (c®d) =
(-1)lel(g U c @ b U d), then this becomes a ring homomorphism:
u(a@b)(c®d)) = (1) u(ac @ bd) = (-1)Wp3 (auc) U py (bUd) =
= (=1)"p3 (@) U px (e) Uy (B) U py (d) = p(a) U Py (b) U P (c) U py(d) =
= pa®@b)u(co d)
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We can ask whether this ring homomorphism is an isomorphism, which has an answer in the

following theorem:

Theorem 4.16 (Kunneth formula): y is an isomorphism of rings if X and Y are cell complexes

and H*(Y;R) is a finitely generated and free R—module for all k.

Proof. Consider the functor h(X,A) = H*(XxY,AxY) such that, when f : (X,A) — (X’, A’) we have
f:H*(X'xY,A’xY) — H*(XxY,AxY) induced by fx1y. Moreover, consider h(X,A) = H*(X,A)®
H*(Y) = @Hi(X,A) ®H"(Y) and i = f*®1y. We want to show that these define cohomology
theories and are isomorphic via the exterior product when the conditions of the theorem are
met, which is done by comparing them on cell complexes and doing induction. They obviously
satisfy homotopy invariance. For LES of a pair for ﬁ, that is the LES of (X x Y,A x Y), whereas
for h it is the LES of (X, A) tensored with the free, hence flat, R-module H*(Y). Naturality of the
exterior product is on the example sheet. Now, the point is that a natural transformation between
cohomology theories, which is an isomorphism on the pair (point,), then it is an isomorphism
on all CW pairs (Hatcher, proposition 3.17). In other words, we can now use the five lemma, the

LES property and induction, and that’s it. O

Example: the cohomology ring of a genus g surface ¥, has H*(X,) generated by a;,b; with the

only nontrivial relation being a; U b; = ¢ such that ¢ generates H?.

4.3 The Thom isomorphism and Poincare duality

4.3.1 Thom classes

An R-Thom class is an element u € H"(E, E*; R) which restricts to a generator on each fiber. For

example, on a trivial bundle E = B x R" the Kunneth formula tells us that
H*(BxR",Bx (R"\0))~ H*(B)® H*(R",R"\ 0)

and so taking the external product with the generator of the latter ring gives an isomorphism
H*"(B) ~ H*(E,E*;R). The Thom isomorphism states that this holds for all bundles which have

a Thom class.

Proposition 4.17 (Properties of Thom classes): If u is a Thom class for E, then f*u is a
Thom class for f*E. Moreover, Thom classes glue: if uy,u, are Thom classes of Eg, , Ep, agreeing

on the intersection, then they glue to a Thom class on the union.

Using this, one can use a Mayer-Vietoris argument to show the Thom isomorphism holds, and

that every bundle has a Z/2-Thom class.
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Definition 4.18 (Euler class): We define e(E) = sj*u € H"(B).

Using the Gysin sequence, one can then show that H*(RP";Z/2) ~ Z/2[x]/(x"*!) where x = e(7),
and similarly for CP".

Example (Complex bundles are orientable): Given E — B with complex fibers, with tran-
sition functions in GL(n,C) ¢ GL(2n,R), we want to show there is a Thom class. This
amounts to showing that there is a canonical orientation on C" which is preserved under
complex linear maps. But the idea is that the determinant of A, thought of as a real linear
map, is |Ag| = |Ac|? as in the situation in complex geometry, where the C-R equations im-
ply that it is similar to a matrix with two blocks. In other words, the degree of the complex
linear map A : H"((C",C"\ 0) - H"((C",C"\ 0) is given by the determinant of A, which is
positive.

This comes down to the fact that any linear map induces its determinant - since there are

two path-components of GL, one only need to check this for +I.

Definition 4.19 (Orientability): A manifold is R-orientable if there is a class [M] € H, (M)
which restricts to a generator on the local homology groups H, (M, M — x). We have that M is

orientable iff TM is orientable, by looking at tubular neighbourhoods of curves in M.

4.3.2 Poincare duality

Definition 4.20 (Cap product): Hy, (M) —» H;(M),x — x N a is dual to the cup product,

where a € H*(M). In other words, it is an operation
Hy,1(M)® HY(M) — H;(M)
On chains, this basically contracts a cochain ¢ by the chain o:

o N = ¢(ollve, ... vk])ol[vi -, vis1]

This also satisfies the projection formula

fa)ng = flan f¢x)

We have the adjoint relation

(@aUb,x)y=(b,xNa)
Moreover, we can define an intersection pairing

HYM)®H"*(M)—>TF

(a,b) > a-b=((@Ub)[M]) = (b,[M] N a)
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We want to show that capping with the fundamental class gives an isomorphism

H (M) 225 H,_(M)

or at least for field coefficients.

To do this, we create a geometric inverse of the map. Namely, if N ¢ M is smooth, closed, con-

nected, oriented, then it has a tubular neighbourhood and we can use the Thom isomorphism.

H,(M,0) —— (M|N) +— (V|N) +— (N, N¥)

\ (

Mi]x)

Since H¥(N) ~ ([N]*), the Thom isomorphism says that H"(N, N'#) ~ (u Un*[N]*). On the other
hand, the fundamental class [M] gives a generator ;! j,[M] of H,(N, N¥) by composing with the

inclusion and then using excision. So we must have that
(WU [NT, 1. [M]) = k e F

This allows us to define a relative Thom class uy;/y = k' u, which then obeys (u;/nyUT* [N, [N] =

1, where [N] is the induced orientation from [M].

Definition 4.21 (Geometric Poincare dual): We now move back to M using 1, j and define

pd(N) = j* () L upyn € H (M)

Proposition 4.22 (Fundamental relation):
PD(pd(N)) = i,[N]

In other words,

(pd([N))Va,[M]) = (a,i[N])

for a e HX(M).

Proof. We use some yoga of moving pullbacks and pushforwards, along with the normalization

property.
G @)y Ve, [MD) = () uyn U a, ju[M]) =

= (upyn Vita, (i) juIM]) = (upgyn U@, il [NDTCINT, i [ M]) =
= (a,i,[N])
O

We used the fact that 1*(a) = (a,,[N])*[N]*. This is true, since V ~ A and i*(a) € HK(N) =
(r*[N]*), so we need to check that they both evaluate to the same thing on [N]. But this follows,

since again we can move around pullbacks and pushforwards: {(:*a,[N]) = (4,1 [N]).
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Recall that aUb = A*(ax b). The problem is, the external product is not symmetric. To make it so,

we introduce the diagonal.

Let i be the Poincare dual of the diagonal in M x M, oriented via [M]|x[M] (more on the homology
cross product in a second). We will show the following properties of i, which will imply that PD

is an isomorphism:

Proposition 4.23 (Properties of the dual of the diagonal):
* (@, [M]x[p])=(-1)"
e 71U (axb)=-1117 U (bxa)

* (i,PD(a)xy) = +(a,p)

This implies that PD is injective, but also both groups have the same dimension and it is sur-
jective, hence it must be an isomorphism. Moreover, we have that the intersection pairing is

nondegenerate.

Here, we used a homology cross product, which in our case is the dual of the cohomology external
product, since we’re working over a field. In particular, @ x f € H,(X x Y) corresponds to a ® f €

H,(X)® H,(Y) in the sequence of dual isomorphisms. This can be characterised as

(axb,axp)=a(a)b(p)=(a aXb,p)
Using this, together with the identity (a; x a;) U (by x by) = (a1 U by) x (a U by) which follows by
definition of the cross product on cohomology, we can show that
(21 x22) N (@ x ag) = (~1) 21 EHD (2 nay) x (22 N )

by applying (b; x by, —) on both sides.

We also have that for & € Hi(M),a € H*(M), then a Na = (a, a)[p].

Proof. We begin with the second equation. Recall that # = j*(1*)"u, so we can deal with the Thom

class and then apply this. Consider the diagram

.

vVE Y s MxM

il i

(VIM) —— (M x M|A)

We have
uU () (axb)=uUnjy()(axb)=uUn'A"(axb) =

—uUn*(aub) = (=11l Ut (b U a) = (=1)MPly U (/) (b x a)

Here, t: V — A is the projection from the normal bundle, which has j, as a homotopy inverse.
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Now we move on to the first. We apply the calculation we just did:
@U (1 [M]), [M]x[M]) = (-=1)((A x [M]) Ui, [M]x [M]) =
= (=)@, (IM]x [M]) N (1 x [M])) = (=1)"(@, ((M]N 1) x ((M] N [M]")) = (=1)"(a, [M] x [p])
But on the other hand, from we also have

(U (1% [MT]),[MxM]) = (1 x[M],[A]) = (mo[M]', A M) = (IMT’, (102). A ([M]) = ([MT", [M]) = 1

For the final part, we combine everything:
(i1, PD(a)x p) =i, ([M]Na)x(yN1))y =i, [M]xynax1)=

=(ax 1)U, [M]xyy={(1xa)Ud, [M]xp)= (3, ((M]xy)N(lxa))=
= (=1)"™M¢, ((M]n 1) x (y Na)y = (<1)"a, [M] x (a,9)[p]) = (-1)""(a, p)

All in all, this shows that PD is injective and that the pairing is nondegenerate.

Corollary 4.24 (Alexander duality): Using the Poincare duality isomorphism, we can get an-
other type of duality as follows: suppose A C X is a submanifold in a compact manifold, and

moreover has a tubular neighbourhood V, which is also its normal bundle. We get isomorphisms:
Hi(X-A)~H"(X-A)= li_r)nH”‘i(X—A,X—A—K)

(have not defined compactly supported cohomology unfortunately) However, the radius 1/r
tubular neighbourhood %V provides a sequence of compact subset in the complement, and then
we can use excision and the homotopy equivalence V ~ A to get:
. 1 .1 .
ImH" (X -A,(X-A)N=V)=limH"(X,-V)~H"(X,A)
— r e r
When X = S", we can finally use the LES of a pair to get

H;(S" - A)~ H"71(A)

4.3.3 Gauss-Bonnet

Let’s take a basis a; of H*(M), which has a dual basis b; such that (a;, b;) = (a; xb;,[M]) = 9;;. Then
we see that (bj, PD(a;)) = (a;Ubj, [M]) = 6;; and also (a;, PD(b;)) = (b;Ua;, [M]) = (-1)“Pils,;. This
shows that PD(a;) = b; and PD(b;) = (-1 )I“l”h la. We can now compute:

Corollary 4.25 (Corollary):

= Z(—l)luilai x b;

Proof. Just evaluate both sides on a;j x b;. O
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A fundamental property of Poincare duality is that
pd(Ny) U pd(N) = pd(Ny N N;)

for transverse intersections, which comes down to the fact that the normal bundle of an intersec-

tion is the sum of the normal bundles, and the Euler class sends sums to products.

Theorem 4.26 (Gauss-Bonnet):

(e(TM), [M]) = x (M)

Proof. The normal bundle of A € M x M is just the tangent bundle. Hence,
(e(TM), [M]) = (e(N, A[M]) = (pd(A) U pd(A), [M x M]
We can now write it in two different ways:
pd(A) = Z(—l)l“ilai xb; = Z(—l)”’f"bj X aj

When we cup them and evaluate, we get

(=)l =)0 a; U by, [MIXD; U ag, [M]) = x(M)
ij
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5 K-theory and characteristic classes

5.1 Grassmanians and vector bundles

5.1.1 The Grassmanian as a classifying space of vector bundles

Definition 5.1 (Grassmanian):
Gr,(FN) = {n-dimensional vector subspaces of FN}

This has two bundles attached to it: the frame bundle, which is a principal GL,, bundle, and the

tautological bundle, the associated vector bundle of the frame bundle:
Fr,(FN = ((vy,...,v,,) € (FN)"| linearly independent} c (FN )"

The map q : Fr, — Gr,, sends an n-tuple to its span. This is a surjection and we topologize
the Grassmanian using the quotient topology, and the frame bundle using the subset topology.
Finally, we have:

N ={(V,v) e Gr, xFN|v € V)

A neighbourhood of V in the Grassmanian consists of all the subspaces W such that W — FN — V

is an isomorphism, where the latter map is orthogonal projection.

Lemma 5.2 (Vector bundles embed into trivial bundles): Given a compact Hausdorff space
X, then any v.b. over it is a subbundle of a trivial bundle (compare with how projective modules

are summands of free modules)

Proof. 1dea is to create a map

¢ E— Xx(F""
e (1i(e), Ay (me(e))pi(e),-..)
A; are a partition of unity

E trivialized via U; x " ~ E|y;,, (7(e), pi(e)) <> e

Definition 5.3 (Concordance): Two bundles E| and E, are concordant if they occur as restric-

tions by pulling back a bundle over X x I.

Lemma 5.4 (Concorance implies isomorphic): If E| and E, are concordant over compact

Hausdorff X, then they are isomorphic.
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Proof. See Bott-Tu. O

[ Proposition 5.5 (Corollary): Pullbacks along homotopic maps are isomorphic.

We now show we can classify vector bundles using the infinite Grassmanian and its tautological

bundle, which are infinite colimits as in the diagram:

7/n,N N 7/n,oo

l l

Gr,(FN) —— Gr,(F®)

Given a map f : X — Gr,(F*) we get a vector bundle on X by pulling back the tautological
bundle. This does not depend on the homotopy class of f hence we get:

[X, Gr,(F*)] — Vect,(X)/ ~

Theorem 5.6 (The Grassmanian classifies vector bundles): The above map is a bijecton

Proof. To prove surjectivity, given E embed it into X x FN via a map p. Then get X — Gry, x >
p(Ey). Injectivity is harder: check notes. Need to use Hilbert-hotel style argument and homotope
two maps ¢, p; : X — Gr,(F*) into ones using only even resp. odd coordinates. Let’s denote
them in the same way. Then by assumption, there is an isomorphism 1 : ¢y = ¢y which gives
an isomorphism ¢, between the vector spaces (¢;¥)x = V¢,;(x) = ¢x(x). We can use this to create
a linear homotopy, which is injective on each fiber since we modified to use only even resp. odd

coordinates:

X x[0,1] = Gr,,(F>)

(x,8) = ({(1 = ) + tihy (v)[v € Po(x)})

5.1.2 The clutching construction

The suspension X can be covered by two contractible cones, on which any bundle is trivial.

Hence, a bundle on the suspension is determined by a map
C(X)NC_(X)~X — GL,(F)
In this way, we get a bijection

[X,GL,(F))/mty < Vect,(EX)/ ~
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Remark : This shows that
[X,GL,(F)] = [EX, Gr,(F7)]

In fact, this is because of the suspension-loop space adjunction and the fact that the loop
space of the Grassmanian is homotopic to GL,,. The idea is that a loop produces a mon-

odromy action using the tautological vector bundle! In other words, Gr = BU .
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5.2 Characteristic classes

We saw that any vector bundle E — X is classified by some map X — Gr,(F*). If we want to
figure out whether this bundle is trivial, we need to check whether it is nullhomotopic. As a first
step, which is neccesary (but not sufficient! e.g. the tangent bundle of S°), is to see whether the
map on cohomology is zero, and this is precisely what characterisrtic classes measure. There are
universal spaces whose cohomology we need to understand, namely the Grassmanians, and then

characteristic classes of vector bundles correspond to pullbacks along classifying maps.

5.2.1 Recollections from algebraic topology

Any R-oriented d—dimensional vector bundle E — X admits a Thom class ug € H%(E,E*;R) such

that the following composition is an isomorphism:

Hi(X;R) 25 HI(E;R) 255 Hi*(E, E*;R)

The Euler class is defined by pulling back the Thom class along the zero section:

HY(E,E*;R) 5 H(E;R) 2% H(X;R)

Remark: We will later need to replace (E, E¥) with the Thom pair (D(E),S(E)).

These classes are both natural and furthermore that e(E; ® E;) = e(E;) U e(E,). This means that
whenever a bundle has a nonzero section, it generates a line bundle inside E and hence the Euler

class vanishes - in other words, the Euler class is a stable invariant.

We also have the Gysin sequence, obtained from the LES of the pair (E,E#), the Thom isomor-
phism, the inverse isomorphisms sj, 77" on cohomology and the projection p : S(E) S L ES X

*

.. — H*4(E,E¥) 1 Hitd(E) L Hi*d(E¥) % Hi+d+I(E,E¥) — .

UT % g jn* lﬁ lu

.. — H{(X) 5= Hi*(X) — H*4(S(E)) — H*N(X) —— ..

Of special importance is the Euler class of the tautological bundle, which can be thought of a
Poincare dual to minus a hyperplane. Intersecting hyperplanes corresponds to cup product, so it

is natural to expect that this class generates the cohomology of CP" and that is in fact the case:

166



Definition 5.7 (Euler class of tautological bundle): Given a complex vector bundle E — X,
it is oriented and hence has an Euler class e(E) € H24(X;R) for any commutative ring R. In

particular, we define:

x:=e(yg"") e HX(CP%R)

Using the Gysin sequence, one can show that H*(CP";R) =~ R[x]/(x"*1). Similarly, for a real
vector bundle, which can only be oriented mod 2, we get e(E) € Hd(X;IE‘z) and using the same

letter
x:=e(yg™') € H (RP";F,)

Again, H*(RP";F,) ~ F,[x]/(x"!)

Remark: we have used the bundle O(-1) and thus we get that (x", [CP"]) = (-1)", as will be seen

later. This can be fixed by just choosing —x which is the Euler class of the dual bundle O(1).

5.2.2 The projective bundle formula

The fact that the cohomology of projective space is generated by a single class x with a relation

x"*1 = 0 can be seen as a special case to projectivizing the trivial bundle over a point. We define:

r

Definition 5.8 (Projectivization): Given E — X we define a fiber bundle with fiber FP~! via
P(E) := E*/F*
This admits a tautological line bundle
Lg :={(l,v) e P(E)x E|v € I}
Lg — P(E)
(Lv)—1

This gives us a class
H2(P(E);R),F=C
xg =e(Lg) €
HY(P(E);F,),F=R
This can also be seen as the map induced by embedding E into a trivial bundle, projectivizing

and pulling back the Euler class of the tautological bundle:

E > F® — P(E) » FP*

We would like to show that the cohomology of this bundle is a free H®*(X;R)-module generated

by xg as an algebra. The relation between the x}; will produce the characteristic classes of E.

167



Theorem 5.9 (Projective bundle formula):

H*(X;R){1,xg,...,x41) ~ H*(P(E); R)

Z%‘xé = ZP*(%) Uxg

Proof. Use Mayer-Vietoris principle, excision and the Kiinneth formula. Note that this is a special

case of the Leray-Hirsch theorem. O

5.2.3 Chern classes

Note: the pullback map p*: H*(X;R) — H*(P(E); R) is injective by the projective bundle formula.
By the projective bundle formula, the element xg should be expressible in terms of the lower

powers, and hence we get a relation which defines the Chern/Stiefel Whitney classes:

r

Definition 5.10 (Chern classes): Given a complex vector bundle, we define cy(E), ...,c4(E) to

be the unique classes in the cohomology of X such that cy(E) =1 and

Y (U'p(e(E) Ut = 0e H*(P(E)R)

The total Chern class is
c(E)=1+c1(E)+...+c4(E)

Theorem 5.11 (Properties of the Chern classes):

* The Chern classes are invariants of the isomorphism class of the bundle E

* ¢i(f'E) = frci(E)

ck(Ey®Er) = ) colEo)Ucy(Er)
a+b=k

or in other words c(Eg® E;) = c(Eg) U e(Ey).

e ¢;(E)=0ifi>d.

Proof. One proves the first two properties by considering the pullback square and then projec-
tivizing and verifying the two things satisfy the same defining property. For the third one, the
inclusions Eq, E; — E; @ E; by adding a zero induce disjoint inclusions on the projective bundles
(since (0,0) is not an element in the projectivization). Then put U; = P(E; @ E;) \ P(E;). This is
an open set and deformation retracts onto the other projective bundle. The idea is that each fiber

looks like {[zq : ... 1 2, : wy @ ... : wy,]|z; # 0} and we can normalize the z; to become 1’s. We can thus
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define two classes

n

Ci=) (~1)ip'c(E))Uxp by,
0
m

Cr=) (-1Vp'e(E)Uxp dp,
0

Note that Lg, g, restricts to the line bundles Lg; over E; and hence so does xg, gr,- We thus get
that C; restricts to 0 on P(E;) by definition, and hence on U, and similarly C, on U;. This is an
open cover, so their cup product C; U C, must vanish, establishing the defining relation for the

Chern classes of the Whitney sum. O

Example (Line bundles): For a line bundle E — X, we have that p : P(E) ~ X and hence that
LE = p*E

Ly —— E

b

P(E) T) X

Hence, p*e(E) = e(Lg) = xg.-

We now check the definition of the Chern classes:
0=1Uxg-p'ci(E)U1l = p*ci(E)=e(Lg) =p*e(E) = c1(E) =e(E)

Hence, for line bundles, the first Chern class is the Euler class! In particular,

c(yé’”“) =1+x

Moreover, the Chern class of a trivial bundle is 1. This implies that the Chern class is

stable under adding on trivial bundles, by the sum-cup product formula.

5.2.4 Stiefel-Whitney classes

In exact analogy, we define:

r

Definition 5.12 (Stiefel-Whitney classes): Given a real vector bundle, we define
wo(E),...,wy(E) to be the unique classes in the cohomology of X with . coefficients such that
co(E)=1 and

Y ()P i) Uxf = 0 € H(P(E);F,)

The total Stiefel-Whitney class is
w(E)=1+wq(E)+...+wy(E)

These obey the same properties as the Chern classes.

Example: w(yé’"”) =1+x.
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5.2.5 Pontrjagin classes

Definition 5.13 (Pontrjagin classes):

pi(E) = (-1)'cyi(E®r C) € H¥(X;R)

Remark: Due to complex conjugation, the odd Chern classes are 2-torsion.

5.2.6 The splitting principle

Theorem 5.14 (Splitting principle): For a cmplex vector bundle over a compact Hausdorff
space, there is a space F(E) and a map f : F(E) — X such that f*E is a sum of line bundles and

f* is injective on cohomology.

Proof. Induction, by first using the projectivization of E. More precisely, we pull back E along the

projectivized projection P(7r), which contains a tautological line bundle. O

Remark: the space F(E) is the flag bundle associated to E, whose fibers F(E), consists of all chains

0cVyc..cV,=E, soitis afiber bundle with fiber equal to the flag variety.

This allows us to prove:

Theorem 5.15 (Euler classes as top Chern and Stiefel-Whitney classes): e(E) = c¢;(E), E

is complex of dimension d. e(E) = wy(E), E is real of dimension d

Proof. Use the fact that it is true for line bundles, together with the splitting principle. O

Example: ¢;(E) = (-1)¢;(E) = ¢;(EY).

We can use the splitting principle to show that the first Chern class of a tensor product of line

bundles behaves nicely, by reducing the calculation to the universal case:

Proposition 5.16 (First Chern class of tensor product of line bundles): For any two com-

plex line bundles Ly, L, we have

ci(Li ®Ly) =y (L) +ci(Ly)

Proof. Firstly, consider CP" x CP" equipped with two line bundles 7}y and 75, where 7}, 7t; are

1,n+1

the projections and y = . We put L = ]y ® 70, y. By Kiinneth, we know that

H*(CP" x CP";R) ~ H*(CP";R) ® H*(CP"; R) = R[x]/(x""!) ® R[x]/(x"*!)
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We can thus express ¢ (L) as Ax® 1 + B1 ® x. We have two embeddings of CP" into the product,
one where the first component is fixed and one where the second one is fixed. Pulling back along

L these two embeddings produces y. If we call them 1, , then we have that
Nx®1)=x5(10y)=x7(10)=0,5(x®1)=0
We thus see that /jc; (L) = Ax = c;/jL=c;y =x = A =1. Similarly, B = 1. Suggestively,
(L) =x®1+1®@x=cy(m]y) +c1(15))

Now, given two complex line bundles L;,L, over compact Hausdorff X, we can find f;,f, : X —

CPN which realizes them as pullbacks of y. Thus,

Li®Ly=(fi x o) (mjy ®157)

This shows that
ci(Li®Ly) =cy(Ly)+ci(Ly)

Remark (First Chern class of det bundle): Using the last statement and the splitting princi-

ple, one can show that ¢;(E) = ¢y (detE).

Remark (Chern character): Note that the same equality can be proved using the Chern
character, by comparing the degree 1 terms on both sides of the equality ch(L; ® L;) =
ch(Ly)ch(Ly).

5.2.7 Calculations of tangent bundles

* First, let’s explore the case of S”. We have
TS"@N ~ TR g,
The normal bundle is trivial, and so w(TS") = w(TS"®N) =1.

» For RP" = §"/7/2, we can consider the splitting above and how the antipodal map acts. On

R it acts as —1 but on the normal bundle it acts as 1! By modding out, we get:

TRP" @B — (V]}lx’n-'—l)@m-l — (1 + x)n+1

* For CP" the situation is more complicated. We have y, a subbundle of C"*!, which has some
orthogonal complement w. We claim there is a map

¢ : Hom(y,w) - TCP"

This is defined as follows (compare with[1.5.2): given | € CP”, then the fiber on the LHS is
Hom(l,I1), i.e. linear maps between the line and its orthogonal complement. We want to

map this fiber to the tangent space T;CP". Let f € Hom(/,I*). Then define

ldef:l1—>lelt=C"!
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This deforms [ in the direction of f and has image some line ;. We can thus define a curve
depending on f via

At time 0 we are just at ], so the derivative of this curve defines a tangent vector ¢;(f) Now,

Hom(y,y) = C via Id and thus we get
¢ &Id:Hom(y,w)®Hom(y,y) - TCP"&C
But the LHS is just Hom(y, w @ ) ~ (y¥)®"*! ~ (7)1, We conclude that
¢(TCP") = (1 —x)"*!
Hence, ¢;(TCP") = (-n — 1)x, which lines up with [2.30] Also, e(TCP") = ¢,(TCP") = (n +
1)(—=x)" = (-1)"(n+1)x". But
(e(TCP"),[CP"]) = x(CP") = n+1

since the CW structure has one cell in each even dimension 0, 2,...,2n. This shows that
(x",[CP"]) = (-1)", as mentioned before. The point is that x = ¢;(O(-1)) is in some sense the
"wrong" generator, and a better choice is —x = w = ¢;(O(1)) which actually coincides with

the Fubini-Study form of projective space.

o M = RP"#RP". Check notes for this.

Remark (Grassmanians): I wonder whether the same techniques as above can tell us some-

thing about the Grassmanians as well? We have the decomposition

TGrk(Cn+1) @Hom(yé,ﬂ+l’yé,n+l) = ((’)/é’n+l )x—)ﬂ)n+1

The problem is that the endomorphism bundle yé’%l ® (y(lé'nﬂ)* is no longer trivial. We

could try applying the Chern character, which behaves nicely with tensor products.
Also, know that there is a cover of the Grassmanian by ("Zl) contractible sets, so any (”Zl)—
fold products will be zero in the cohomology.

Finally, could also use Grothendieck-Riemann-Roch as well, to get an identity of the sort

(Ch(V((k;'nJrl)Td(TGrk((C”ﬂ))—l,[Grk(cn+l)]> _ ChOf!K(y((k:,n+l)

5.2.8 Nonimmersions

f :M — R" is an immersion when its differential is everywhere injective. In this case, we get that

df : TM — f*TR" = R" with orthogonal complement the normal bundle. Hence,
1 =w(R") =w(TM)Uw(N)

But the normal bundle has dimension n —d and hence, by formally inverting w(TM) € H*(M;F,)

we get a bound on how small of a space we can immerse into. E.g.

w(TRPH =1+x+x* = wN)=1+x+x>+x°
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This means that any normal bundle must be at least 3-dimensional, hence need at least 7 dimen-

sions to immerse RP*.

5.2.9 Cohomology of Grassmanians

Theorem 5.17 (Cohomology of Grassmanians):
Rley, ..., cy] = H*(Gr,(C*);R)

]Fz[wl,..., wn] =~ H.(Grn(Rw)}Fz)

The isomorphism sends the c; and w; to the classes corresponding to the tautological bundle.

Proof. For the proof, one basically shows that S(y#*) ~ Gr,,_;(C®) and then applies the Gysin

sequence. This is because

S()/g"x’) ={(V,v)|V an n-dimensional subspace of C*,v e V,|v| =1}

We have a map

©: (7)) = Gry . (C)

(V,v) > (v)*

Conversely, we have

W:Gr,q = S(yg™)(C)

W (CoW,e)

One composition is
@ oW : W image of W under the shift map (xy,x,,...) = (0,xq,...)
which is homotopic to the identity. Similarly,
YoW: (V,v)— (Co(v)te)
which is homotopic using Hilbert trick and interpolating between v and e .

Now, we have
Gry,1(C®) —— S(y¢&™)

T
Gr,(C®)

We get the Gysin LES:

=Ucu(y)

... > H'(Gr,) — H™*(Gr,)) — H™*?"(Gr,_;) — H'"1(Gr,)) - ...
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One shows that inc* is surjective and cupping with the top Chern class, i.e. the Euler class of the

tautological bundle, is injective, and hence we get an exact triangle

H*(Gr,)
my %U-
H.+2n(Grn—1 )) < " H.+2n(Grn))

which gives a SES of rings

n U-
0 — H*(Gr,) 2 He(Gr,) = H(Gr,_y) — 0

By induction and the five lemma, one can conclude the result in the theorem. O

Remark (Relationship with symmetric polynomials): Consider the classifying map f :
(CP*)" — Gr,,(C®) of the n-fold Cartesian product of the tautological line bundle. Then
if y; denotes the first Chern class of the subbundle with all except the i-th product entry

equal to the tautological bundle, then
° (o9 f* (] [ee]
Rlcq,.., cy] = H*(Gr,,(C*)) — H*((CP*®)") = R[y1, s Y]

fiei) = 0i(y1rer V)

5.2.10 The orientable Grassmanian

Definition 5.18 (Orientable Grassmanian):

P

Gr,(R*®) = {(V,w), w an orientation}
2;1117
Gr,(R%)
An orientation is a choice of unit vector in \"V, so we can canonically identify the orientable

Grassmanian with S(\"yg™).

Pulling back the tautological bundle along p we get an oriented bundle over the orientable Grass-
manian. The nonorientability of the usual Grassmanian didn’t allow us to use different coefficient

rings except F,. However, for the orientable cover, the same is not true and we have:

Theorem 5.19 (Cohomology of orientable Grassmanian): If 2 is a unit in R and k > 0 then
Rle,p1,..., pr-1] = H*(Grox (R); R)

R[p1,.eor pr-1] = H*(Gryr_1 (R¥); R)

Fylwy, ..., w,] = H*(Gry(R®); Fy)

The proof idea is the same, using the Gysin sequence. The induction, however, begins with

G}Z(Rw) ~ §( 17/]11{{‘00) ~ §% =~ «, i.e. the sphere bundle of the tautological bundle over RP* is
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just the two-fold cover given by S%°. Note that we need 2 to be a unit to get Ze(fék_l’oo) =0 =

e(fﬂék_l'w) = 0. Note also that the top Pontryagin class is the square of the Euler class.

To get back to the cohomology of the unoriented Grassmanian, we need the following:

Lemma 5.20 (Lemma): If X — X is an m-fold covering map and m is invertible in R, then the

induced map on cohomology is injective.

Proof. The proof goes by noting that any singular simplex o : AP — X has m different lifts to X

and hence we get a map

Hence, p, ot = m.1. On cochains, since m is invertible, this becomes a onesided inverse for p*. [

As a corollary, we get:

Proposition 5.21 (Cohomology of real Grassmanians): If 2 is a unit in R, then

R[p1,.os pr-1] = H*(Gr (R¥); R)

R[p1, s pi—1] = H*(Gryr_1 (R¥); R)

Proof. We use the above lemma to see that the cohomology of Gr certainly injects in those rings.
Then we use the following trick: the orientable Grassmanian has an involution which reverse the
orientation and which on cohomology acts as the identity on the Pontrjagin classes, but as —1 on

e. O

5.2.11 Further facts about characteristic classes, obstruction theory, etc.

Proposition 5.22 (Chern class as a homomorphism): If X has the homotopy type of a CW
complex, then the map

¢1 : Vectt(X) » HA(X; Z)

from line bundles to second cohomology is an isomorphism (note that this is not the same as
2.24} as there we are talking about holomorphic line bundles, and here only about topological

complex line bundles). The same is true for wy, real line bundles and H! (X;7Z,).

Proof. We have shown that CP* classifies line bundles up to isomorphism, so [X, CP*] = Vect%:(X).
On the other hand, CP* is a K(Z, 2) space, so it classifies cohomology: [X,CP*] ~ H?*(X;Z), given
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by pulling back the universal class x. We thus have the factorization of isomorphisms

[X,CP*] — Vect{(X) — HA(X;Z)
fefealfy)=r1(x

wj as obstruction to orientablity, Euler class as obstruction to sections, Pontrjagin classes and how

they relate to Chern and Stiefel-Whitney classes, obstruction theory using cell structures..

176



5.3 K-theory

Definition 5.23 (K-theory):
K%(X) = Grothendieck group of Vect(X)

The identity is the trivial bundle, and the operation is sum. An element will be writen by E —F.
Two such elements are equal if there is a C such that EOF'®C ~ E’'®F&C. This is functorial, and
descends to the homotopy category, due to the concordance theorem. It also has a ring structure,
defined by the tensor product and with unit the trivial line bundle over X. Finally, we also have

a cup product:

K'X)®K(Y) > K%(X x Y)

X®Y > TyXQTyY

This is a ring homomorphism if we equip the tensor product with the multiplication (a® b)(c ®

d)=ac®bd.

Example: K(pt)~7Z

Choosing a basepoint, have a rank function which takes a vector bundle and tells us its rank at
xo. This extends to K° and its kernel is the reduced K theory, and this map is split by n - i@X'

Hence,

Lemma 5.24 (Lemma): If X is compact Hausdorff, then every element of K-theory can be rep-
resented as

E-C'y

For reduced K-theory, the n is dimkE,, .

We have an alternate description of reduced K-theory, namely as the set of vector bundles up to
stable isomorphism:

E~EF < EoC'y=E'&C"y

Another way to think about it is as the kernel ideal of the pullback :: {xg} — X.

Remark (Alternative definition of K-theory): One might as well define ordinary K-theory as
the reduced K-theory of the 1-point compactification: K’(X) = K¥(X,)
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Example (K-theory of the circle): K%(S') = 0, since by clutching, v.b.s over S! correspond to
homotopy classes of maps

[S%, GL(n,C)] =+

since it is path-connected.
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5.3.1 K-theory of CP' and the fundamental product theorem

Proposition 5.25 (Generating relation): Let H = [y°] € KO(CP'). Then H+H = H? +1 i.e.
(H-1)>=0.

Proof. We will use the fact that CP! ~ §? = ©S! and the clutching construction. Let

Co={[1:z]llzl < 1}
Ci=Co={[w:1]llw| <1}

ConCi=Co={[1:2]llz|=1}=S"
Over each bit, the tautological line bundle is trivialized using

CoxC—ylc, ([z: 1, 1) = ([z: 1], Mz, 1))

CixC—yle, ([T:w],A) = ([1:w], A(1,w))

Hence, on the intersection, the transition function is multiplication by z, in other words just the

inclusion

st — ¢~

z 0
0 z
22 0
0 1

These are in fact homotopic, hence give the same vector bundle. O

Now we compare clutching functions:

Yoy e

(yoy)eCe

Note that, due to characteristic class reasons, H # 1. This gives a ring homomorphism
¢:Z[H)/(H-1)> - K°(CP")
We will later prove the fundamental product theorem, which says that

KYX)®Z[H]/(H-1)*> ~ KX x CP!)
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5.3.2 K-theory as a cohomology theory and the Bott periodicity theorem

Lemma 5.26 (Technical lemma): Since we’re working over compact Hausdorff spaces, we need
the following fact: if E — X, A C X closed such that E|, is trivial, then it is also trivial in some

open neighbourhood of A.

5.3.2.1 LES of a pair

Proposition 5.27 (Relative K-theory): Let A be a closed subset of X. Then
(A,x0) 2> (X, %0) > (X/A, A/A)
induces a map on K-theory which is exact in the middle:

RO(X, A4) = RO(X/A) L RO(x) 5> RO(A)

Proof. The composition factors through the constant map to a point, and hence is 0 on reduced
K-theory. Conversely, given E over X such that /*E is stably trivial, suppose WLOG that E|4 — A
is trivial by adding on a trivial bundle. Hence, we have an isomorphism h : E[4 ~ A x C".We
can create a vector bundle E/h — X/A by defining (E/h), = E, for x ¢ A and every fiber over
any element of a is squished together, h~!(a,v) ~ h™(a’,v) . This is locally trivial by the previous

lemma. We thus have a pullback
E —— E/h

L

X —— x/A
which realizes E as g*(E/h). O

Given f : X — Y, recall the construction of the mapping cylinder and mapping cone:

_xXxpouy o My
T )~ flx) T X x(0)

This factorizes f as an inclusion and deformation retraction:

X—>Mf—>Y

Lemma 5.28 (Excision for K-theory): Given A C X closed and contracible inside compact

Hausdorff X, then the map c : X — X/A induces an isomorphism on reduced K-theory.

Proof. The idea is that E|4 is trivial, hence have an isomorphism & : E[4 ~ A x C". As before,
q*(E/h) = E so c" is surjective. We also need to show it is injective, i.e. E/h does not depend on the

choice of trivialization /. Here, we use contractibility of A: if we have two trivs hy, h;, they define

hohflex(C”—>A><(C”, a,v) — (a,g¢(a)v),g: A — GL(n,C)
1 8 8
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But A is contracible so g ~ I the constant map via a homotopy H : A xI — GL(n,C). We get a
homotopy of trivializations

ElaxI —>AxIxC"

in other words get a trivialization of E|4 xI — A x I that interpolates between hy and h;. Hence,

we can construct E|4 x I/H that gives a concordance between E/hy and E/h;. O

Proposition 5.29 (Corollary): Given a closed subspace A C X, the collapse map c : C, —» X/A

induces an isomorphism on reduced K-theory.

Proof. The collapse map kills off the cone on A, which is a closed contractible subset of C,. By the

previous lemma, we’re done. O

So everytime we have an inclusion of a closed subspace in a larger space, the cone of the inclusion

is the same, K-theoretically, as the quotient.

Let’s see what happens when we iterate the mapping cone construction, which should give a long
exact sequence on K-theory on the top row. We have the following situation: the approx arrows

are isomorphism on K° and all the horizontal arrows are inclusions.

l/l/l/l/

X/A C,/X ~TA C,

We know that X/A ~ C,O by the lemma. However, we want to show the same is true when we take
suspensions, so that XC,) # ¥X/A and we can then get the long exact sequence. However, when
we take the suspension of the collapse map C,, — X/A, we are basically collapsing on every level
separately, hence we have collapsed ¥ C(A) to a contractible line. We can further collapse this
contractible set, which is an isomorphism on reduced K-theory by the excision property. On the
other hand, we could have just contracted the whole ¥ C(A) from the get go, which is contractible,

so induces an iso on K-theory. In other words, we have the following commuting diagram:

£C,, —=5 (X/A) — S(X/A)/{x)x I

\_/

In other words, suspending the collapse map, then killing of the basepoint times the interval is
the same as collapsing the contractible cone on A, so Xc induces an isomorphism on K°. With

this information, we get a long exact sequence, where g denotes quotient map and c collapse:
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We see that d = (¢*)~¢q".

Exactness at this stage can be verified as follows: suppose [F] € ker g* ¢ K°(X/A). Hence,
0= '[F] = 1 c"[F]
since the quotient map X 2, X/A factors as X - C, 5 X/A.

Therefore, we can use that

x4, b /x=34A

becomes exact on K-theory to see that

[1c*[F]=0 = c'[F]eimq® = [F]eimd

I guess C,, is homotopic to XX, so a lot of this was irrelevant? Can just use the cone iteration to

define the boundary map, and then glue.

No! Confusion is that one need to use minus the suspension, i.e. the induced map that is given
by t — 1 —t or something like this, need to double check! Really, the cone iteration is exact on the

level of K-theory but it tells us something about concrete spaces by the lemma.

5.3.2.2 External product on reduced K-theory

We defined the box product
KOX) @ KO(Y) S KOX x Y)
by pulling back along the two projections and tensoring. However, a different approach will be

used for reduced K-theory, where all of X V Y can serve as a basepoint, so we would rather work

with XAY=XxY/XVY.

[ Lemma 5.30 (K-theory of a wedge): 1}, @1 : K™/(X VY)~ K~ (X)®@K~(Y), forall i > 0

Proof. Consider the LES of the pair (X VY, X):
ROX) X~ ROXVY) <2 RO(Y) «2— ..

We have that r o1 =1, so r is injective and ¢ is surjective. (ry resp. rx collapses one of the spaces
to a point). This shows that the following is exact, split by 1y:

0+ R(X) X RiXVY) ¢ R(Y) «— 0
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Now consider the LES of a pair (X x Y, X V Y), together with the isomorphism from the above

lemma:

P
~ s Iy D1 .
XYYy
—

R(X) @R (Y) RHXVY) i RH(XxY) 1— RIXAY) — ..

We see that (iy @ 1}) o i" is surjective, split by the two projections 7y @ 7j,. Hence, we get a
decomposition

Ri(XxY)~KR I (XAY)oKR(X)oK(Y)

We now see that if x,y are classes in the reduced K theory of X, Y, then the cup product 7y x®
Ty € K°(X x Y) will vanish when restricted to X x {y}, {xo} x Y, i.e vanishes when i* is applied,

and hence must land inside K°(X A Y)! This allows us to define:

Definition 5.31 (External product on reduced K-theory): Given x,y € K%(X),K°(Y), their
cup product lies in the summand of K°(X x Y) corresponding to KO(X A Y) and we can then
define

~X—:KYX)®K%Y) > KO (X AY)

One recovers the internal product by pulling back the diagonal.

Example (n-fold products are zero when there is a cover by contractible sets): Let A, B be con-
tractible closed sets which cover X. Then X — X/A,X — X/B induce isomorphisms on

K-theory and we have that the internal product corresponds to the external product
K%x/A)®K°(Y/B) — K°(X/A A X/B)
However, note that there is a commutative diagram
X — XAX
| l
+=X/(AUB) —— X/AAX/B

Hence, the map factors through the reduced K-theory of a point and must be zero. This
fact can be generalized to arbitrary covers (note that the same thing holds for cup products

in ordinary singular cohomology)

5.3.2.3 The graded multiplication and the Bott map

We have been working throughout with the unreduced suspension XX. However, note that the
comparison map

c:YX 5 STAX
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collapses [0, 1]x {xo}, which is contractible, hence induces an isomorphism on K-theory. Similarly
for the n-fold suspension ¢* : K%(S" A X) ~ K(X"X) and this allows us to define the Bott map,

which we claim is an isomorphism:

Theorem 5.32 (Bott isomorphism): Recall that KO(CP') ~ Z[H]/(H—1)? by the fundamental
product theorem. Then K°(CP') ~ Z[H — 1] and hence we put

B:KR%X) - ROX ACP!) ~RO(22X) = R 2(X)

x— (H-1)Xx

This is an isomorphism.

This will follow by the Fundamental Product theorem and allows us to make the LES into an

exact hexagon:

Example (K-theory of spheres): Since all spheres are iterated suspensions of S°, we only
need to know K°(S%) and K~1(S°. However, K°(S°) ~ Z®Z, whereas K~1(5%) = K°(S!) ~ 0

by looking at the clutching functions. Hence,

. Z,i=0
Ri(S?") =
0,i=-1
Ki(SZHJrl): 1=0
Z,i =-1

In particular, the degree d map f : S' — S! induces an automorphism f* on K~(S!) which
is by definition the automorphism given by (X f)* on K°(S?). Since this is generated by the
class [H — 1], we have a relation X f*[H — 1] = k[H — 1] as reduced K-theory classes. In

particular, after taking conjugates this gives the relation
Ef*,y @QN ~ ,}/GBk ®@N+l—k
Taking Chern classes, we get that

T 1+x)=(1+x)*=1+kxe H*(S%Z)

and hence, since f has degree d, k = d.

Now we move on to the graded ring structure of K-theory. The diagonal map A: X — X A X
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induces maps
SHIAN:STIAX ST AXAX ~(STAX)A (ST AX)
which on reduced K-theory gives

- . 5 . 5 . . SHIAAY ..
RS AX) @RS A X) S ROSI AX A ST AX) S, RO(si4 A X)

Definition 5.33 (Graded multiplication on K-theory): The resulting map, using the iso-
morphisms c* between the reduced and unreduced suspension, together with an additional sign

(1)1 due to some permutations happening with the spheres, defines a product

Ri(X)@KR(Y)S R (X)

Remark: Just like the cup product, this is graded commutative. The reason for inserting the signs

isjustified here: https://mathoverflow.net/questions/441484/the-graded-multiplication-on-topological-

5.3.2.4 The Mayer-Vietoris sequence

Suppose X = AUB where A, B are closed subsets. Thus X/A ~ B/AN B and we have a map of LES’s
between (X, A) and (B, AN B) as follows:

e RINXJA) 0 KO(A) A ROX) T RO(X/A) P KL(A) —— .

k bbb b

<— K'(B/ANB) «=— K°(ANB) —— KO(B) e RO(B/ANB) 45— K {(ANB) — ..
B ANB

By an exercise in homological algebra (see Hatcher section on Mayer-Vietoris), this induces a LES

. o
KOANB) <42 kO(A)@KO(B) +222  KO(X)

2l To

KN(X) ——= K (A) @K' (B) —> K"/(ANB)
AY'B

Ja~IB

where 0’ is the composition of ¢ with the isomorphism and then g7. This produces a Mayer-
Vietoris sequence for K-theory. Note that all of the ingredients we needed were the naturality of

a LES of a pair, from which it fell out.
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5.3.3 Classifying spaces for K-theory

This section serves as an additional discussion of Bott periodicity and some extra topics.

5.3.3.1 Defining K-theory

Structure of the talk:

* define complex topological K-theory, prove Serre-Swan to connect it to functional analysis

* Find classifying spaces for K-theory, namely Z x BU and F using different techniques. Ex-

plain how they define a cohomology theory, using ()-spectra.

» Prove Bott periodicity and explain what it has to do with the stable homotopy groups of U;

one proof using McDuff’s quasifibration, and the other using the index of elliptic operators

The set of complex vector bundles over a compact Hausdorff X forms an abelian monoid under

the Whitney sum operation. The Grothendieck completion is thus a commutative ring.

5.3.3.2 Serre-Swan, or how to define K-theory using functional analysis

Theorem 5.34 (Serre-Swan): There is an equivalence of categories between vector bundles over

a compact Hausdorff X and finitely generated projective C(X)-modules.

Proof. Given E — X, associate I'(E, X), the space of sections, which is a f.g. projective C(X)-
module, since E embeds into a trivial bundle for compact Hausdorff X. Conversely, given £ a f.g.

projective module, we can create

E= LIE@C(X)p C
p

where the action of C(X)? on C is given by the evaluation map: f -z = f(p)z. Note that the

evaluation maps form the characters i.e. maximal ideals inside C(X):

®@c(x) = Homps (C(X),C) = {ev,|p € X}

This tells us that the K-theory of the space X is the same as the K-theory of the ring C(X).
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5.3.3.3 Using algebraic topology

We have a map
Vect,,(X) — K(X)
E+— E—[n]

This is compatible with the stabilization map Vect,(X) — Vect, 1 (X),E — E & C. Hence, we this

induces a map li_)mVectn(X) — K(X) which is in fact an isomorphism.

Now, recall that the infinite Grassmanian classifies vector bundles:
Vect,(X) =~ [X, Gr,,(C®)]

In other words, Gr,, = BU(n) and (if one is careful about point-set issues) Gr,,(C*) = BU(o0). This

is true for the following reasons:

Consider the fibration
GL,(C) —— Fr,(C®)

l

Gr,(C%)
One can show that the frame bundle (called the Stiefel manifold, a principal bundle) is con-

tractible, so by Hatcher, proposition 4.66, we have a homotopy equivalence U(n) ~ QGr,(C*).

More generally, for G a topological group there is a fiber bundle

G — EG

|

BG

such that EG is contractible, and using the same proposition we get that QBG ~ G.

In any case, we get the fact that

K(X) = li_I)nVectn(X) o~ li_)m[X,Grn((C‘x’] ~[X,Gr] =~ [X,BU]

We can also show that K(X) = [X,ZxBU] and hence we have found a classifying space for K-theory

- the classifying space of the infinite unitary group!

5.3.3.4 Omega-spectra, The Puppe (cofibration) sequence and the triangulated structure on

topological spaces

For a CW complex X one can obtain a series of maps
A->X->5X/A-EX -53EX - E(X/A)— ..

Importantly, this becomes exact when one applies the contravariant functor [-,K]. Suppose we

have an omega-spectrum K, = QQK,,,;. Then we have basically defined a cohomology theory:
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[A,K,] 4—— [X,K,] +— [X/AK,]
R R 1
[A, QK] «— [X, QK] «— [X/A, QK]
1 1 1
[A, Kyi1] «— [X, K] «—— [X/A K] «—— [ZA K] < [EX K] < [E(X/A), K]

We have seen that K(X) = [X,BU]. Thus, we can use this classifying space to create an Omega-
spectrum, giving us the full cohomology theory of K-theory. Since, QBU =~ U, Bott periodicity
then is equivalent to the statement that Q?U ~ U, giving us full control of the homotopy groups

of the unitary group!

5.3.3.5 Using Fredholm operators

Idea: given a map of vector spaces T, can form
0 —>kerT - H — H’ — cokerT — 0
By linear algebra, the dimensions add up and so :
kerT@®H’ = H@®cokerT

So, if we look at their dimensions, we can identify H’ — H with ker T — cokerT in the K-theory of
a point. We can extend this when these vector spaces are parametrized over points in a space X,
i.e. we have vector bundles. Then the kernel and cokernel are vector bundles over X and their

formal difference lies in K(X). It turns out, it is stable under perturbing the map T.

Let H,H’ be Hilbert spaces. The linear maps T : H — H’ equipped with the operator norm
topology form a complete i.e. Banach space. The OMT guarantees that a bijective linear map
has a continous inverse; moreover, the invertible maps form a contractible open subset. (why?
something about constructing a ball of invertible operators around any invertible one by using
the power series for 1/x + 1. Idea is that if T = 1 — A is close to the identity, then 1+ T + T? +...

converges and serves as an inverse)

Definition 5.35 ( Fredholm operators): A continous linear map between Hilbert spaces T is
Fredholm if its kernel and cokernel are finite dimensional. These operators have a well-defined
index

indT =dimker T —dimcoker T

Definition 5.36 ( Canonical open cover): For a finite dimensional W C H" we define the

space of Fredholm maps transverse to it:

Ow = (T € Fred(H,H')| T(H) + W = H')
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Transversality to a fixed W is an open condition: it is equivalent to the sequence
T'W+ - H->H —H/W

being an isomorphism. Moreover, any Fredholm operator is transverse to a finite dimensional W
since it has finite dimensional cokernel. Hence, the Oy, form an open cover of the space of Fred-
holm operators. In fact, if X is a compact space and we have a continous map X — Fred(H,H’),
then the cover T~!Oy has a finite subcover indexed by Wj,.., W, and if we take their sum

W =a@W,, then T(X) Cc Oy with W finite dimensional!
On the contractible open sets Oy, we have locally trivial vector bundles
KW —> OW

whose fiber at T consists of the vector space T~! W. This is topologized as a subspace of Hom(H, H’)x
H. Can this be glued to a vector bundle on the whole of Fred(H, H’)? In any case, this tells us that
the index function

ind : Fred(H,H’) —» Z, T — dimker T —dim coker T

is locally constant, i.e. invariant under perturbations of T, since it is equal to dim T~!W —dim W.

Definition 5.37 (Generalized index): If we put F = Fred(H, H), then given any X compact,
a map F : X — F lands in some Oy, so we can consider the vector bundle F*Kyy over X. This

allows us to define the index map, which is an isomorphism:
[X, F]=K(X)
F— FKy-W

This shows that the space of Fredholm operators classifies K-theory.

Why is this well-defined? Well, given W, V such that F(X) c Oy, Oy then the same holds for their
sum and so we only need to check it for inclusions V. c W. But then, we have a SES of vector

bundles
0— F'Ky > FKy > W/V -0
This splits and adding V we get
FFKyweoV~FKyeoW

The invariance under homotopy is given by the fact that X x [0, 1] is also compact, hence a homo-

topy also has image in a given Oy and then we can use concordance.

Note: this is also an isomorphism of abelian groups, where we compose maps pointwise (we chose

H’ = H to make it into a monoid). The index map is a homomorphism, since

ind(TyoTy) =dim Ty ' T, ' W—dim W = dim T, ' T, ' W—dim T, ! W+dim T, ' W—dim W = ind T} +ind T,

Remark: Now, we can ask whether the two classifying spaces are the same, and in fact they are,

up to homotopy! The Z is keeping track of the connected components, so in fact we have that

BU ~ R
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5.3.3.6 The index of an elliptic operator

Need to define what an elliptic operator is and why it is Fredholm.

Theorem 5.38 (Kuiper’s theorem): All Hilbert space bundles are trivial, since GL(H) is

contractible. Has a proof in Freed’s notes.

Suppose we have a map of bundles with fibers H, i.e. with structure group GL(H). Then they are
both trivial, so if our morphism f : By — B, is Fredholm on every fiber, it gives us a map X — F.

This only depends on the homotopy classes involved, and hence this gives us an element of K(X).

More generally, consider vector bundles E, F over M x X and a family of elliptic operators d, i.e.
something that restrics to an elliptic operator d, : I'(E,) — I'(F,) for all x € X. The index of this is
an element of K(X). Given Q over M x X, we can form an elliptic family dg from E® Q to F® Q

whose index indexg is well defined, which extends linearly to a homomorphism

index, : K(M x X) — K(X)

5.3.3.7 Proof of Bott periodicity using McDuff’s quasifibration

Basically, there is a fibration
ZxBU, — H

Check Jack’s notes, or McDulff’s paper.

5.3.3.8 Proof of Bott periodicity using Fredholm operators

Basically, we wish to construct an inverse to the "multiplication by the Bott element" map. This

will be given by the index of an elliptic operator, such that the index of the Bott element is 1.

The idea now is to consider the del bar operator on bundles over CP!. This is an elliptic operator

and has

kerdr = H(CP',€)
coker?E = kerg*E = H!(CP!,¢€)

We need Serre duality to deduce this last calculation. This is given by the integration pairing
HPA(X,E)x H" P"9(X,E*) - C

More precisely, we have a pairing

€®g*®KX —)KX
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which, since H"(X, Kx) ~ C by integration, induces an isomorphism

HP(X,€)~ H"P(X,* ®Ky)*

This happens because the adjoint of J is defined as 5; = (=1)1 x5! oaK oE* 0 *g : A%(E) —

Ao'q’l(E), i.e. we have the sequence

0,9

0YIeE 5 QY 19E = Me0) IeE" = )" ek QE* —E>QO” T @Ky ®F" —>QO‘7 !

where the del bar operates on sections, not the bundles.

By considering the trivial bundle and the tautological bundle O(-1) = H we get a virtual bundle
of dimension 0 which is 1 — H € K%(CP!) and its index is 1. Why? Well,

H°(CP',Opp1) =C
H'(CP',O¢pt) = H(CP', 0%, ® Kt ) = HY(CP!,0(=2)) = 0
HY(CPLO(-1))=0
HY(CP',0(-1)) = H(CP!,O(-1)* ® K¢p1)* = HY(CP',O(-1)) = 0

Then we finish up by considering;:
indexz

ROX)@ RO(CP) 2 RO(X A CPY) % RO(X x CP') ——2 RO(X)

First map is external product, second is inclusion as k theory of product is sum of k theory of
wedge and k theories of separate bits, last map is the index homomorphism. This is hopefully the

map alpha?
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5.3.4 Proof of the fundamental product theorem

Non-examinable. Will add proof later.

We would like to show that there is an isomorphism given by the composition
KX)®Z[H]/(H-1)*> - K'(X)® K%(CP') - K°(X x CP")

where the second map is the cup product.

The proof has the following steps:

* Give a generalized clutching construction for bundles over X x CP! given by sections of the

endomorphism bundle End(X x S!)

* Analyze these clutching functions and their properties. Namely, show that any cluthcing
function can be approximated by a Laurent one, then replace Laurent series by polynomi-
als by mutliplying by a high enough power of z and finally reduce polynomials to linear
functions. Then, analyse the linear clutching functions by considering an eigenvalue de-

composition.

* There is an ambiguity in the reduction to linear functions, which is taken care of by K-

theory!

5.3.4.1 The generalized clutching construction

In the classical clutching contruction, one looks at a bundle E over CP! and considers that it
is trivial over the upper and lower hemisphere, and glued along a family of matrices along the
equator, which is given by a map S! — GL(n,C). We would like to replace GL(n, C) with automor-
phisms of E,, where E is a bundle over an arbitrary space X - in the classical case, we just have

the trivial bundle over a single point.

More precisely, given E — X inducing a bundle ExS! — X xS! we consider f € End(ExS!) which
can be thought of as a section of the endomorphism bundle, in other words as S!-parametrized

families of endomorphisms f(x,z): E, — E,. There is the following picture

ExS! s ExS!

m Tix1

X xSt

We denote by [E, f] the resulting bundle starting with the data E and f € Aut(E x S!). One can
show that every bundle over X x CP! arises like this. Furthermore, [1,z] = H, where 1 is the trivial

bundle and z means multiplication by z. More generally, we have the following properties (where
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75 : X x CP! — CP!):

[E1, il ®[E2, o] = [E1 © Ep, f1 & fo]

[E,2"f]= [E, fl®m;H"

5.3.4.2 Approximation by Laurent series

We call a clutching function a Laurent clutching function if it looks as follows:
flx2)=) ax)zF
|k|<n

Here, ay(x) : Ex — E, are linear endomorphisms and z acts by scalar multiplying the vectors. Note

that aj can be noninvertible, while f is still invertible!

Given f, we can construct a Laurent series with terms given by

1 _ dz 1 _ .
o) = 5 L T = 5 [ M0

Here, we are integrating over the space of linear maps E, — E,. The Cesaro terms of this series

then converge to f.

5.3.4.3 Reduction to polynomials and linear functions

The next step is to reduce to polynomials. But given a Laurent polynomial function f , we have
that [E, f] = [E,pz™"] = [E,p]® n;H™", for a polynomial p. Now we reduce to linear polynomials

using the following lemma:

Lemma 5.39 (Reduction to linear functions): Given a polynomial clutching function p of

degree at most n, we have that
[E,p]®[E®", 1d] ~ [E®"*,L"p]

for a linear clutching function L"p. If we change L"p to some higher L"p, the difference in

K-theory is the same. In other words, we put unambiguously

[E,p] = [E®"*!,L"p] - [E®",1d] € K°(X x CP!)

Proof. We define L"p via

ap a aj T | a,
-z Id 0 .. 0 0
0 -z Id .. 0 0
0 0 O -z Id
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Here, p = Y a,z".We think of the (i,j) entry as giving the (i,j) component of the map E®"*! —
E®"*1 This can be described by the product

Id a] 4 1 Ay 0 0 0)fl1d 0 0 0 0
0 Id 0 0 0]j0 Id 0 0|-z Id 0 0 0
0 -z Id 0 0Jjj0 o0 1Id 0j]]0 -z Id 0 O
0 0 0 0 IdJ){o 0 0 dj\o 0 0 -z Id

All of these are invertible, and the outer terms can be homotoped out via Id + tN, where N is

nilpotent. Then, the middle bit describes [E®"*!, p@1d] = [E',p]®[E®",1d].

5.3.4.4 Analysis of linear clutching maps

We finish up by the following lemma:

Lemma 5.40 (Analysis of linear clutching functions): Any linear clutching function p =
az+b can be homotoped to b = Id. Then there is a splitting E = E, ® E_ such that [E,p] =
[E; Id]®[E_,z]
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5.4 More on characteristic classes and K-theory

5.4.1 The Chern character

First, we do a quick review of symmetric polynomials. Recall that the ring of invariant polyno-

mials under the action of the symmetric group is

ZIx1y e X050 = Zeq,..r 4]

where the ¢; are the elementary symmetric polynomials. Thus, if py = x’f +...+xK it is expressible

in terms of the ¢; and we put

Pk = ﬁk(elv-"en)

Lemma 5.41 (Power sum polynomials identity):

Pn—e€1Pp-1.-t1e, =0

Proof. Look at []x; +t =Y t'e; and substitute t = —x;j and sum. O

Now, suppose that E is decomposable as a sum of line bundles @L;. Then

c(B) =] [a+e@n =) elcr(Li)er(Ly)

In other words, ¢;(E) = e;(c1(L1),...,c1(L;;)). We seek a formula like this which holds for an arbitrary

E, which should exist, by the splitting principle.

Definition 5.42 (Chern character): We have a homomorphism
ch: K°(X) > H*(X;Q)
such that on line bundles it is ch(L) = exp(cy (L)) and more generally it is defined as
chi(E) i= 2P (€1 (B co(E)

This extends linearly to the rational cohomology.

The idea is that

chiL10..0L,)= ) _eh(L;)= ) expler(L) = Y el =) sper(La)cr(L) = ) 571 (E)cslE)
i

ij )

We have that chy(E) = dimE, ch; (E) = ¢; (E). Can extend this to K~! via

K(X) =~ R(X) = RO(2X) D A%(2X;Q) ~ H(X; Q)

In fact, we will show that the Chern character is an isomorphism after tensoring with Q, so ratio-

nally, K-theory and cohomology are the same!
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Here are the first few Chern characters:

chy(E) = dim(E),ch, (E) = ¢y (E), chi(E) = 3 (¢, (EY’ - 2¢5(E)

Lemma 5.43 (Chern character lands in integral cohomology of spheres): The Chern char-

acters

ch:K(S?") > A(S™;Q)

ch: KO(SZH-H) _)Hodd(52n+l;@)

are isomorphisms onto the integral part of the cohomology ring.

Proof. Firstly, the odd case reduces to the even case. For n = 1, we are looking at the Chern

character from K°(CP!) = Z[H - 1] to H?>(5?%;Q). We see that
ch(H-1)=exp(c;(H))-1=c;(H)=—x

which is the integral generator of the second cohomology, so it checks out. For an arbitrary even

sphere, the Fundamental Product theorem tells us that that the box product

KO(S2)®I€'O(527172) N KO(SZH)

is an isomorphism. So by induction,
KO(S2H) — Z[(H _ 1)&1’1

. Thus, ch(K%(S?")) is generated by (c;(H))®" which is exactly the integral part.

Remark: For an arbitrary space the Chern character need not be integral!

Theorem 5.44 (Chern character is an isomorphism between rational K-theory and coho-
mology): The Chern character ch : K® — H*(X;Q) is a homomorphism of Z/2 graded rings and
furthermore ch®Q is an isomorphism when X has the homotopy type of a finite CW complex.

Proof. To show that it is a homomorphism, the only tricky part is to see whether everything
commutes with the Bott isomorphism, i.e. the case e =i = j = —1. In other words, we need to

check that applying the external product, then the Chern character, is the same as applying the
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Chern character and then the cup product. This comes down to the following diagram:

KX)o KX)o K1(X)

(Z2A) ~(H-1)R-)

R(S'AX)®ROS'AX) —2 5 ROUSTAXASIAX) —Ls RO(S2AX)

®

ottmap
ch®ch Chl/ chl chl

2 Ay
A (XGQ) @ A (X;Q) —2— A AX ASTAX) Z24 Aev(s2 A x) &8 gev(x)

®

suspensioniso | (tX-)®(tX-)

H4(X;Q @ HM(X;Q)

The commutativity comes down to the fact that we are inserting swap signs and the fact that the

generator t € H!(S';Q) has t Xt = —x.

For the second part, we know it holds for spheres by and then we compare long exact

sequences and use induction and the five-lemma. O

5.4.2 K-theory and the K-theory of complex projective space

By example[5.3.2.2, we have that for H = 7%:’"”, (H - 1)™! = 0. This in fact tells us everything
about the K-theory of CP";

Theorem 5.45 (K-theory of CP"):

K%CP") ~Z[H)/(H - 1)}, K1 (CP") =0

Proof. We go by induction, and use the LES of a pair (CP", CP""!):

KO(CH])H—l) ; KO(CP”) (L K’O(Szn) ~7

al Ta

0=K1(§*") — K }(CP") —— K~ (CP"!)=0
This takes care of K~} (CP""!) = 0. We get a short exact sequence for K° and see that (H - 1)" €

ker* =img*, so (H—1)" = g*(Y),Y € R%(52") = Z{(H — 1)¥n},

Now, ¢* is injective and g*ch(H —1)®" = ¢, (H)", by the lemma On the other hand, we have
that
g ch(Y)=ch(q"Y)=ch(H -1)" = (exp(—x) - 1)" = (—x)"

so Y also generates K°(S2") by injectivity of g%, so (H — 1)" generates ker* and the result follows.

O
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5.4.3 The projective bundle formula and Chern classes for K-theory

We now prove an analogue of the projective bundle formula in cohomology, allowing us in the

same way to define Chern classes.

Theorem 5.46 (Projective bundle formula for K-theory): Suppose E is a d-dimensional

complex vector bundle over a compact Hausdorff X. Then we have an isomorphism

K/(X)®Z{1,H, ..., Hi 1} ~ KI(P(E))

Proof. As in the case of cohomology, once the case of trivial bundles is done, one can just use
LES’s, induction and the five lemma. For trivial E this reduces to computing K/(P(X x c?) =
KJ(X x CP?~1). However, note that the bundle L in this case is precisely equal to 1, H, where
115 : XxCP?~! — CP?! is the second projection and hence the isomorphism we want is equivalent
to the cup product
K/(X)® KO(CP!) - KI(X x CP47Y)

When d = 1, 2 this comes down to the Fundamental Product theorem. For arbitrary d we proceed
by induction: the LES of the pair (CP4~!,CP9~2) splits, so stays exact upon tensoring with K/(X).

We also consider the LES of (X x CPd_l,X X (CIP"’I_z). Hence, we get a situation as follows:

0 «+— K/(X)®KCP?) «+—— KI(X)®KCP¥!) «+—— KJ(X)®K(CP1/CP?2) «+—— 0

| l l

KJ(X xCP*?) ¢«———— KI(X xCP™) «+—— KJ(X xCP¥1/X x CP*~?)
By the five lemma, it is enough to show that the vertical map on the right is an isomorphism

which is precisely d — 1 times the Bott isomorphism:

KI(X,)®RO(§2@-1)y - Ri(X A SHd-1))

Remark: There is a generalization of the projective bundle formula, called the Leray-Hirsch the-

orem, a proof of which can be found in Hatcher’s book on K-theory.

As a corollary to the projective bundle formula, we can apply the same procedure as in and
get:

Theorem 5.47 (Splitting principle for K-theory): For any complex vector bundle E — X
over a compact Hausdorff X, there is a space F(E) and a map f : F(E) — X such that f*E is a

sum of line bundles and f* is injective on K-theory.

Now we would like to find the classes in K-theory which give a relation between H g and the lower

order terms, in exact analogy with what we did for cohomology. To do this, consider

AE) =) AE) e KUX)I[H]
0
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This has A;(E® F) = A{(E)A;(F) and can be extended linearly by taking formal inverses in the

power series ring. It then extends to a map
A (KO(X),@,0) —> (KX (X)[[1]], %, 1)

We then have

Theorem 5.48 (Chern classes for K-theory): There is a relation

Y (1) p AE)HE =0 KO(P(E))

Proof. By the reasoning in we have that Lg sits inside p*E, where p : P(E) — X is the projec-

tion map. Thus, p*E = Ly @ W for some d — 1-dimensional complement W. Thus,

A *
AWy = B A B - L4 1 .

Comparing the coefficients of t and noting that the d-th exterior power of W is zero, for dimen-
sion reasons, we see that
0=AW =) p"A(E)-Lp)"

Conjugating, we get the relation in the theorem. O

5.4.4 Thom isomorphism, Euler class and Gysin sequence for K-theory

In the classical situation of the Thom isomorphism, we take the complement of the zero section
E*. However, the problem is that E/E* is not compact Hausdorff, so we cannot talk about its
K-theory. Equipping a complex vector bundle with a Hermitian inner product, we redefine the

Thom space to be

Th(E) := D(E)/S(E)

We then get an analogue of the Thom isomorphism theorem in K-theory:

Theorem 5.49 (Thom isomorphism): There are Thom classes A € K%(Th(E)) such that

K{(X) ~ K'(D(E)) 2% R (Th(E))

is an isomorphism and these classes are natural under the induced map on the Thom spaces, i.e.

if f: X’ — X is a map we have f : E' — E such that
Th(f)'Ap = Ap:

Furthermore, we require the normalization property: A € K%(Th(C")) = K°(S?") is the generator

(1-H)&n

Proof. We have an inclusion P(E) — P(E @ Cx). The map E — P(E @ Cx) which adds a 1 to the

last entry is a homeomorphism onto the complement of the image of P(E). Thus, we can identify
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P(E & Cx)/P(E) ~ E,. This allows us to write a radial homeomorphism Th(E) ~ E,, i.e. we can
think of points in Th(E) either as in the open unit disk contracting to E, or on the boundary of

the disk, which is the point at infinity. We then write the LES of the pair (P(E & Cy),P(E)) to get:

KO(P(E)) «—— KOP(E®Cy)) <— RO(TH(E))

~ a:ol Ta:o

“Th(E)) — K (P(E®Cy)) —— K~(P(E))

By the projective bundle formula for K-theory, the maps 1* are surjective and hence the boundary
maps are zero and q" is injective. The projective bundle formula also tells us that the K-theory of
a projectiviation is generated by the K-theory of the base, together with adjoining a symbol which

obeys the relations

K'(P(E)) = [HEl/Zp (E)HE)

d+1
K{(P(E®Cx)) = K'(X)[Hgoc V() p*A(E@Tx)Higl)
0

By exactness, the K-theory of the Thom space is the kernel of the map :*. Let’s write H for all of
the classes for convenience. Then the relations become as follows, using H = L1

d
Zp*Ai (E)HI = HYA_,(E)
0
d+1

) P AE@Cx) i = H A_(E®Tx) = H*"' A_L(E)A_1(Tx) == H*"' A_L(E)(1 - L)

From this and the fact that H is a unit we see that *A_; (E) = 0 and hence must come from the
image of q*!We then define the Thom class as the unique Ar € K°(Th(E)) such that g*Ar = A_(E).

Under these identifications, the Thom isomorphism is:

Ko%X) ~K%X)[LJ(L-1)~ A_L(E)/(A_L(E)(1 — L)) ~ ker " ~ Th(E)

Definition 5.50 (K-theoretic Euler class): The zero section sy : X — E induces a based map
X, — Th(E) where the points in X get sent to 0 and the basepoint to infinity. Then we define
the Euler class as

eX(E):=syAp e KU(X,) = KO(X)

We can calculate it as follows:

Proposition 5.51 (Formula for Euler class):
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Proof. The zero section factors through g as follows:
50 q
X —->P(EaCyx)— Th(E)

This is the composition x > (0)® C% + 0 € E,. We characterised Ag via ¢*Ar = A_;(E) and hence
we see that

eX(E) = sy Ap = (sp)'q* Ap = (s5)"A_L(E)

However, the tautological bundle Lggc — P(E @ Cx) pulls back via s to the trivial bundle, as can

be seen from the description x — (0) ® C*, showing the desired formula. O

Just as in cohomology, the LES of the pair (D(E),S(E)) transforms into the Gysin sequence using

the homotopy equivalence D(E) ~ X together with the Thom isomorphism:

KOS(E) <P KOx) <« ko(x)

P!l p

-1 1
KX)o KT (X) s KT(S(E

5.4.5 The K-theory of RP"

We now apply the methods from the previous section to calculate the K-theory of RP". Firstly, we

need a geometric lemma:

Lemma 5.52 (Lemma): There is a homeomorphism § : RP?™! ~ §(y"! @ y ") which,

1,n+1

under the projection map to CP", pulls back y""" to the complexification 7/1 226 C

Proof. Let us define

4) . S2n+1 (y(énﬂ ® (énJrl)

which sends x to the point which is given by the unit vector x ® x in the tensor product (x) ® (x).
This descends under quotienting by the antipodal map, since (~1)? = 1, and gives us a map which

we call E, whose domain is now RP?"*1

. This is surjective, as [ ® [ is spanned by z® z for any
nonzero vector z. On the other hand, if (x) = {(y) then (x)¢c = (y)c = and so x = @y and a?=1,
so a = +1 and hence 1 is injective. Hence, this is a bijective continous map between compact
Hausdorff spaces, hence a homeomorphism. For the last part, we can see that the map sends a

line (x) to its complexification (x)c . O

We now proceed to compute the K-theory of RP***1. We just showed that it is homeomorphic to

the bundle E = S()/(é e y(é "*1) whose Euler class is given by
K(Ey=A_(E)=1-H?

We now plug this into the Gysin sequence for E:

201



KORP21) P KOCP") = Z[H)/(H - 1)) =L KO(CP") = Z[H]/(H 1)+

il 1o

0=K1(CP" ——5 0= K-l (cPm) = s K-L(RP?H1)

We thus see that K1 (RP?"*1) = ker(1 — H?). But p(H)(1 — H?) is divisible by (1 — H)"*! precisely
when p is divisible by (1 — H)", so this kernel corresponds to the ideal (1 — H)"/(1 — H)"*! ~
Z[(H - 1)"]. In the lemma, we showed that p pulls back H to the complexification 7/]11§’2"Jr2 ®C. If
we define v := yﬂlg’zr'*z@(C— 1, we see that p*(H—1) = v. Thus, K°(RP?>"*!) is the cokernel of p* and

is generated by v, subject to the relation v"*! = 0, as well as 0 = p*(1 — H?) = —v? - 2v. Hence,
KOYRP?1) = Z[v)/(0", v? + 2v) = Z[v)/(2"v, v* + 2v) ~ Z{1} @ Z/2"{v}

subject to v? = —2v.

This completes the calculation for odd projective spaces. For even projective spaces, we apply

induction whilst simultaneously using the exact cycles for (RP?"*1, RP?") and (RP?",RP?"~1):

Z/Zn_lv ~ KO(RPZH—l) . KO(RPZn) . K0(52n) ~7

l 1

0=K1(§%") —— KY(RP?") ———— K {(RP* ) ~7Z

RORP?) ¢ RORP?" 1)~ 7/2"p +—— RO(S2"+1) =0

l 1

7, ~ K’—l (5271+1) s K—I(RPZH-H) ~7 s K—I(RPZW)

By the first sequence, K‘l(RIP’zn) is torsion free, and by the second one it is cyclic, so it is 0 or Z.
If it is Z, then the lower right map in the second diagram must be an isomorphism and hence we
get an SES

0—Z/2"v —» KORP*) - Z — 0

On the other hand, we see that in the first sequence, the boundary map must be zero, so we get
another SES:
0— Z— KORP?") - 7/2" v >0

But these two sequences are incompatible, and hence K~'(RP?") = 0. From this it follows that

KOo(RP?") ~7/2". All in all, we can package this into:

Proposition 5.53 (K-theory of real projective space): For odd projective space, we have:
KORP>" Y ~ Z{1} @ Z/2" v, K L (RP?H) ~ 7,
For even projective space, we have:
KY(RP?*) ~ Z{1} @ Z/2"v, K} (RP?") ~ 0

where v2 = —2v
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5.4.6 Adams operations

Theorem 5.54 (Adams operations): There are natural ring homomorphisms p* : KO(X) —

K%(X) such that y*(L) = L for line bundles, X! = ¥ o ! and P (x) = xP modulo p.

Proof. For sums of line bundles E = &L; we have to put

¢k(E) = ZLi( = pr(Li) :ﬁk(el (L1, Ly)ses€n(Ly, ey Ly))

However, recall that

AE = H(l +Lit) = Ze,-(Ll,...,Ln)ti

Hence, when E is a sum of line bundles, we have that ¢;(Ly,...,L,) = A'(E). This motivates the
definition

$*(E) = Pr(A'(E), ., A%(E))
which works, by the splitting principle. To check this defines a homomorphism, one only needs

to do it for line bundles. The mod p property follows by looking at binomial expansions. O

Lemma 5.55 (Adams operations on spheres): % acts on K°(S*") ~ 7 as multiplication by

k™. On the odd spheres, * acts on K=1(S*"*1) ~ Z as multiplication by k"+1.

Proof. When n = 1, we see that p¥(x) = ¢k(H— 1) = HF =1 = (1 + x)* = 1 = kx, where x is the

Xin

Bott generator. For arbitrary n, the generator of K°(5?") is (H — 1)* and the Adams operations

commute with it. The case of odd spheres follows by definition of K~!.

Warning: The Bott isomorphism does not commute with the Adams operations: instead, we have

Pr(B(a)) = pH(H-1)Ka) = pF(H - 1)K p*(a) = kg (a)

Example (Adams operations on real projective space): By our calculation in the previous sec-
tion, we have that

ROY(RP") = 7/2N

where v = [)/]11{{”r1 ®C] - 1. We see that

,k odd
)=+ -1=1"""

0,k even
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5.4.7 Hopf invariant one problem

A CW complex with cells in dimension 0,21, 4n can be described by an attaching map f : JD*" =
S#4n=1 _, 521 We call this space Xy and celullar cohomology tells us that it has cohomology Z in
degrees 0,2n,4n. Let 1 : §2n Xf be the inclusion and c: Xf — $% be the collapse map and let
a,b € H*(Xy;Z) be such that b = ¢*(uy,) and 1"a = uy, i.e. they correspond to the generators of the

cohomology of the spheres. We must have a relation of the sort
aUa=h(f)b

and we call h(f) € Z the cohomological Hopf invariant of f. Attaching homotopic maps produces
homotopic CW complexes, so this is independent of the homotopy class of f and hence we get
the Hopf invariant map

h:rg, 1(S*) > Z

Example (Division algebras): For example, the classical Hopf map S® — S? describing the
CW structure of CP? has Hopf invariant +1, due to the structure of the cohomology. In
other words, the cohomology ring of CP? is telling us that 713(S?) is nontrivial! In fact,
can do the same thing with octonions and quaternions. These maps have Hopf invariant
1 and a natural question is whether there are any others, and it turns out that the anwser
is no!This is related to the fact that there are only three division algebras over the real

numbers.

To simplify things a bit, we are going to change gears and look at the same problem, but replacing
Betti cohomology with K-theory. The exact cycle of (Xf,Szn) reduces to a short exact sequence of
the form

0 —RO(s2") & RO(Xj) & RO(S*) 0
But K° of even spheres is generated by multiple products of H — 1 with itself. Let us put B =
c*(H - 1)&2”. Let’s also pick an A such that A = (H — 1)&". We thus have that A% € ker/* and so

similarly as before we can define

A?=hK(f)B

However, we need to be careful as to whether this is well-defined, as we made a choice in picking

Al

Lemma 5.56 (Hopf invariants agree): hX(f) does not depend on A. Moreover, it agrees with

the cohomological Hopf invariant.

Proof. We compare both relations using the Chern character. Firstly, ch(B) = ¢q*ch(H - 1)*" =
c*uy, = b, since the Chern character gives an isomorphism between the K-theory and integer

cohomology of spheres. On the other hand, /*ch(A) = ch(H —1)" = i"a. Hence, ch(A) = a+gb
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for some g € Q. Then, ch(A?) = (a+ qb)? = a®> = h(f)b = ch(h(f)(B)). But the Chern character is
injective, so hX(f) = h(f). O

Theorem 5.57 (Hopf invariant one): If f € 7y,_1(S?") has odd Hopf invariant, then 2n =
2,4,8.

Proof. We are going to use the Adams operations. Firstly,
9(B) = 49" (uzy) = k*'B

by Similarly,
W (A)=k"A+o(k)B

Now, on one hand
(W? o p®)(A) = p*(3"A+0(3)B) = 6" A +3"5(2)B+ 0 (3)2*"B
On the other hand,
(3 o p?)(A) = p*(2"A+5(2)B) = 6" A +2"5(3)B+ 0 (2)3*"B
But these should be the same, by[5.54} hence comparing the coefficients of B we get
3"6(2) +0(3)2%" = 2"5(3) + 0(2)3*" = ¢(2)3"(3"-1)=0(3)2"(2" - 1)

On the other hand
h(f)B = A% = p*(A) = 0(2)B(mod 2)

from again. Hence, if h(f) is odd, so is ¢(2) and then all that is left is some elementary

number theory, i.e. we must have that 2”|3" — 1 which is possible only for n =1, 2, 4. O

The Hopf invariant one problem, as mentioned before, is related to the question of finding all
division algebra structures over R. If R" is a division algebra, then $"~! becomes an H-space with

multiplication (x, ) — xv/xy.

When the dimension of the division algebra is odd,we can see the H-multiplication map would
induce y* : Z[yl/(y?) — Z[a, B)/(a? B?) with u*(¥) = a + B+ map by comparing with the two

separate inclusion maps $2" — $2" x $?" and then p*(y?) # 0, a contradiction.

On the other hand, when the dimension is even, there is the following trick:

Lemma 5.58 (H-multiplication induces Hopf invariant one): If g is the H-multiplication

on S?"~1 then there exists a map ¢ : S*"~1 — S2" with Hopf invariant +1.

Proof. The construction of the map is as follows: given g, we decompose S*'~! = 9(D?" x D) =

d(D?") x D?>n U D?" x d(D*"). Moreover, we think of S?n as two discs D?", D?" with identified
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boundaries. We then set ¢(x,v) = [y|g(x,v/|y]) € D" on d(D?") x D?n and g(x,v) = |x|g(x/|x|,v) €
D?" on d(D*") x D*n. This extends g on d(D?") x d(D?") and is continous. We put f = ¢ and
@ : (D*,dD*") — (X, 5%") to be the characteristic map. If e is the H-unit, then we have a big

commutative diagram

RO(X7)®K°(Xs) ® s RO(X¢)
RO(X;,D?")® K (X, D2") ® » RO(Xf,S2")

cp*@qu :lq)*

KO(DZn x D2n, aDZVl x DZH) ®K0(D2n x DZH’D2n x aDZn) ® s KO(DZn x DZn’ a(DZn x D2n))

- P

RO(D2" x (e}, dD?" x {e}) ® RO({e} x D?", {e} x dD")

The diagonal map is the external product which is a Bott isomorphism. By chasing around, we

see that B® B is sent to the image of a generator, and hence the Hopf invariant is +1. O

There is a different approach, which we did in the example sheets, namely that a division algebra
structure allows one to trivialize the tangent bundle of projective space. One then complexifies
and shows that the corresponding K-theory class is nv + n— 1. The only way this can vanish is for

211/2] {4 divide n which is possible only for n=1,2,4,8.

5.4.8 Todd classes and cannibalistic classes

Given a complex vector bundle E — X, we have a K-theoretic Thom class Ay € K°(Th(E)), as well

as a cohomological Thom class ug € HZd(Th(E);R), since E is oriented, being a complex vector

bundle.

Definition 5.59 (Correction classes): We define the Todd class Td(E) to be the cohomology
class such that

Ch(/\E) = Td(E)ME
Furthermore, define the k-th cannibalistic class to be the unique class pk(E) € KO(X) such that
P (Ae) = oM (E) A

These classes measure how the Chern character, resp. Adams operations, fail to commute with

the Thom isomorphism.

Recall that the Thom isomorphism is given by x +— p*x U ug. We can think of the projection map

p as giving a H*(X)-module structure and thus
e(E)-ug = ug Uug € H*(Th(E))

The same idea shows that

eX(E)- Ap = ApAg
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But eX(E) = A_;(E). If we take Chern characters on both sides, we get the equation

Td(E)?e(E)ug = ch(A_;(E))Td(E)ug

But the Todd class is invertible, as can be shown by considering the trivial bundle C" — * whose
Todd class is just (H —1)®", so Td, is nonzero and hence by naturality all Todd classes are invert-

ible. Cancelling the terms, we get

Td(E)e(E) = ch(A_(E)) € H*(X; Q)

1- exp( L)

When we take E to be a line bundle, we get a formula Td(L) = and we would like to

extend this for all bundles. Put Q(t) = = eXp L e Q[[H]].

Lemma 5.60 (Lemma): The Todd class satisfies Td(E @ E’) = Td(E)Td(E’) and Td(L) =
Q(c1(L)) for line bundles. By the splitting principle, this determines it completely.

Proof. For the tautological bundle y over CP" we have that A_;7 = 1 — and hence the formula
gives Td(y)x = 1 —exp(-x) € H*(CP";Q) = Q[x]/(x"*!). Since this is natural under inclusions
CP" c CP"! we see that Q(t) is the correct power series. For the other part, we can suppose
by the splitting principle that E, E’ are sums of line bundles and moreover, by universality, that
X = (CPN)" and E,E’ are external direct sums L; .. @B L,,L,,; B..HL, over the respective
factors. If we put x; = ¢q(L;) we have that H*(X;Q) = Q[x,..., X4}/ (x N+1) Thus, applying the

same reasoning we get

Td(E®E)x... Xy = ch(] [1-To) =] [(1 -exp(-x:))

But this is also equal to Td(E)x;...x,,Td(E’)x,41...X;;. Since this is true for all n,m, N, we get the
desired equality. O

Hence,

The k-th degree part is a symmetric polynomial in the Chern classes, hence can be written as

ti(er(c1(Ly), s €1(Lyy)) s (€1 (L), e c1(Ly))

By the splitting principle, this is true for all bundles:
Tdi(E) = tx(c1(E), .., ck(E))

The first few 7, are

To = 1,T1 = T,Tz =

We use Todd classes to prove that there is no correction needed when we take Thom classes of

sums:
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Lemma 5.61 (Thom classes of sums): Let E — X,E’ — Y be two complex vector bundles
and EBBE’ — X x Y their external direct sum. We saw that Th(E) ~ E, by radially projecting
[0,1) = [0, o] and sending the sphere bundle to infinity. With this identification,

TWE®BE')= (EBE’), ~E, AE, ~ Th(E) A Th(E')

Then, AE X /\Ef = /\EEE' € IZO(TI’I(E H E’))

Proof. Enough to show this over many copies of CPN with E, E’ being external sums of tautologi-

cal bundles.

Firstly, complex projective space has a CW structure with cells of only even dimension (can do this
via Morse theory). Moreover, the normal bundle of CPY inside CPN*! is ¥y, with CPN*! _cpN
contractible, so we have a tubular neighbourhood y and a contractible complement inducing

CPN*! ~ Th(y) = Th(y).

Thus, the Thom spaces of E, E’ have only even cells as
Th(EBE’)=Th(Ly) A..Th(L,1)

and the Thom spaces of the tautological line bundles are CPN’s.

But for CW complexes with only even cells, the K-theory is torsion-free so Chern character is

injective! So we can just check it on the level of cohomology after applying ch which just gives

Ch(/\L1 ‘X“'/\Ln) = Td(L] )uLl"-Td(Ln)uL,,

But the product of Thom classes is a Thom class, and moreover we showed that the Todd classes

are multiplicative, hence the result follows. O

We now move on to cannibalistic classes. By multiplicativity of Thom classes, we immediately

get that p*(E® E’) = p*(E)p*(E’).

Lemma 5.62 (Cannibalistic classes of line bundles): If E is a complex line bundle, then

pM(E)=1 +E+..+E

Proof. We defined A by the relation
q'Ap = AL (E) eK*(P(E®C)) = K (X)[LY/((1 - L)A_L(E))
where g is the quotient map to P(E @ C)/IP(E) ~ Th(E). Thus

7' 0" (E)1 - LE) = " p* A = pF(A_L(E)) = ¥ (1 =LE) =1 = (LE)* = (1 + LE +... + (LE)*)(1 - LE)
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But by the defining relation (1 — L)A_;(E) = 0, we can eliminate the L’s in the sum and get what

we want.

For example,
P (L1 ®..0L,) = ]_[(1 +1;) = ZN’(L1 ®..0L,)

ie. pz(E) = A4 (E), which looks like the Euler class, but with 1 instead of —1.

5.4.9 Gysin maps and Grothendieck-Riemann-Roch

Usually, given a map f : M — N, we get an induced pullback map on K-theory going from K(N)

to K(M). However, sometimes there is a wrong-way map going the opposite direction.

We define a complex orientation on f to be an embedding f M & N x Rk, together with a

complex structure on the normal bundle Nf-
Given a tubular neighbourhood f(M) c U c N xRF we can collapse the complement of U to get

N, ASk=(NxRF), SU, ~ Ny, = Th(Ny)

Definition 5.63 (Gysin maps): We define the K-theory Gysin map as the composition

K'(M) A, K'7K(N)

- :

RYTh(N})) —— K' (N, A sky

The vertical arrows are the Thom and suspension isomorphisms, respectively. Note that k =
dim(M) — dim(N) modulo 2, since we have a complex structure on the normal bundle.

On the other hand, we can do the same procedure for cohomology:

H
H’(M) A N Hi+dim(N)—dim(M)(N)

zl T:

Hi+k+dim(N)_dim(M)(Th(Nf)) Hi+k+dim(N)—dim(M)(N+ A Sk)
- >

Remark (Relationship with Gysin sequence): When E — X is a complex vector bundle with
stable inverse F, then S(E) - E®F®R ~ C*®R is a complex orientation for p : S(E) — X

and p, is exactly the map appearing in the Gysin sequence.
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Remark (Relationship with Poincare duality): In the context of Betti cohomology, when both
manifolds are oriented, f, is just the composition of f, and two Poincare duality isomor-

phisms.

We can try to relate the two Gysin maps using the Chern character. The correction lies in the

Todd class of the normal bundle:

Theorem 5.64 (Grothendieck-Riemann-Roch):

ch(£*(x) = A (ch(x)Td(Ny)

Proof. Chase through isomorphisms. Both ¢* and the suspension isomorphism commute with the
Chern character, except for the Thom isomorphism, where we defined the correction class to be

the Todd class. O

Example (Complex manifolds): When M, N are both complex manifolds, can put TM &N =~

_ f*Td(TN

CK2 @ f*TN as complex bundles from which we get Td(N) = ) and the formula

TA(TM)

becomes
f*Td(TN)
Td(TM)

For example, when N is a point an V is a bundle over M , then the Poincare duality

ch(f;(x)) = i (ch(x) )

argument shows that f!H : HEMM (M Q) — HO(x;Q) ~ Q is capping with the fundamental

class, and so the formula tells us that
(ch(V)Td(M)™,[M]) =chy X (V) ez

So, nontrivially, this is an integer!
As a further example, let M be a complex 2-fold, so has only two Chern classes c¢1(TM)
and ¢,(TM) = e(TM). We have that

2
ci+c
= Td(TM)’1:1+C—1+ 1122

2
g 2c1—¢
Td(TM)=1- —+ ——=
(TM) 2 T T 12
Putting V the trivial 1-dimensional bundle, we then must have that
(¢} +¢5,[M]ye 127

But by Gauss-Bonnet, {c,,[M]) = x(M) and so

f ¢(TM)=—x(M) mod 12
M
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5.4.10 The e-invariant

Firstly, note that we have a homomorphism given by suspending

T(p(Y' o) — Ttp+1 (XY, 90)
This allows us to construct the stable homotopy groups of a space Y:

N

Ttp

(Y) = lim 72,.4(ZFY, o)

In this section, we are going to examine the stable homotopy groups of spheres by studying a phe-
nomenon similar to that of the Hopf invariant. Namely, whenever we have a map f : $2"+2k-1 _,
S2" we can construct a CW complex Xy with cellular cohomology Z in degrees 0,2n, 2n + 2k, the

latter two of which are generated by 4, b such that 1*a = uy,,, b = c*uy, 5.
As before, in K-theory we get an exact sequence of the form
0 —RO(S2") & RO(Xj) & RO($2%2K)
We put B = ¢*(H-1)¥"*k and A some preimage of the generator (H—1)®*" under +*. Upon applying
the Chern character, we must have ch(B) = b,ch(A) =a+ Ab, A € Q. A priori, A is not well-defined,

but if we choose another A’ = A+ rB,r € Z then ch(A’) = a+ Ab + rb, and so A is well-defined in
Q/Z.

In other words, the case n = k is special, as then there is a relation A? = hK(f)B. In this case, this

is not allowed, and we get the so-called e-invariant e(f) = 1 mod Z.

Lemma 5.65 (e-invariant): The map
. 2n
€: Toni2k-1(S7") > Q/Z

is a homomorphism. Moreover, e(X2 f) = e(f), and hence induces a map o — Q/Z

Proof. Recall that the product f g in the homotopy groups was given by composing with the equa-
torial collapse map: SP — SPvSP fﬁ) X This can also be thought of as the middle line in a square,

splitting a big square into smaller rectangles such that all the boundaries map to a single point.

Hence, if we collapse the equator by a map e in the CW complex X¢, given by the attaching map
S we get X7, = (S21U, D22kyy_ D22k wwhich contains both X; and X,. Let’s denote this ma
g wegetdfe f g f g P

by ¢. Now, Xy ., is a CW complex with one 2n cell and two 2n + 2k cells, so we get a sequence
0 —R%(52") LKO(Xf,g) s RO(52m+2k \ g2n+2k)
The right hand group is just K°(S%"*2F) @ K0(S?"*2K) ~ 72, so we can denote by By, B, the im-

ages under ¢* of the generators. We can also pick Ay, such that I"Af , is a generator. Since the
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inclusions of Xf,Xg into ng are natural, i.e. we have a big commutative diagram

K X) ¢ c K’O(S2n+2k)

o i~

0 «—— KO (_ ng) (_ KO(52n+2kvs2n+2k) =0
\ PfT
f) ¢ KO(SZn+2k)

where all the  are inclusions, c are collapse maps and py, p, are the projections from a wedge to
one summand. In particular, if af,er bf, bg are the analogous classes in cohomology, then ch(Af,g)—
af,q is in the kernel of ¢* and hence is of the form A¢bs + A,b,. However, under the map ¢, both

By and B, pull back to the image of the generator Bfg, i.e. we have the commutative diagram

KO ng) ¢ KO(52n+2k)
/ ¢T E*T \
0 < KO(SZn) { K ng) { KO(52n+2k V. S2n+2k) ¢ 0

which again just comes from a commuting diagram in the underlying space maps. In other words,

Bf = c*p}(ﬁ) where g generates K%(S2"*%K) and hence ¢*Bf = ¢*C*p}(ﬁ) = C*e*p}(ﬁ) c(proe) (B,
but ps o e is a homeomorphism, so sends generator to generator; similarly for B,. If we call

$*(Af¢) = Apq which is a choice of preimage, then upon applying the Chern character we get that
ch(Agg) =a+(Af+Ag)b

So for the choice of preimage A, we get that A¢, = A¢+A,. When we go mod Z, there is no longer

any ambiguity about the choice and this proves the lemma.

For the last part, one only need notice that the Chern character commutes with the Bott isomor-

phism. O

We can describe an f explicitly, or implicitly by first producing some CW complex with a cell in

dimensions 0, 21, 2n + 2k. A nice set of examples comes in the following form:

Lemma 5.66 (Lemma): If E — Sk is an n-dimensional complex vector bundle, then Th(E) has

the homotopy type of a CW complex with one cell in dimensions 0,2n,2n + 2k.

Proof. Let p: D?* — $2k be the quotient map that collapses the boundary to the south pole S.
Then the bundle p*D(E) ~ D?" x D2k is trivial. Now, we can describe D(E) using the difference in
behaviour between D(Eg) and S(E), which is measured by what happens on the boundary of the

trivial bundle p*D(E). In other words, we have an attaching map
* 2k, 2 2k 2 . p
d(p*D(E)) ~ dD* x D*nU D“* x dD" ~ p*D(E)|jp2x Up*S(E) — D(E)s US(E)

Hence, D(E) is given as the union of D(E)s U S(E) along with a 2n + 2k-cell attached along the
map and hence the Thom space can be obtained from D(Eg)/S(Es) ~ S?" by attaching a 2n + 2k—
cell. O
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Let’s put this to use. Recall that K%(52K) = Z{(H - 1)¥k), and since reduced K-theory classes have
the form E — C" for some n-dimensional complex vector bundle E, the same must be true for the

generator. In particular, ch(E) = n + uy. If we look in the sequence

0 —RO(s2") & RO(X; = Th(E)) < RO($2"2%) 0

then putting Xy = Th(E) we have a canonical choice of A, namely the Thom class Ag which re-
stricts on each fiber of the Thom space to a generator. The e-invariant is then the coefficient of b
in

ch(A) = ch(Ag) = Td(E)ug = a+{(Tdi(E),[S*k])b

Hence, we are in a situation where we want to find Td(E) but we only know ch(E). To do this, we

need the following lemma

Lemma 5.67 (Todd classes in terms of Chern character): efine
1 —exp(-t) i
log(f) = Zdjﬁ

jz1

Then for any complex vector bundle we have

log(Td(E)) = ) _d;chj(
jz1

Proof. By the splitting principle, only need to verify it for sums of line bundles, where it follows

almost by definition:

log(Td(Llea...EBLn)):log(I_[ _eXp Cl ZZ ,Cl i Zd chj(

In our example, ch(E) = n+ uy;. Hence,
lOg(Td(E)) = dkqu S Td(E) =1 +dkLl2k
as u%k = 0.Finally, uyx U ug = b and hence the coefficient of b in ch(A) must be precisely dj!

All in all, the e-invariant of the map associated to Th(E) for a complex vector bundle E — S%* is

given by e(f) =d; mod Z.
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